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1 Introduction 



In this monograph we develop a theory of ordinary abehan varieties and p-divisible 
groups with additional structures. We use it to give applications to the existence of "good" 
integral models of those Shimura varieties whose adjoints are products of simple, adjoint 
Shimura varieties of Df^ type with I > 4. 

The additional structures can be defined by an action of a semisimple algebra, by a 
polarization, or more generally by some "p-adic Hodge cycles" . 

In this introduction we first begin by recalling the classical Serre-Tatc ordinary theory 
of abelian varieties and their deformation spaces. In our theory this will correspond to the 
case of a general linear group, the more general case corresponding to a "p-adic Mumford- 
Tate group" (i.e., a p-adic reductive group scheme whose generic fibre fixes the Hodge 
tensors that define the additional structures). After having recalled the classical Serre- 
Tatc ordinary theory, we will give the translation of part of it into our language. Then we 
will explain the more general objects we consider and we will state our main results. We 
will end the introduction by mentioning applications and our main motivations. 

For reader's convenience, here is a list of standard notions and notations that pertain 
to (group) schemes. The reader ought to look into it only when needed. 

Standard language and notations on (group) schemes. We recall that a group 
scheme H over an affine scheme Spec(i?) is called reductive, if it is smooth and afl&ne and 
its fibres are connected and have trivial unipotent radicals (cf. [DG, Vol. Ill, Exp. XIX, 
Def. 2.7]). It is known that H is of finite presentation over Spec(i?), cf. [DG, Vol. Ill, Exp. 
XIX, Sect. 2.1 or Rm. 2.9]. If Spec(i?) is connected, then if is a semisimple group scheme 
(resp. is a torus) if and only if one fibre of is a semisimple group (resp. is a torus) (cf. 
[DG, Vol. HI, Exp. XIX, Cor. 2.6]). Let i^'^^^ Z{H), and H^'^ be the derived group 
scheme of H, the center of H, the maximal commutative quotient of H, and the adjoint 
group scheme of H (respectively). Thus we have H^'^ = H/Z{H) and H''^ = H/H'^^\ 
cf. [DG, Vol. Ill, Exp. XXII, Def. 4.3.6 and Thm. 6.2.1]. Moreover i/^^'" and H'^'^ are 
semisimple group schemes, H'^^ is a torus, and (cf. [DG, Vol. Ill, Exp. XXII, Cor. 4.1.7]) 
Z{H) is a group scheme of multiplicative type. Let Z^{H) be the maximal torus of Z{H); 
the quotient group scheme Z{H)/Z^{H) is finite and of multiplicative type. 

Let F be a closed subgroup scheme of H; if R is not a field, then we assume F is 
smooth. Let Lie(F) be the Lie algebra over R of F. As /^-modules, we identify Lie(F) with 
Ker{F{R[x]/x'^) F{R)), where the i?-epimorphism i?[x]/(x^) R takes x to 0. The Lie 
bracket on Lie(-F) is obtained by taking the total differential of the commutator morphism 
F Xspec(J?) F ^ F at identity sections. Often we say F and H are over R and we write 
F Xu F instead of F Xspec(fl) F. For a finite, flat, affine morphism Spec(i?) Spec(i?o), 
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let Hjesji/jigF be the group scheme over Spec(i?o) obtained from F through the Weil 
restriction of scalars (see [BLR, Ch. 7, Sect. 7.6] and [Va5, Subsect. 2.3]). 

By a parabolic subgroup scheme of H we mean a smooth, closed subgroup scheme Ph 
of H whose fibres are parabolic subgroup schemes over spectra of fields. The unipotent 
radical Uh of Ph is the maximal unipotent, smooth, normal, closed subgroup scheme of 
Ph', it has connected fibres. The quotient group scheme Ph/Uh exists and is reductive, cf. 
[DG, Vol. Ill, Exp. XXVI, Prop. 1.6]. We identify Uh with the closed subgroup scheme 
of H^'^ which is the unipotent radical of the parabolic subgroup scheme Im(Pff H^'^) of 
ff&d 3y subgroup scheme Lh of Ph wc mean a reductive, closed subgroup scheme 

of Ph such that the natural homomorphism Lh — ^ Pr/Uh is an isomorphism. 

For a free -R-module M of finite rank, let GLm be the reductive group scheme over 
Spec(i?) of linear automorphisms of M. Thus for a commutative i?-algebra GLm(-Ri) 
is the group of i?i-linear automorphisms of M®iiRi. If Lie(F) is a free i?-module of finite 
rank, then in expressions of the form GLLie(F) we view Lie(F) only as a free i?-module; 
thus we view Lie(F) as an F-module via the adjoint representation F GLLie(^). If /i, 
/2 e Endz(M), let /1/2 := /i o G Endz(M). Let M* := Hom,?(M, R). 

A bilinear form ipM : M ®ii M ^ R on M is called perfect if it induces naturally 
an i?-linear isomorphism M^M*. If t/^m is perfect and alternating, let GSp(M, t/^m) and 
Sp(M, iJjm) be the reductive group schemes over R of symplectic similitude isomorphisms 
and of symplectic isomorphisms (respectively) of {M.i/jm)- 

Let K be an algebraic closure of a field K. If T ^ 5" is a morphism of schemes 
and X (resp. Xs or Xi with i as an index) is an ^-scheme, let Xt :— X Xs T (resp. 
Xt or Xi^x) be the T-scheme which is the pull back of X (resp. of Xs or Xi). If 
T = Spec(i?) S = Spec(i?o) is a morphism of affine schemes, we often denote Xt and 
Xi^T by Xfi and Xi^p, (respectively). The same type of notations apply for morphisms 
of schemes and for (morphisms of) p-divisible groups. If is a complete, local ring, we 
identify the categories of p-divisible groups over Spf(i?) and Spec(-R) (cf. [dJ, Lem. 2.4.4]). 

1.1. Classical Serre— Tate ordinary theory 

Let p G N be a prime. Let be a perfect field of characteristic p. Let W{k) be the 
ring of Witt vectors with coefficients in k. Let B{k) := VF(A;)[^] be the field of fractions 
of W{k). Let a := ak be the Frobenius automorphism of k, W{k), and B{k). Let r, 
(i e N U {0} with r > d. In late sixties Serre and Tate developed an ordinary theory for 
p-divisible groups and abelian varieties over k. It can be summarized as follows. 

Ordinary p-divisible groups. A p-divisible group D over k of height r and dimension d 
is called ordinary if and only if one of the following five equivalent conditions holds for it: 

(a) it is a direct sum of an etale p-divisible group and of a p-divisible group of multi- 
plicative type; 

(b) its Newton polygon is below the Newton polygon of every other p-divisible group 
over k of height r and dimension d; 

(c) its Hasse-Witt invariant is equal to r — d; 

(d) there exist isomorphisms between D\p\-^ and fip ® {Z/pZY~^; 
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(e) there exist isomorphisms between D-^ and fipoo ® (Qp/Zp)^ 

Canonical lifts. If D is ordinary, then there exists a unique p-divisible group -DvK(fc) over 
W{k) which hfts D and which is a direct sum as in (a). It is called the canonical lift of D. 
Via reduction modulo p we have an identity End(DvK(A;)) = End(D) of Zp-algebras. 

Abelian varieties. An abelian variety A over k is called ordinary if its p-divisible group 
is so. Ordinary abelian varieties are of particular importance as in the reduction modulo 
p of the moduli spaces of principally polarized abelian varieties, they form open dense 
subspaces. If A is ordinary, then there exists a unique abelian scheme A^^;.-) over W{k) 
which lifts A and whose p-divisible group is a direct sum as in (a); it is called the canonical 
lift of A. If k is an algebraic closure F of the field Fp with p elements, then a theorem of 
Tate asserts that ^vk(A;) has complex multiplication. If k is finite, then ^vK(fc) is the unique 
lift of A to W{k) which has the property that the Probenius endomorphism of A lifts to it. 

Deformation theory. Let Duniv be the universal p-divisihle group over the deformation 
space V{D) of D (see [II, Thm. 4.8]; based on [dJ, Lem. 2.4.4], wc view T>{D) as a scheme). 
If D is ordinary, then the main properties of Duniv cire the following four: 

(f ) we have a short exact sequence 

^ ^iniv ^ ^univ ^ ^ ;>divisible 

groups over T>{D), where -Dyniv multiplicative type and -0^°^ etale; 

(g) if A; = A;, if F is a finite, discrete valuation ring extension of W{k), if K := V^[^], if 
Dy is a p-divisible group over V that lifts D, if T*{Dk) is the dual of the Tate module of 
Dki then the p-adic Galois representation Gal{K/K) GLt.(^^)(Zp) factors through 
the group of Zp-valued points of a connected, smooth, solvable, closed subgroup scheme 
of GLt»(£,^); 

(h) if A; = fc, then the formal scheme defined by T>{D) has a canonical structure of a 
formal torus over Spf(M^(/c)), the identity section corresponding to the canonical lift of D\ 

(i) if A; = A;, then there exist isomorphisms 'D{D)^'$iY>ec{W{k)[[xi, . . . , Xd{r-d)\\) that 
define canonical coordinates for 'D{D) which are unique up to a suitable action of the group 
GLd(r-d)(Zp) of automorphisms of the d{r — d) dimensional formal torus over Spf(VF(A;)). 

The above results on D, D^^^), and A^^/j-^) were published as an appendix to [Me]. 
The equivalence (a) -v^ (6) is also a particular case of a theorem of Mazur (see [Ka2, 1.4.1]). 
All the above results on P(-D) are contained in [Kal], [Ka3], [Ka4], and [De4]. A variant 
for principally quasi-polarized p-divisible groups can be deduced easily from the above 
results and thus it is also part of the classical Serrc-Tate ordinary theory. If A; = A;, then 
the formal torus structure of (h) is obtained naturally once one remarks that: 

(h.a) the short exact sequence of (f) is the universal extension of D^^\^^{(^p/TipY~'^ 
by -Dy^^iv~^A*p°° (here the two isomorphisms are over T>{D)); 

(h.b) the short exact sequence Z^"^ Qj;-^ (Qp/Zp)'^"^ gives birth 

to a (push forward) coboundary morphism Hom(Zp~'^, fipoo) — > Ext^({Qp/Zpy~'^, fipoo) 
which is an isomorphism between two formal tori over Spf{W{k)) of dimension d{r — d). 
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We recall that a formal Lie group T over Spf(Vr(fc)) is a contravariant functor from 
the category of local, artinian -schemes of residue field k into the category of groups 
which, when viewed as a functor into the category of sets, is rcpresentable by Spf(i?), 
where R — . . . , Xm]] for some number m G N U {0} called the dimension of T 

and for some independent variables xi, . . . ,Xm (see [Me, Ch. 2, 1.1.5] and [Fol]). 

1.2. Translation of the classical theory into our language 

In Subsection 1.2.1 we recall few classical results. In Subsections 1.2.2 to 1.2.7 we 
include intrinsic crystalline interpretations of some parts of Section 1.1. Some interpreta- 
tions are new and they are meant: (i) to motivate the abstract notions to be introduced 
in Section 1.3, and (ii) to detail few of the new ideas we will use in this monograph. 

Let D be a p-di visible group over k of height r and dimension d. Let (M, </?) be 
the (contravariant) Dieudonne module of D. We recall that M is a free II^(A;)-module 
of rank r and (/? : M — M is a cx-linear endomorphism such that we have pM C (p{M) 
and dimk{M / (f{M)) = d. Let ^? : M — ^ M be the a~^-linear endomorphism that is the 
Verschiebung map of (M, (p); we have identities 'dip — ip'd — pIm- Let M :— M/pM. Let 
Tp : M ^ M and : M — > M be the reductions modulo p oi (p and 'd (respectively). The 
A;-vector space Ker(^) = Im{'d) has dimension d. We recall that the classical Dieudonne 
theory says that the category of p-divisible groups over k is antiequivalent to the category 
of (contravariant) Dieudonne modules over k (see [Fol, Ch. Ill, Prop. 6.1 iii)], etc.). 

1.2.1. Lifts. Each lift of to a p-divisible group -Dvk(A;) over W{k) defines naturally a 
direct summand of M which modulo p is Ker(^) (see [Me], [BBM], etc.); the direct 
summand is called the Hodge filtration of D\y(^k)- We have ip~^{M) = M + p^^- 
refer to the triple (M, F^, ip) as a filtered Dieudonne module over k and to F^ as a lift of 
(M, ip). It is well known that: 

(a) if p > 3 or if p = 2 and either D or its Cartier dual D^ is connected, then the 
correspondence DvF(fc) <-> is a bijection. 

The case p > 3 is a consequence of the Grothendieck-Messing deformation theory (see 
[Me]). The general case is (for instance) a consequence of [Fol, Ch. IV, Prop. 1.6]. In loc. 
cit. it is proved more generally that the following two properties hold: 

(b) if p > 3, then the category of p-divisible groups over W{k) is antiequivalent to 
the category of filtered Dieudonne modules over k; 

(c) if 7? = 2, then the category of 7?-divisible groups over W{k) that are connected 

(resp. that have connected Cartier duals) is antiequivalent to the category of filtered 
Dieudonne modules over k that do not have Newton polygon slope (resp. do not have 
Newton polygon slope 1). 

We emphasize that strictly speaking, [Fol, Ch. IV, Prop. 1.6] is stated in terms of 
Honda triples (M, (p{^F^), (p) and not in terms of filtered Dieudonne modules (M, F^, (p). 
The classical Hasse-Witt invariant HW{D) of D (or of (M, </?)) can be defined as 

HW{D) := dimfe(n^gN^"^(M)). 



7 



It is the multiphcity of the Newton polygon slope of (M, (p) . 

1.2.2. End's of Dieudonne modules. One can easily translate the theory of ordinary 
p-divisible groups over k recalled in Section 1.1, in terms of the Dieudonne module (M, ip). 
We want to make such a translation intrinsic, expressed only in terms of the algebraic 
group GLm (or rather its Lie algebra End^^/j-fc) (M)) and not in terms of the GLM-niodule 
M. Later on in our theory, we will replace GLm by a reductive, closed subgroup scheme 
of it. Next we will have a look back at Section 1.1 from such an intrinsic point of view. 

The canonical identification Ends(/e)(M[i]) = M[^] ®B{k) ^*[\] allows us to view 
EndB(fe)(M[i]) as the 5(A;)-vector space of an F-isocrystal over k. More precisely, we 
will denote also by (p the u-linear automorphism of EndB(fc)(M [i]) that takes an element 
X e EndB(fc)(M[i]) to cpoxocp-^ e EndB(fc)(M[i]). Let * : Endwik){M) Endw(k){M) 
be the u-linear endomorphism defined by the rule: for x e Endw{k)iM) we have 

"^{x) := p{(p{x)) = p(p o X o (p~^ — (p o X o 'd ^ EndvK(A;)(-^)- 

The pair (Endvi/(fc)(M), ^) is the tensor product of the Dieudonne modules of D and D^. 
Let * : Endfc(M) Endfc(M) be the reduction modulo p of The integer 

1(D) :=dimfe(n^eN*"'(Endfc(M))) 

computes the multiplicity of the Newton polygon slope of and thus also the multiplicity 
of the Newton polygon slope —1 of (EndB(fc)(M[i]), p). Based on this and the last sentence 
of the previous paragraph, we get the identity 

1(D) = HW{D)HW{D^). 

In particular, if D has a quasi-polarization (i.e., it is isogeneous to D*), then we have 
HW{D) = ■s/l(D). Moreover, we easily get that 

D is ordinary <^=^ I(-D) = d{r — d). 

1.2.3. Characterisation of p-torsion subgroup schemes in terms of (Endfe(M), ^f). 
For g G GL M{W{k)), let ^^'^ be its image in GL^(/c). Let Di be the p-divisible group 
over k whose Dieudonne module is {M,g(p). If k = k, then the cr-linear endomorphism ^' 
"encompasses" both maps tp, d : M ^ M. We exemplify this property modulo p. 

Claim. If k = k, then there exists an isomorphism D[p]^Di[p] if and only if there exists 
an element h G GL^(/c) such that as a-linear endomorphisms o/Endfc(M) we have an 
identity = g^'^'^h (here we need k = k as can not "differentiate" between (p and its 
Gm {W{k) ) -multiples ) . 

We check here the "if part of the Claim. Let h G GLM{W{k)) be an element such 

that we have h = h. As we have = g^'^^h, the reduction modulo p of h normalizes 
Ker(^f) = G Endfe(M)|^(Im('i?)) C Ker(^)} and therefore it normalizes Ker(^) = lm{'d). 
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This implies that (M, h(ph~^) is a Dieudonne module. Thus by replacing cp with h(ph~^, 
wc can assume that h G GL^(A;) is the identity element; therefore \1/ = 'g^^'^. We 
define Ml := and Mq := Im(^). We have a direct sum decomposition 

M = M^©Mo of /c- vector spaces, cf. the identity f~^{M) = M+ ^F^. As I' = the 

element ^^'^ fixes Im(^'). But Im(^') is the direct summand Homfc(Mi, Mq) of 

Endfc(M) = Endfe(M7) © Endfc(Mo) ® Homfe(MT, Mq) © Homfc(Mo, M^) 

and thus the ccntralizer of Im(\E') in EndA;(M) is Im(\l/) © klj^. Therefore there exists an 
element x G End^y(fc)(M) such that g^'^ is the image in GL^(/c) of the element lM+^(a;) G 
GLm(W^(A;)). Let gi :— 1m + px e GLm(W^(A;)). By replacing gtp with 

9i9^9i^ = 9i9^9T^^~^^ = ^i^(1m + *(a;))"V, 

fif gets replaced by the element gig{lM + '^{x))~^ whose image in GL^(/c) is the identity 
element. Therefore we can assume that ^^'^ G GL^(/c) is the identity element. Thus, 
as Di\p] depends only on g modulo p, we can assume that g G Z{GLM)iW{k)). In this 
last CclSG^ clS k = k there exists an isomorphism (M, g(f)—^{M, (f) defined by an element of 
Z{GLM){W{k)) and therefore in fact we have D^Di. 

1.2.4. New p-divisible groups via Lie algebras. Until Section 1.3 we will work over 
an arbitray perfect field k of characteristic p and we take D to be ordinary and i^vK(A;) to 
be its canonical lift. We have f{F^) — pF^. Let F^ be the direct supplement of F in 
M such that we have (/^(-F^) = F^. Let P"*" and P~ be the maximal parabolic subgroup 
schemes of GL^ that normalize and F^ (respectively). The map \E' leaves invariant 
both Lie(P+) and Lie(P~). For * G {+, —} let U* be the unipotent radical of P* and 
let S* be the solvable, closed subgroup scheme of GLm generated by U* and by the 
Gm subgroup scheme of GLm that fixes F^ and that acts as the inverse of the identical 
character of Gm on F^. We remark that U* is constructed canonically in terms of the 
F-isocrystal (Ends(/c)(M[-]), </>), as Lie(C/*)[-] is the Newton polygon slope *1 part of it. 
Moreover S* is obtained ^om U* via a minuscule cocharacter // : G^ — > GLm, a p-adic 
Hodge cocharacter analogue to the classical Hodge cocharacters. 

We identify naturally Uc{U+) with HomvK(fe)(F°, F^), Lie(t/-) with HomvK(fc)(FS 
Ue{S+) with Homiy(fc)(FO, F^)®W{k)lFi, and Ue{S-) with HomvK(fc)(i^S F^)®W{k)lFi 
(the last two identities are of W^(A;)-modules). The W^(A;)-module 

E := Endiy(fc)(i^") © Homvy(fc)(F\ F") © {a; G EndvK(fe)(F^)| trace of x is 0} 

is left invariant by \E'. If p does not divide d — rk^y(fc)(F^), then we have a direct 
sum decomposition Endvi/(fc)(M) = E (B Lie(5'+) left invariant by \E'. In general (i.e., 
regardless of the fact that p does or does not divide d), we can identify (Lie(S'"'"), with 
(EndvK(fc)(-^)/-E', in such a way that Homxy(/j)(F'^, F^) gets identified with its image in 
Endw{k){M)/E and Ipi maps to the image in Endw(k){M)/ E of an arbitrary endomor- 
phism t G End\Y{k){F^) whose trace is 1. 
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Let D^^j^^ be the p-divisible group of multiphcative type over W{k) whose filtered 

Dicudonne module is (Lie{U~^),Lie{U~^), (f). We call it the positive p-divisible group over 
W{k) of D or of (M, </?). The p-divisible group D~^^^^ over k whose Dieudonne module is 
{Lie{S^), ip) is called the standard non-negative p-divisible group of D or of {M,(fi); it is 
the direct sum of Qp/Zp (over k) and of the special fibre of D^^j^y 

Let D^^^-^ be the ctalc p-divisible group over W{k) whose filtered Dieudonne module 

is (Lie([/~), 0, We call it the negative p-divisible group over W{k) of D or of (M, (p). 
The p-divisible group D~^^^ over k whose Dieudonne module is (Lie(5'~), is called the 
standard non-positive p-divisible group of D or of (M, (^); it is the direct sum of fipoo (over 
k) and of the special fibre D~ of D^^j^y 

1.2.5. Deformation theory revisited. Let R := W{k)[[xi, . . . , Xd(r-d)]]- Let 

be the Frobenius lift of R that is compatible with a and that takes Xi to x^ for all i e 
{!,..., (i(r— (i) }. Deforming D is equivalent to deforming D~^^^^ . The easiest way to see this 
is to start with a versal deformation of D over Spec(i?) and to show that the deformation 
of we get naturally by identifying Lie(S'"'") with End;^(^)(M)/£' is versal. At the 

level of filtered F-crystals over R/pR, this goes as follows. 

Let : Spec(i?) — > U~ be a formally etale morphism which modulo the ideal 

X := (xi, . . . , XcL{r-d)) of R defines the identity section of U~ . We also identify w~niv with 
an i?-linear automorphism of M ®w{k) R which modulo X is 1m- Faltings deformation 
theory (see [Fa2, Thm. 10]) and [dJ, Lem. 2.4.4] assure us that there exists a p-divisible 
group over Spec(-R) such that: (i) its reduction modulo X is X>xv(fc); cind (ii) its filtered 
F-crystal over R/pR is the quadruple 

C := (M (»w{k) R, <^w{k) R, Knwif ^ ^r)^ V), 

where V is an integrable, nilpotent modulo p connection on M ®vK(fc) R that is uniquely 
determined by u~^^^{(p ^r). It is easy to see that the Kodaira-Spencer map of V is an 
isomorphism. Thus we can naturally identify T>{D) with Spec(i?). 

Similarly (via the identification Lie(5'"'") = Endw{k){M) / E) we have a natural iden- 
tification X'(X)) = Spec(i?) under which the filtered F-crystal of the deformation of D'^^^^ 
over 'D{D~^^^^) is the following quadruple 

where V"''^^) is the connection on (End^(^^(M)/£') 0w{k) R induced naturally by V. 

We explain why defines indeed a versal deformation of Let U~'^ be the 

unipotent radical of the maximal parabolic subgroup scheme of G'L-Endw(k){M)/E that 
normalizes the image of W{k)t in Endw(^kj{M)/ E (see Subsection 1.2.4 for t). The 
group scheme U~ acts naturally on Endvi/(fc)(-^)/-^ via inner conjugation and passage 
to quotients. The resulting homomorphism U~ — > GLEndiy(fe)(M)/E is a monomor- 
phism that gives birth to an isomorphism q : U~^U At the level of matrices this 
is equivalent to the following statement: if C is a commutative VF(A;)-algebra and if 
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X e Romw (k){F\ F^) (^^(^k) C\0, then for nc := Im^h^j^jC + x = (^J) e t/-(C) 
there exists J/ = (qq) ^ Hornby F-^) <8)vk(A;) such that the element 

Q \ 

xyx xy J 

has the property that the trace of —yx e Yjiidw{k){F^) ®w{k) C is non-zero. Here the 2x2 
matrices are with respect to the direct sum decomposition M = ® F'^ and therefore 
their entries are matrices themselves. 

Let u~^^^ := Qow^j^jy : Spec(i?) — > U ^; it is a formally etale morphism which modulo 
X defines the identity section of U '". This implies that defines indeed a versal 

deformation of 

Thus we can identify naturally V{D) with Spec(i?) = V{D+^^^). But as we have 
= Qp/Zp © the classical Serre-Tate ordinary theory tells us that the formal 
scheme defined by 'D{D^^^^) has a canonical structure of a formal Lie group over 
Spf(VF(/c)). We recall that if C is a local, artinian -algebra of residue field A;, then 
the addition operation on the set 'D{D^'^^^){C) — C'^{C) is defined via the Yoneda addition 
law for short exact sequences of p-divisible groups over C that are of the following form 

^ L»+ ^ ^ Qp/Zp ^ 0. 

It is well known that is isomorphic to the formal Lie group of D^^^^ (see Lemma 5.3.3; 
see also the property 1.1 (h.b)). 

Due to the identification T>[D) — V[D~^^^^), the formal scheme defined by 'D^D) has 
also a natural structure of a formal Lie group C which can be identified with C'^. 

1.2.6. Sums of lifts. Let zs be the addition of two Spf (VF(/c))-valued points zi and Z2 of 
the formal scheme defined by 'D{D) with respect to C For i e {1, 2, 3} let be the lift 

of (M, that corresponds to Zi. There exists a unique element Ui G KcY{U~{W{k)) — > 
U~{k)) such that we have Ui{F^) = F^. Let Si := Ui — 1m G Lie(t/~). Let z^ be the 
Spf(W^(A;))-valued point of £+ defined by z,. Let u+ := q{W{k)){u,) G U-+{W{k)). The 
filtered Dieudonne module associated to z^ is (EndvK(fe)(-^)/-E', ''^i~(HomvK(fe)(F'°, F^)),(p), 
cf. the constructions of Subsection 1.2.5. To the addition of short exact sequences men- 
tioned in Subsection 1.2.5 (applied over quotients C of W{k)), corresponds the multiplica- 
tion formula = tt^ttj. As q is an isomorphism, we get tts = uiU2- In other words the 
lift F3 is the "sum" of F^ and F2 i.e., we have 

(1) S3 = si -|- S2 or equivalently U3 = uiu^- 

If p > 3 or if p = 2 and d G {0, r}, then zs is uniquely determined by U3 (cf. 
property 1.2.1 (a)). If p = 2 and 1 < d < r — 1, then it is well known that 23 is uniquely 
determined by ^3 up to a 2-torsion point of C{Spf{W{k))) (this is also a direct consequence 
of Proposition 9.5.1). Formula (1) guarantees that in the case when k = k, the formal 
Lie group structure C on the formal scheme defined by T>{D) is the one defined by the 
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classical Serre-Tate deformation theory (see properties 1.1 (h.a) and (h.b)). This holds 
even if p = 2 and l<(i<r — 1, as each automorphism of formal schemes C^C that 
respects identity sections and whose composite with the square endomorphism [2] : £ ^ £ 
is an endomorphism of formal Lie groups, is in fact an automorphism of formal Lie groups. 

1.2.7. Duality of language: positive versus negative. The trace form on 
Endvi/(fc)(M) gives birth via restriction to a perfect bilinear form 

b : Ue{U-) ®w{k) Lie(t/+) ^ W{k) 

i.e., the natural VF(A;)-linear map Lie(t/~)* — > Lie(t/"'") defined by 6 is a VF(A;)-linear 
isomorphism. This VF(/c)-linear isomorphism allows us to identify naturally -D^^.^^| with 

the Cartier dual (D^j-^-j)* of D^^^y cf. properties 1.2.1 (b) and (c). As in Subsections 

1.2.4 and 1.2.5, one checks that deforming D is equivalent to deforming D~^'^\ The main 
advantage of working with is that it involves simpler group theoretical arguments 

(like we do not have to consider identifications of the form Lie(5'"'") = 'Eimiw{k){^)/ 
which are more adequate for suitable generalizations. The main two disadvantages of 
working with D~^'^^ are: (i) we have to use the bilinear form b in order to identify -D^^^^ 

with {D^^j^-^y and (ii) we have to work with ^' instead of with (p. 

1.3. Generalized language 

1.3.1. Goal. The goal of the monograph is to generalize results recalled in Section 1.1 
about ordinary p-divisible groups over k and their canonical lifts, to: 

• the abstract context of Shimura p-divisible objects over k (see this Section and 
the next one), and to 

• the geometric context of good moduli spaces of principally polarized abelian 
schemes endowed with specializations of Hodge cycles (see Sections 1.5 and 1.6). 

For generalizing the notions of ordinariness and canonical lifts to the abstract context, 
we do not require any deformation theory. Thus not to make this monograph too long, 
we postpone to future work the generalization of properties 1.1 (h) and (i) and of the 
deformation theories of [dJ], [Fa2, §7], and [Zi2] to the abstract context. Moreover, in 
order to avoid repetitions, the greatest part of the generalization of properties 1.1 (f) to 
(h) will be stated only for the geometric context. The formal deformation spaces over 
Spf(VF(/c)) we get in the geometric context are expected to have two types of natural 
structures of formal Lie groups: one commutative and one nilpotent. In this monograph 
we mainly restrict to the case when these two structures are expected to coincide (i.e., in 
the so called commutative case): in this case we show that the formal deformation spaces 
do have canonical structures of commutative formal Lie groups over Spf(VF(/c)) that are 
isomorphic to formal Lie groups of a very specific type of p-divisible groups over W{k). 

The generalization of the property 1.1 (i) will rely on a comprehensive theory of 
connections on these formal deformation spaces; therefore in this monograph we mainly use 
connections only to understand their Kodaira-Spencer maps. This theory of connections 
will allow us in future work to define different natural structures on the formal deformation 
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spaces (including as well the "forcing" to get formal tori) that will ease the study of these 
formal deformation spaces. 

See Section 1.7 for applications. See Section 1.8 for extra literature that pertains to 
Sections 1.3 to 1.7. See Section 1.9 for our main motivation. See Section 1.10 for more 
details on how Chapters 2 to 9 are organized. For a, b E Z with b > a, let 

S{a, b) := {a, a + 1, . . . ,b}. 

We now introduce the language that will allow us to generalize the classical Serre-Tate 
ordinary theory. To motivate it, let i^w^(fe) be the 7?-divisible group of an abelian scheme A 
over W{k) and let (M, F^, be its filtered Dieudonne module. Often the abelian variety 
^B(fcy endowed with a set of some type of cycles (algebraic, Hodge, crystalline, etc.) 

normalized by the Galois group Gail{B{k)/ B{k)) and this leads to the study of quadruples 
of the form (M, F^, G), where G is a flat, closed subgroup scheme of GLm such that 
the Lie algebra Lie{GB{k)) is normalized by </? and we have a direct sum decomposition 
M = © F° with the property that the Gm subgroup scheme of GLm obtained as in 
Subsection 1.2.4, is contained in G. We think of as the identity component of the 

subgroup of GL^^^^^^-g^ that fixes the crystalline realizations of these cycles. In this 

monograph we study the case when G is a reductive, closed subgroup scheme of GLm- 
Moving from the geometric context of abelian schemes to a more general and abstract 
context "related to" Shimura varieties, we have the following basic definition. 

1.3.2. Basic definition. A Shimura filtered p- divisible object over k in the range [a,b] is 
a quadruple 

(M, {F'{M)),^s(a,b),V,G), 

where 

- M is a free W{k)-modnle of finite rank, 

- {F'^{M))iQS(a,b) is a decreasing and exhaustive filtration of M by direct summands, 

- if is a (T-linear automorphism of [^], and 

- G is a reductive, closed subgroup scheme of GLm, 

such that there exists a direct sum decomposition M — (B'l^g^F^ (M) for which the following 
three properties hold: 

(a) we have an identity F^{M) = ®^-^iF^ {M) for all i G S{a,b) and moreover 
(fi~^iM) ^ ®\^^p-^F\M) (equivalently and moreover ip~^{M) = 'E''i=aP~'F'i^))'^ 

(b) the cocharacter of GLm that acts on F'^{M) via the — z-th power of the identity 
character of Gm, factors through G and this factorization /j, : Gm — > G is either a minuscule 
cocharacter OT factors through Z^{G) i.e., we have a direct sum decomposition 

Lie(G) = ©,-e{_i,o,i}^'(Lie(G)) 

such that iJ,{P) acts (via the adjoint representation) on F-' (Lie(G)) as the multiplication 
with p-^ for aU j e {-1, 0, 1} and aU P e Gm{W{k)); 
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(c) denoting also by <^ the cr-linear automorphism of EndB(fc)(M[^]) that takes x e 
EndB(fc)(M[l]) to (^oa;o(^-i e EndB(fe)(M[i]), we have (^(Lie(G')[i]) = Lie(G)[i] i.e., 
(Lie(G')[^],<^) is an F-subisocrystal of {EndB{k){M[^]),(p). 

We call the triple {M,(f,G) a Shimura p-divisible object over k in the range [a,b]. 
Following [Pi] , we refer to as a Hodge cocharacter of (M, G) . We refer to the 
quadruple {M, {F'{M))i^s(a,b), G) or to the filtration {F'{M)),^sia,b) (of M) as a 
of {M,(fi,G) or as the lift of {M,ip,G) defined by fi. If (a, 6) = (0, 1), then we do not 
mention F°(M) = M and thus we also refer to (M, G) (resp. to (M, ^^(M), </?, G)) as 
a Shimura (resp. as a Shimura filtered) F-crystal over and to {M, F^{M),(p,G) or to 
F^(M) as a lift of (M, G). Often we do not mention over k or in the range [a, b]. For 
i G 5'(a, 6) let (/j^ : F'^{M) — > M be the restriction of to F'^{M). Triples of the form 

(M, (F*(M))ig5(„ 5), show up in [La] and [Wi]. If m e N, then the reduction modulo 
of (M, {F'{M))i^sia,b), i<fi)ies{a,b)) is an object of the category MJ^[a,b]iW (k)) used 
in [FL], [Wi], and [Fal]. This and the fact that in future work we will use analogues of 
Definition 1.3.2 for arbitrary regular, formally smooth VF(/c) -schemes, justifies our termi- 
nology "p-divisible object" (it extrapolates the terminology object used in [Fal]). Splittings 
M = ®\=^F\M) of the hft {F\M))i^s{a,b) of (M, v?, G) show up first in [Wi]. 

1.3.3. Parabolic subgroup schemes. Let 

F°(Lie(G')) := F°(Lie(G')) © F^{Ue{G)). 

Let P be the normalizer of {F^{M))^^s(^a,b) iii G; it is a parabolic subgroup scheme of G 
whose Lie algebra is F'^(Lic(G')) (cf. Subsection 2.5.3). 

By the non-negative parabolic subgroup scheme of (M , (f, G) we mean the parabolic 
subgroup scheme 

of G with the properties that Lie(PQ (<^))[|] is normalized by (p and that all Newton polygon 
slopes of (Lie(P^((/?))[i], V?) (resp. of (Lie(G')[i]/Lie(P^(v7))[i], v?)) are non-negative (resp. 
are negative). By the Levi subgroup of (M, (p, G) we mean the unique Levi subgroup 

of Pq (ip) ^^f^^ with the property that Lie(LQ((/?)5(-fc)) is normalized by cp. In Subsections 

2.6.1 and 2.6.2 we will argue the existence of the subgroup schemes -P,J(</7) and LQ{(p)B{k)- 
In Subsection 2.6.2 we also check that all Newton polygon slopes of (Lie(L^((/?)5(-yt-)), </?) 
are and that Lie{LQ{(p)B{k)) is the maximal -B(/c)-vector subspace of Lie{PQ {ip)B{k)) 
which has this property. 

1.3.4. A new Hasse— Witt invariant. We consider the product decomposition G^^^ = 
Y[i£iGi,k of G^^ into simple, adjoint groups over k, cf. [Til, Subsubsect. 3.1.2]. It lifts 
naturally to a product decomposition 

(2) G-d^J^Gi 
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of into simple, adjoint group schemes over W{k), cf. [DG, Vol. Ill, Exp. XXIV, 
Prop. 1.21]. We have Ue{G'"^)[^] = [Lie(G'),Lie(G')][i]. Thus Lie(G'^<^) = ®i^iUe{Gi) is 

naturally a Lie subalgebra of Lie(G)[i]. 

By the FSHW shift of (M, (p, G) we mean the u-linear endomorphism 

* : Lie(G^'^) ^ Lie(G'^'^) 

which for z G / takes x e Lie(Gi) to (p{x) or to p{(p{x)) = ^{px) depending on the fact that 
the composite of ji : G^^ — > G with the natural epimorphism G ^ Gi is or is not trivial. 
The existence of the map ^ is checked in Subsection 2.4.3. Let ^ : Lie(G'|'^) Lie(G'|'^) 
be the reduction modulo p of we call it the FSHW map of (M, ip, G). By the FSHW 
invariant of (M, ip, G) we mean the following dimension 

I(M, G) := dimfe(n^eNlm(^"^)) = dimfc(Im(^'''"^'^'^'^)) e N U {0}. 

Here FSHW stands for Faltings-Shimura-Hasse-Witt. If for each element i E I the 
composite of fi : Gm G with the natural epimorphism G Gi is not trivial, then is 
a usual Tate twist of (i.e., for each element x e Lie(G^'^) we have "^{x) = p(f){x)). 

1.3.5. Two different notions of ordinariness and canonical lifts. We say 

(M, (F*(M))jg5(„ G) is a U-canonical lift (of (M, G)) if VQ{p)B{k) is a sub- 
group of PB{k)- If moreover Pq{(p) is a (closed) subgroup scheme of P, then we say 
(M, {F''{M))i^s{a,b),'^, G) is an Sh-canonical lift (of (M, G)). 

We say (M, v', G) is U- ordinary (resp. Sh- ordinary) if it has a lift that is a U-canonical 
(resp. that is an Sh-canonical) lift. 

Here U stands for unique and Sh stands for Shimura. If G = GLm and < a < 6 < 1, 
then it is easy to see that the notions U-ordinary and Sh-ordinary (resp. U-canonical 
lift and Sh-canonical lift) coincide with the usual notion ordinary (resp. canonical lift) 
introduced in Section 1.1. 

Next we introduce two extra concepts that pertain to Shimura p-divisible objects. 

1.3.6. Definitions, (a) By an endomorphism oi {M,{F'^{M))i^s{a,h)i'^^G) (resp. of 
(M, G)) we mean an element e G F°(Lie(G)) (resp. e G Lie(G)) that is fixed by ip. 

(b) Let 5^1, 5^2 £ G{W{k)). We say {M, gi(p, G) and {M, §2^^, G) are inner isomorphic, 
if there exists an element h e G{W{k)) such that we have hgiip — g2'fih. We also refer to 
such an h as an inner isomorphism between (M, gi(p, G) and (M, g2'p, G). 

1.3.7. Characterization of U-canonical lifts in terms of endomorphisms. We 

have LQ{(p)B{k) ^ ^B{k) if and only if we have an inclusion Lie{LQ{(p) B[k)) Q Lie(-PB(A;)), 
cf. [Bo, Ch. H, Sect. 7.1]. Thus L%{<p)Bik) ^ PB{k) if and only if Ue{L%{p>) ^^^^) C 
Lie(P^(^)). But 

E := Lie(G^(^)) n{xe Ue{L%{p>) ^^^)\ip ® a^{x) = x} 
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is the Lie algebra over Zp of endomorphisms of (M^iy^fc) W{k),(fi®a-^, ^w(fc)) more- 
over Lie(L^((^)g^^p is 5(A;)-generated by E. Thus L^{(p)B{k) ^ ^B{k) if only if 
we have E C Lie(Pg^^p and therefore if and only if the inclusion E C Lie(P^^^^) = 
F°(Lie(G)) (»w{k) W{k) holds. Thus (M, (F'(M))ie5(„,5), G) is a U-canonical lift if and 
only if each endomorphism of (M <S>w(k) f ® cr^) ^w(fe)) i^ ^^^^ endomorphism 

of (M W{k), {F\M) ®w{k) W(k))i^s{a,b). ^ ® (^k, Gw(k))- 

1.3.8. Definitions. Let M be a free VF(/c)-module of finite rank dj^. Let {F'^{M))i^s{a,b) 
be a decreasing and exhaustive filtration of M by direct summands. Let <^ be a u-linear 
automorphism of M[-] such that we have <f-^iM) = Y^^aP'^^'i^)- If a > 0, we refer 
to the triple (M, {F'^{M))i^s{a,b)i'f) ^ ^ filtered F-crystal over k. 

(a) We say {M, {F'^{M))i^s{a,b)-)'f) is circular if there exists a 14^(A;)-basis B := 
{ei, . . . , ed^} for M such that for all j e 5(1, dj^) we have 

where Cd^^^ := d and e^- e F^^ (M) \ F"^^+i(M) with F''+1(M) := and with mj e 
S{a,b). If moreover the function : Z/dj^Z — > S{a,b) defined by f§{[j]) = rrij is not 
periodic, then we say (M, {F'^{M))^^s{a,b)j0) is circular indecomposable. 

(b) We say (M, {F'^{M))i^s{a,b)^ 'f) is cyclic if there exists a direct sum decomposition 
(M, (F*(M))ie 

S{a,b)i0) — ^i^ti^ii {F'^{M) r\ Mi)j_^s{a,b)j 0l) such that for each I e L the 
triple (M;, {F'^{M) fl Mi)i^s{a,b)i'f'l) is circular indecomposable. 

(c) We assume that < a < 6 < 1 and that there exists a p-divisible group DyY{k) 
over W{k) whose filtered Dieudonne module is (M , F^ (M) , <f) . We say that Dw{k) or 
{M,F^{M),<fi) is circular indecomposable (resp. circular), if (M, (F*(M))j£{o,i}; is 
circular indecomposable (resp. is circular). We say D\Y{k) is cyclic if it is a direct sum of 
p-divisible groups over W{k) that are circular indecomposable. 

1.4. Main results on Shimura p-divisible objects 

In this Section we state our main results on the objects we have defined in the previous 
one. Let (M, G) be a Shimura p-divisible object over k in the range [a,b]. For each 
element g G G{W{k)) the triple (M, gip, G) is as well a Shimura p-divisible object over 
k. One refers to {{M, gip, G)\g G G{W{k))} as a family of Shimura p-divisible object 
over k in the range [a,b]. See (2) for the product decomposition G^'^ = YlieiGi- We 
have the following four basic results (most of them are stated in terms of the family 
{{M,g(fi, G)\g G G{W{k))}, due to the sake of fiexibility and of simplifying the proofs). 

1.4.1. Theorem. Let g G G{W{k)). The following two statements are equivalent: 

(a) the triple (M, gip, G) is Sh-ordinary; 

(b) for each element gi G G{W{k)) the Newton polygon of {M,gi(f) is above the 
Newton polygon of {M,g(f). 
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Moreover, if (M, g(f, G) is Sh-ordinary, then: 

(c) for each element gi e G{W{k)) we have an inequality I(M, gicp, G) < I(M, gip, G). 

1.4.2. Theorem. We assume that G is quasi-split i.e., it has a Borel subgroup scheme 
(for instance, this holds if either k is a finite field or k = k). Then the statements I.4.I 
(c) and 1.4.1 (a) are equivalent if and only if for each element i E I with the property that 

the simple factors of G- ^/(^■^^ are PGL^+i group schemes with £ > 3 and for every element 

Hq G G{W{k)) such that {M W{k), ho{Lp a-^), G^^^) is Sh-ordinary, the image of 

the unipotent radical of Pq _ {ho{(fi (8) o"^)) in G^ w(k) nilpotent class at most 2.^ 

1.4.3. Theorem. Let dM ■='^^w{k){^)- The following four statements are equivalent: 

(a) the triple (M, G) is U-ordinary; 

(b) there exists a unique lift [FQ[M))i^s{a,b) of (M, G) such that the Levi subgroup 
L%{(f)B{k) of (M, (f, G) normalizes F^(M)[^] for all i e S{a, b); 

(c) there exists a unique Hodge cocharacter /xq '• ^w(k) {^®w{k) W^(^); V® 
(T^, Gy^Q^^) such that there exists a W{k)-basis {ei, . . . , Cd^} for M ®w{k) W{k) with the 

property that for all j e 5(1, c^m) the W{k)-span of Cj is normalized by Im(//o) o,nd we 
have (fi ® cr^(ej) = p^^e^g^j), where Uj e S{a,b) and where ttq is a permutation of the set 
S{l,dM); 

(d) we have a direct sum decomposition of F-crystals over k 

{M,p-''<p) = e^gQ(M^,p-V) 

with the properties that: (i) for each rational number 7, either Mj = or the only Newton 
polygon slope of {M^,p~"-ip) is 7, and (ii) there exists a unique lift {Fl{M))i^s{a,h) of 
(M, (p, G) such that we have an identity 

Fl{M) = ®^eCi{Fl{M) n M^), Vi e S{a, b). 

If {M,ip,G) is U-ordinary, then we have F^{M) = Fi{M) for all i e S{a,b). If 
(M, 97, G) is U-ordinary and k = k, then (M, {FQ{M))^^s{a,b)j f) cyclic. 

1.4.4. Theorem. Letg^'^ E G^'^{k) be the image of an element g E G{W{k)). We assume 
that {M,(p,G) is Sh-ordinary and that k = k. Then statements I.4.I (a) and (b) are also 
equivalent to any one of the following two additional statements: 

(a) the Shimura p-divisible objects (M, ip, G) and (M, gip^ G) are inner isomorphic; 

(b) there exists an element h E G^'^{k) such that as a-linear endomorphisms of 
Lie(G^'^) we have an identity = g^'^^h. 

1.4.5. Corollary. There exists an open, Zariski dense subscheme U of G'"^ such that 
for each perfect field k that contains k and for every elem,ent gj^ E G{W{k^), the triple 
(M ®vK(fe) ^(^); Qk^'P ® ^k)^ ^w{k)) '^^ Sh-ordinary if and only if we have E U{k). 

1 Based on Theorem 1.4.4 below, one needs to check this for only one such element hQ. 
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li G = GLm, then b — a & {0? 1} (cf- property 1.3.2 (b)) and thus up to a Tate twist 
we recover the classical context of Section 1.1. Thus Subsection 1.3.7 and Theorems 1.4.1 
to 1.4.4 generalize the interpretations of ordinary p-divisible groups and their canonical 
lifts in terms of (filtered or truncated modulo p) Dieudonne modules. We now include an 
Example that illustrates many of the above notions and results. 

1.4.6. Example. We assume that there exists a direct sum decomposition M — Mq © 
Ml ® M2 with the property that there exist W{k)-hases Bi = {e*|j G ^"(1, 4)} for Mj such 
that we have <^(e* ) = p"'*'^e*"''^, where the upper index i e {0, 1, 2} is taken modulo 3 and 
where riij e {0, 1} is non-zero if and only if we have j — i < 1. Thus (a, b) = (0, 1). The 
Newton polygon slopes of (M, are 0, |, |, and 1, all multiplicities being 3. Let F^{M) 
be the VI^(fc)-span of {ej |0 < i < 2, 2 < j - i < 4 - i}. Let F^{M) = F^{M) be the 
W{k)-spa.n of {e)\0 < i < 2,1 - i < j - i < 1}. Let F^{M) := M = F^{M) © F^{M) 
and G := GLmq >^w{k) GLmi >^w{k) GLm2- Let n : Gm G he the cocharacter that 
fixes F°(M) and that acts on F^{M) via the inverse of the identical character of G^- The 
triple {M,F'^{M),(p,G) is a Shimura filtered F-crystal. 

The parabolic subgroup scheme Pq{<p) of G is the Borel subgroup scheme of G that 
normalizes the W{k)-span of {eJlO <i<i,j e S{1, 4)} for aU aU i E {0, 1, 2}. Thus P^{(p) 
normalizes F^{M). Therefore {M,(p,G) is Sh-ordinary and F^{M) is its Sh-canonical lift. 

As cr-linear endomorphisms of Lie(G'^*^), we have = (/?. Thus I(M, (/?, G) computes 

the multiplicity of the Newton polygon slope —1 of (Lie(G^'^), and therefore it is 3. For 
i G {0,1,2} and ji, j2 G 5'(1,4), let e'j^ j^ G Endw{k){Mi) be such that for J3 G 5'(1,4) 
we have e^ua^^is) ~ '^J2,j3^j2' -^i -^2' then we have e'^ j^ G Lie(G^'^). We have 
^(^4,1) = and \E'(ei^4) = pe'i^^ ■ Let n" (resp. n+) be the W(/c)-submodule of 

Lie(G^'^) generated by all elements fixed by (resp. by ■^^^)- We have 

n- = ©toW^(^Xi and n+ = ©^0^^(^)4,4- 

The normalizer Pq{(p) (resp. P^{ip)) of n~ (resp. of n"'") in G is the parabolic subgroup 
scheme of G whose Lie algebra is the W^(A;)-span of 

{e]^,j, \0<i<2, either 1 < j2 < ji < 4 or {juj2) = (2, 3)} 

(resp. of {ei^jjO < i < 2, either 1 < ji < j2 < 4 or {juj2) = (3,2)}). Thus P+{<p) is a 
proper subgroup scheme of Pq{(p). Let Lq{(p) be the Levi subgroup scheme of either P^(ip) 
or Pq{(p), whose Lie algebra is the W{k)-spaii of {e*j, 63 3, e| 2IO < « < 2,j G 5(1,4)}. 

The group scheme Lq{ip)^^ is a PGL2 group scheme, the cocharacter /i factors through 
LQ{ip), and the triple (M, (</;)) is also Sh-ordinary. 

Let w G L^{ip){W{k)) be such that it fixes e^- for (z,j) ^ {(0,2), (0,3)} and it inter- 
changes 62 and 63. The Newton polygon slopes of {M,w(p) are 0, |, and 1 with multi- 
plicities 3, 6, and 3 (respectively). As w fixes n~, n~ is VF(A;)-generated by all elements 
of Lie(G'*^) fixed by (tu*)^. By applying this over k we get that l{M,w(p,G) = 3. But 
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the triples (M, w(p^ G) and (M, w(p^ Lq((p)) are not Sh-ordinary, as 63 2 £ Lie(P=^(, , , {w(p)) 

and as al-P'^l-^)) ®iv(fc) ^ 2 F^(M) (8)vK(/c) fc- Let ^ e G'(VF(A;)) be such that we have 
I{M, g(fi,G) = 3. Up to an inner isomorphism we can assume that g e LQ{(p){W{k)), 
cf. property 3.3 (b). For i e {0,1,2}, the intersection Lq{(p) H GliMi normalizes 
F^{M) n Mi if and only if i 7^ 1 (i.e., fi has a non-trivial image only in that PGL2 
factor of Lq{(p)''^'^ which corresponds to i = 1). This implies that I{M, gip, LQ^ip)) is the 
multiplicity of the Newton polygon slope — | of {Lie{LQ{(p)), g(p). In particular, we have 
I(M, w^, L%{if)) = < 3 = I(M, <p, L%i^)). 

In general, for g e LQ{(p){W{k)) the triple (M, ^rt^, G) is Sh-ordinary if and only if the 
triple {M,g(p,L%{ip)) is Sh-ordinary (cf. Theorem 3.7.1 (e)). 

1.4.7. Remark. Example 1.4.6 points out that the limitations of Theorem 1.4.2 are of 

apparent nature: always one can use a well defined sequence of FSHW invariants in order 
to "detect" Sh-ordinariness. It also points out that the proofs of Theorems 1.4.1, 1.4.2, and 
1.4.4 will involve an induction on dim(Gfc) and will appeal to opposite parabolic subgroup 
schemes of G, like Pq{^) and P^t (99). 

We now shift our attention from the abstract context of Sections 1.3 and 1.4 to a 
geometric context that involves abelian schemes and Shimura varieties of Hodge type. 

1.5. Standard Hodge situations 

We use the standard terminology of [De5] of Hodge cycles on an abelian scheme Az 
over a reduced Q-scheme Z. Thus we write each Hodge cycle v on Az as a pair 

{VdR, Vet), 

where v^r and v^t are the de Rham and the etale (respectively) component of v. The etale 
component Vi,t as its turn has an /-component f^^, for each prime / G N. For instance, if Z 
is the spectrum of a field E and if is a fixed algebraic closure of then v^^ is a suitable 
Gal(E/i?)-invariant tensor of the tensor algebra of Hl^{A^, Qp)®{Hl^{A^, Qp))* ® Qp(l), 
where Z := Spec(£') and where Qp(l) is the usual Tate twist. If moreover £^ is a subfield 
of C, then we also use the Betti realization of v: it corresponds to Vdu (resp. to t;^^) 
via the standard isomorphism that relates the Betti cohomology with Q-coefficients of 
Az Xz Spec(C) with the de Rham (resp. the Q/ etale) cohomology of A-^ (see [De5]). 

For generalities on Shimura pairs, on their adjoints, reflex fields, and canonical models, 
and on injective maps between them we refer to [De2], [De3], [Mil], [Mi2], and [Va3, 
Subsects. 2.1 to 2.10]. For different types of Shimura varieties we refer to [De3], [Mi2], 
and [Va3, Subscct. 2.5]. We now introduce standard Hodge situations. They generalize the 
standard PEL situations used in [Zil] , [LR] , [Ko2] , and [RZ] ; however, the things are more 
technical than in these references due to the passage from tensors of degree 2 (polarizations 
and endomorphisms) to tensors of arbitrary degree on which no special properties are 
imposed. Here "tensors" refer to different cohomological realizations of Hodge cycles on 
abelian varieties. 

1.5.1. Basic notations. We start with an injective map of Shimura pairs 

/:(Gq,X)^(GSp(I^,V),^). 
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The pair (WjI/j) is a symplectic space over Q and S is the set of all homomorphisms 
Resc/RGm, GSp(VF, that define Hodge (^-structures on W of type {(—1, 0), (0, — 1)} 
and that have either 27ri'0 or —2Tiiil) as polarizations. One calls (GSp(VF, i/;), 5") a Siegel 
modular pair and (Gq, X) a Shimura pair of Hodge type. The group Gq is reductive over 
Q and is identified via / with a subgroup of GSp(VF, tp). The set X is a GQ(R)-conjugacy 
class of homomorphisms Resc/RGm Gr whose composites with /r belong to S. Both 
S and X have canonical structures of hermitian symmetric domains, cf. [De3, Cor. 1.1.17]. 

Let L be a Z-lattice of W which is self-dual with respect to if) (i.e., such that if) induces 
a perfect form i]j : L ®z L Z). Let Z(p) be the localization of Z at its prime ideal {p). 
Let L(p) := L ®z We assume that p and L are such that: 

(*) the Zariski closure Gz^^^ of Gq in GSp(L(p), ip) is a reductive group scheme over T^^p)- 
Let := GSp(L,V;)(Zp). Let 

-Hp := Gz(p) (Zp) = Gq(Qp) fl K^. 

Let r := '^""q(^) ^ (resp. A^^^) be the Q-algebra of finite adeles (resp. of 

finite adeles with the p-component omitted). We have A/ = Qp x A^'-'. 

Let X E X. Let iJ,x : G^ — > Gc be the Hodge cocharacter that defines the Hodge Q- 
structure on W defined by x. We have a direct sum decomposition VF(8)qC = F~^'^(BF^'~^ 
such that Gm acts via fi^ trivially on F^'~^ and through the identity character on F~^'^. 

The reflex fleld E{Gq, X) of (Gq, X) is the subfield of C that is the fleld of deflnition 
of the GQ(C)-conjugacy class of cocharacters of Gc deflned by (any) n^; it is a number 
field. The canonical model Sh(GQ,X) of (Gq,X) over E{Gq,X) is a Shimura variety of 
Hodge type. Let ^; be a prime of E{Gq, X) that divides p and let k{v) be its residue field. 
Let 0(„) be the localization of the ring of integers of E{Gci, with respect to v. As Gz^ 
is a reductive group scheme, the prime v is unramified over p (cf. [Mi2, Cor. 4.7 (a)]). 
Our main data is the triple 

for which (*) holds, to be called a potential standard Hodge situation. 

For the notion of an integral canonical model of a quadruple of the form (Gq, X, Hp, v) 
we refer to [Va3, Defs. 3.2.3 6) and 3.2.6] (see also [Mil, §2] and [Mi2]). Let 

M 

be the Z(p)-scheme which parameterizes isomorphism classes of principally polarized 
abelian schemes over Z(-p)-schemes that are of relative dimension r and that have level 
s symplectic similitude structure for each s G N relatively prime to p. The scheme 
M. together with the natural action of GSp(VF, ?/;)(A^^'*) on it, is an integral canonical 
model of (GSp(W^, V'), ^, i^p, p) (see [Va3, Example 3.2.9 and Subsect. 4.1] or [Mil, Thm. 
2.10]). These structures and this action are defined naturally via (Ljip) (see [Va3, Sub- 
sect. 4.1]) and the previous sentence makes sense as we can identify naturally M.q with 
Sh{GSp{W,i;),S)/Kp. 



20 



As Z(GSp(L(p),7/;))(Z(p)) is a discrete subgroup of Z{GSp{W,i/;)){AJ'), we have 

Mq(C) = GSp(L(p),V')(Z(p))\(>S X GSp(W^,V)(A^''^)) (cf. [Mi2, Prop. 4.11]). We 

also have SHGq, X)/Hp{C) = Gz,jZ^p))\[X x (GqCA^ )\Z(G^;j(Z^)], where 

Z(Gz(p))(Z(p)) is the topological closure of Z{Gz^^^){Z^p)) in Z{GQ){A'f^) (cf. [Mi2, Prop. 
4.11]). We have a morphism Sh.{GQ, X) / Hp M.e(Gq,x) of -E(Gq, X)-schemes whose 

pull back to C is defined by the natural embedding X x G'q(A^^^) ^ Sx GSp(W, 'ip){Af^) 
via natural passages to quotients, cf. [De2, Cor. 5.4]. The last two sentences imply that 
^(Gz(,))(Z(p)) = Z(Gz(,))(Z(p)). Thus we have 

Sh(GQ,X)/if^(C) = Gz(,)(Z(p))\(X X Gq(a(^))). 

We easily get that Sh.{GQ,X)c/Hp is a closed subscheme of M.c- Thus Sh{GQ, X) / Hp is 
a closed subscheme of M.e{Gq x)- Let 

be the normalization of the Zariski closure of Sh{GQ, X) / Hp in Aio^^^y Let 

{A,Aa) 

be the pull back to J\f of the universal principally polarized abelian scheme over M.. Let 

{Va)a€j 

be a family of tensors in U„eNW^*®" ®q VF®"^ such that Gq is the subgroup of GLvk that 
fixes Va for all a e J. As Z{G'Lw) ^ Gq, the existence of the family {va)aeJ is implied 
by [De5, Prop. 3.1 (c)]. 

The choice of L and {va)aeji allows a moduli interpretation of Sh(GQ, X) (see [De2], 
[De3], [Mi2], and [Va3, Subsect. 4.1 and Lem. 4.1.3]). For instance, the set of complex 
points Sh(GQ,X)(C) = Gq{Q)\{X x GQ{Af)) is the set of isomorphism classes of prin- 
cipally polarized abelian varieties over C that are of dimension r, that carry a family of 
Hodge cycles indexed by the set J^, that have level s symplectic similitude structure for 
all s e N, and that satisfy some extra axioms. 

This interpretation endows the abelian scheme Ae{Gq,x) with a family {w^)aej of 
Hodge cycles whose Betti realizations can be described as follows. Let 

w = [x^,g^] e Sh{GQ,X)/Hp{C) = Gz,jZ^p))\{X x Gq(A^^))) 

where Xyj E X and Qw G G'q(A^^^). Let Lg^ be the Z-lattice of W such that we have 

Lg^ (8>z Z = g^{L (g)z Z); here we view Qyj as an element of Gq(Aj-). Let (Ayj^X^^) '■= 
w* {{A., Aj\) e{Gq,x)) ■ Then Ayj is the complex abelian variety whose analytic space is 

^«.(C) = Lg^\W®Q C/F°-i, 
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the principal polarization Xa^ of Ayj is defined by a suitable Gr„(Z(p)) -multiple of i/j, and 
w*{w^) is the Hodge cycle on whose Betti realization is the tensor Va of the tensor 
algebra olW*®W = (L^^ ®z Q) © (Lg^ ®z Q)- 

Let Lp := L (x)z Zp = L(p) ©Z(p) Zp. Let i/'* be the perfect form on either L^^^ or L* 
that is defined naturally by ip. We have natural identifications 

hUa^, Zp) = l;^ ®z Zp = L* (8)z Zp = l; 

under which: (i) the p-component of the etale component of w*{w^) is Va, and (ii) the 
perfect form on L* <Siz Zp that corresponds naturally to A^^ is a G^(Z(p))-multiple of ip*. 

Let ' be the involution of Endz(p) (-^(p)) defined by the identity il){h{x), y) = ip{x, h'{y)), 
where h G Endz(p) (i^(p)) and x, y E Lf^py Let B -.^ {h e Endz(p) (i^(p))|& fixed by Gz(p)}. 
We say (/, L, v) or (/, L, t), B) is a standard PEL situation if the following axiom holds: 

(PEL) B is normalized by ' , B<S>z^j,) W(F) is a product of matrix W{F)-algebras, and Gq 
is the identity component of the subgroup of GSp{W,ijj) that fixes all elements of B[^]. 

If moreover Gq is the subgroup of GSp(W,V') that fixes all elements of B[^], then we 
also refer to (/, L, v) or to (/, L, v, B) as a standard moduli PEL situation. 

1.5.2. The abstract Shimura F-crystal. The isomorphism L^L* induced by ip allows 
us to identify Gz^ with a closed subgroup scheme of GL l* ■ 

Let To be a maximal torus of a Borel subgroup scheme Bq of Gzp • Let 

Ho : Gm ^ ro,VK(fc(t;)) 

be an injective cocharacter such that the following condition holds (cf. [Mi2, Cor. 4.7 
(b)]): 

(a) under a monomorphism W{k{v)) ^ C that extends the composite monomorphism 
0(„) ^ E{Gq, X) ^ C, it is GQ(C)-conjugate to the Hodge cocharacters fi^ '■ Gm Gc- 

We will choose fio such that moreover we have the following property: 

(b) if Mq :— Lp W{k{v)) = Fq © Fq is the direct sum decomposition such that 
G'tt), acts via trivially on Fq and as the inverse of the identical character of G^ on Fq , 
then So,vt^(fe(v)) normalizes . 

We emphasize that /Uq is uniquely determined by properties (a) and (b). 

Let ^0 := © (yk{v)) o IJ^o{\) ■ Mq ^ Mq. We have iPo\Mo) = ^F^ © F^ and 
ipQ{Ue{GB(k{v)))) = Lie(GB(fc(„))). Thus the quadruple (Mq, Fq , (po, Gw{kiv))) is a Shimura 
filtered F-crystal and the Hodge cocharacter hq defines the lift Fq. We refer to the triple 

Co := iMo,(po,Gw{k(v))) 

as the abstract Shimura F -crystal of {f,L,v). Up to a M^(/c(f)) -linear automorphism of 
Mo defined by an element of Gzp(Zp), Co does not depend on the choices of Tq and Bq (as 
all pairs of the form (Tq^Bq) are Gzp(Zp)-conjugate, cf. Subsection 2.3.8 (d)). 
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1.5.3. Definition. The potential standard Hodge situation {f,L,v) is called a standard 
Hodge situation if the following two conditions hold: 

(a) the 0(^,)-scheme jV is regular and formally smooth; 

(b) for each perfect field k of characteristic p and for every VF(/c)-valued point z G 
J\f{W{k)), the quadruple {M, F^,(f,G) is a Shimura filtered F-crystal; here {M,F-^,(p) is 
the filtered Dieudonne module of the 

p — divisible group of A:=z*{A) 

and G is the Zariski closure in GLm of the subgroup of GL^jj.] = GL^i^^^y^^-^^^^ji] that 
fixes the de Rham component ta of z'^(^Gq x)i''^a)j ol ^ J . 

The de Rham component ta is a tensor of the tensor algebra of M[^] ® M*[^]. 

1.5.4. Shimura F-crystals attached to points of N{k). We assume that {f,L,v) is 
a standard Hodge situation and we use the notations of Subsection 1.5.3. We refer to the 
quadruple (M, G) as the Shimura filtered F-crystal attached to z G MiW^k)). Let 
y G Nik) be the point defined naturally by z. The triple (M, {ta)aej) depends only on 
the point y G Nik) and not on the lift z G NiWik) of cf. Proposition 6.2.7 (d). Thus 
we call (M, G) as the Shimura F-crystal attached to the point y G N{k). 

1.5.5. Remarks, (a) If the condition 1.5.3 (a) holds, then N is an integral canonical 
model of (Gq, X, i^p, v) (cf. [Va3, Cor. 3.4.4]). If p > 5, then the condition 1.5.3 (a) 
holds (cf. [Va3, Subsect. 3.2.12, Prop. 3.4.1, and Thm. 6.4.2] and its corrections in 
[Va6, Appendix]). See [Va3, Subsects. 6.5 and 6.6] for general ways to construct standard 
Hodge situations. For instance, if (/, L, v) is a potential standard Hodge situation and 
if p > max{5,r}, then {f,L,v) is a standard Hodge situation (cf. [Va3, Thm. 5.1, Rm. 
5.8.2, and Cor. 5.8.6]). In [Va8] it is proved that each potential standard Hodge situation 
is in fact a standard Hodge situation. 

(b) A standard PEL situation is a standard Hodge situation, provided either p > 3 
or it is a standard moduli PEL situation (see [Zil], [LR], [Ko2], [RZ], and [Va3, Example 
5.6.3]; the assumption that B[-] is a Q-simple algebra used in [Ko2, §5] for p > 2 and thus 
also in [Va3, Example 4.3.11] with p > 3, can be eliminated). 

1.5.6. Shimura types. We review few things on Shimura types. Let [G^^X^"^) be the 
adjoint Shimura pair of (Gq, X); thus X^'^ is the GQ'(R)-conjugacy class of the composite 
of any element Resc/nGm Gr of X with the natural epimorphism Gr G|^. In 
this Subsection we assume that the adjoint group Gq is non-trivial. Let (Gq,X) be a 
simple factor of {Gq, X^^); thus Gq is a simple group over Q that is a direct factor of 
Gq. Let X be the Lie type of the simple factors of Gc- The existence of the cocharacters 
tix-Gm^ Gc implies that (see [Sa], [De3], [Sel], [Pi2, Table 4.2], etc.): 

(i) ^ is a classical Lie type; 

(ii) if f is a simple factor of Lie(G^), then the weight w of each simple f-submodule 
ofW<^Q C, is a minuscule weight. 
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We recall that w can be: any fundamental weight if X = Ai, the fundamental weight 
W£ if X = Bg, the fundamental weight Wi if X = Cg, and any one of the three fundamental 
weights wi, zug-i, wg if X = Dg with £ > 4; see either the mentioned references or [Bou3, 
pp. 127-129]. If X is Ag, Eg, or Cg with £ e N, then we say {Gq,X) is of X type. We 
assume now that X is Dg with £ > 4. Then (Gq, X) is of either Df or Df type, cf. [De3, 
Table 2.3.8]. If {Gq,X) is of (resp. of D^) type, then each non-compact, simple factor 
of the identity component of the real Lie group Gr,(R) is isogenous to SO*{2£) (resp. to 
the identity component of SO(2, 2£— 2)) and the converse of this holds for £> 5 (see [He, 
Ch. X, §2] for the classical semisimple, real Lie groups SO*{2£) and SO(2, 2£ — 2)). 

We mention that besides the Shimura types mentioned above, we have precisely three 
extra ones. The three extra Shimura types are D^^^^"^ with £ > 4, Eq, and E-j. Abstract 
Theorems 1.4.1 to 1.4.4 apply to all of them. 

We have the following concrete (i.e., geometric) form of Section 1.4. 

1.6. Main results on standard Hodge situations 

Let (/, L, v) be a standard Hodge situation. Let [A, AjC) be the principally polarized 
abclian scheme over A/" introduced in Section 1.5. Let y G M{k). Let z G A/'(VF(fc)) be a 
lift of y. Let the quintuple (M, F^ ^ ip ^ {to) ^ej -i G) be as in Definition 1.5.3; thus the triple 
(M, G) is the Shimura F-crystal attached to the point y G N{k). 

Let Co := {MQ^(fQ,Gw{k{v))) be the abstract Shimura F-crystal of {f,L,v), cf. Sub- 
section 1.5.2. Let Uq := Uq^^^^ unipotent radical of the parabolic subgroup 
scheme -Pcv^cfec cf. Subsection 1.3.3. Let 

Jo e N U {0} 

be the nilpotent class of Uq . 

1.6.1. Theorem. There exists an open, Zariski dense, GqIA^J'^) -invariant suhscheme 
O of N'k{v) such that for a point y G J\f{k) we have y G 0{k) if and only if one of the 
following four equivalent statements holds: 

(a) the Shimura F-crystal (M, (p, G) attached to y is Sh-ordinary; 

(b) the Newton polygon of (M, (p) is the Newton polygon O^o of Co (i.e., of {Mq, (fo) ); 

(c) there exists a Lie isomorphism Lie{G^^-^)^Lie{G^^-^) with the properties that: 



(i) it is defined naturally by a B{k)-linear isomorphism M(8)^(/,) S(A;)A-Mo (8)vK(fe(v)) B{k) 
which takes t^ to for all a E JT, and (ii) its reduction modulo p defines an isomorphism 
between the FSHW maps of the triples (M <^w{k) W^(^))<^ ^ ^k^^w{k)^ Cq ® k := 
(Mo ^wikiv)) W(k), ifo ^ cTp G^Cfc)); 

(d) the Newton polygon of (Lie(G*'^), cp) is the Newton polygon of (Lie(G^^^^^-jP, cpo). 
If 3o <2, then the above four statements are also equivalent to the following one: 

(e) we have an equality I{M,(f,G) = I(Co) (equivalently, we have an inequality 
I(M,(^,G')>I(Co);. 
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Moreover, if k = k and if y, yi e J\f{k) are two points that factor through the 
same connected component of O, then there exists an isomorphism {M,ip)^{Mi,(pi) de- 
fined by a W{k)-linear isomorphism M-^Mi that takes t^ to ti^^t for all a G J"; here 
{Mi,(pi, {ti^a)aej) 'the triple that defines the Shimura F-crystal (Mi,(^i,Gi) attached 
to the point y\ e M{k). 

1.6.2. Theorem. Let y e Nik) he such that its attached Shimura F-crystal (M, (/p, G) 
is U-ordinary. If p = 2 we assume that either k = k or (M, (p) has no integral Newton 
polygon slopes. Let e N U {0} U {oo} be such that the number of W{k)-valued points 
z G J\f{W{k)) which lift y and whose attached Shimura filtered F-crystals (M, F^,(f,G) 
are the U-canonical lift of (M, G), is precisely Uy. 

Then we have G N. Ifp > 3 or ifp — 2 and (M, t/?) has no integral Newton polygon 
slopes, then Uy — 1 and the resulting W{k) -valued point z G J\f{W{k)) is the unique W{k)- 
valued point zi G N{W{k)) that lifts y and such that the p-divisible group of zl{A) 
is a direct sum of p-divisible groups over W{k) whose special fibres have only one Newton 
polygon slope; if moreover k = k, then the p-divisible group Dg of z*{A) is cyclic. 

1.6.3. Theorem. We assume that k = F and that the W{k) -valued point z G J\f{W{k)) 
is such that (M, F^, (p, G) is a U-canonical lift. We have the following four properties: 

(a) Then A = z* (A) has complex multiplication. 

(b) Let cf be an endomorphism of Ap whose crystalline realization cp G Endvi/(fc)(-^) 

is an endomorphism of (M, G). If cf has a zero image in End\y (^k){M / 4M) or if p = 2 
and (M, (f) has no integral Newton polygon slopes, then e-p lifts to an endomorphism of A. 

(c) Let ko be a finite field. Let A^^ be an abelian variety over ko such that A-p is 
= 2/*(>^)- Let n G End(AF) be the extension to F of the Frobenius endomorphism of 

AkQ. Let zq : Spec{V) H be a lift of y, where V is a finite, discrete valuation ring 
extension of W{¥). Let s G N U {0} and t G N. We assume that the endomorphism p^H^ 
of Ap = y*{A) lifts to an endomorphism of Zq{A). 

If the condition W for zq (to be defined in Subsection 6.5.5) holds, then the abelian 
scheme Zq{A) has complex multiplication. Condition W for zq holds ifV — W{F) (there- 
fore, ifV — W{F), then Zq{A) has complex multiplication). 

(d) Referring to (c), if moreover V = W{F) (resp. V — W(F), p = 2, and s = 0), 
then Zq is a U-canonical lift (resp. is the unique W{k)-valued point z\ G H{W{k)) which 
lifts y and for which the p-divisible group Dg,^ of z\{A) is cyclic). 

1.6.4. Definitions. We call every point y G M{k) as in Theorem 1.6.2 as a U-ordinary 
point (of either Hk{v) or A/"). We call every M^(/c)-valued point z G M{W{k)) as in Theorem 
1.6.2 as a U-canonical lift (of either y G N'{k) or M). If moreover y G 0{k) C f/{k), then 
we also refer to y as an Sh-ordinary point (of either Nk^v) or ^) and to z as an Sh- canonical 
lift (of either y G 0{k) or jV). We also refer to O as the Sh-ordinary locus of J\fk{v)- 

1.6.5. On 3q. We can have Jq > 2 only if there exists a simple factor {Gq,X) of 
(Gq that is either of Ai type with £ > 2 or of type with £>4 (see Subsection 
3.4.7 and Corollary 3.6.3 for an abstract version of this; see also the property 9.5.2 (1)). In 
particular, we always have 3o = 1 i{ the group Gq is non-trivial and all simple factors of 
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{G^, X^d) are of Be {£>!), Ce > 3), or Df {£ > 4) type. If the group is simple 

(thus we have Gq = G^) and if {G^, X""^) is of Ai type with i>2 (resp. of Df type 
with i > 4), then one can check that regardless of what the prime v is, we have 3q G S{l,i) 
(resp. Jq G {1,2}); in addition, we have plenty of situations in which 3q is an arbitrary 
number in S{1,£) (resp. in {1,2}). 

1.6.6. On W. Condition W for zq pertains to certain Bruhat decompositions (see Subsec- 
tion 6.5.5) and it is easy to see that it is also a necessary condition in order that the abelian 
scheme Zq{A) of the statement 1.6.3 (c) has complex multiplication. Roughly speaking, 
the condition W for zq holds if there exist enough endomorphisms of (M, (/?, G) that are 
crystalline realizations of endomorphisms of Zq ( A) . Condition W for zq always holds if y 
is a Sh-ordinary point, cf. proof of Corollary 9.6.4. 

1.7. On applications 

Different examples, complements, and applications of Theorems 1.6.1 to 1.6.3 are gath- 
ered in Chapters 7 to 9. We will mention here only five such complements and applications; 
to state them, in this section we take k = k. 

In Section 7.2 we define Dieudonne truncations modulo positive, integral powers of p 
of Shimura F-crystals attached to A;-valued points of M and we include a modulo p variant 
of the last paragraph of Theorem 1.6.1 (see Corollary 7.2.2). 

In Section 8.2 we complete for p > 5 (the last step of) the proof of the existence 
of integral canonical models in unramified mixed characteristic (0,p) of Shimura varieties 
whose adjoints are products of simple, adjoint Shimura varieties of some Df type with 
£ > 4. In other words, the Zariski density part of Theorem 1.6.1 and the statement 1.6.3 
(a) allow us to apply [Va3, Lem. 6.8.1 and Criteria 6.8.2] for proving (see Subsection 8.2.4) 
the postponed result [Va3, Thm. 6.1.2*] for these Shimura varieties. 

In Sections 9.1, 9.2, and 9.4 we generalize properties 1.1 (f) to (h) to the context 
of a standard Hodge situation (/, L, w). These generalizations are rooted on the notions 
of Subsection 1.3.5 and on Faltings deformation theory of [Fa2, §7]. We detail on the 
generalization of the property 1.1 (h) and on complements to it. 

To Cq ® k — (Mo ®w{k{v)) ^(^); V'o ® CTfc, <-fVK(fe)) we attach two formal Lie groups 
over Spf(VF(A;)): the first one Ti is commutative and the second one is nilpotent of 
nilpotent class Jq (see Sections 5.3 and 5.4). The first one is the formal Lie group of the 
p-divisible group -D^^^^ over W{k) whose filtered Dieudonne module is 

(Lie(?7o+^(^)), F(}(Lie(Gw^(fc))), v?o ® cr), 

where F^{Ue{Gw{k))) ■= {x G Ue{Gw(k))\x{F^ ®w{k{v)) W{k)) = and x{Mo (S)w{k{v)) 
W{k)) C Fq '®w{k{v)) W{k)}; we call D^^j^^ the positive p-divisible group over W{k) of 
Cq ® k. The second one is a modification of J-'i that pays attention to the Lie structure of 
Lie{UQ-^^^j^^). We view J-'i (resp. JF2) as the etale (resp. as the crystalline) possible way 
to define or to look at the formal deformation space of Cq (8) A;. We have J^i = J^2 if and 
only if Uq is commutative. See Examples 5.2.7 to 5.2.10 and the property 9.5.2 (b) for 
different examples that pertain to the structure of -D^.^n (which does depend on 3o). 
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Let y e 0{k) C J\f{k). Let Vy = Spf(i?) be the formal scheme of the completion R of 
the local ring of the A;- valued point of N'w{k) defined by y. One expects that Vy has Uy 
natural structures of formal Lie groups isomorphic to J^i as well as Uy natural structures 
of formal Lie groups isomorphic to J^2 (see Theorem 1.6.2 for the positive integer ny). 
Theorem 9.4 proves this in the so called commutative case when Jo < 1 (i-e., when Uq is 
commutative) and in Section 9.8 we deal with some specific properties of the case 3q > 2. 

For simplicity, in this and the next paragraph we will refer only to the commutative 
case; thus we have 3o < 1. If p > 3, let z G f/{W{k)) be the Sh-canonical lift of y. If 
p = 2, then we choose a Sh-canonical lift z G ^/{W{k)) of y (cf. Theorem 1.6.2). Then Vy 
has a unique canonical formal Lie group structure defined by the following two properties: 
(i) the origin is defined by z, and (ii) the addition of two Spf (VF(A;))-valued points of Vy 
is defined as in Subsection 1.2.6 via sums of lifts. If p = 2, then we have Uy — 2'^°^^\ 
where mo(l) is the multiplicity of the Newton polygon slope 1 of (Lie(G^(.^j-^-|P [^], (/^o) 
(see Proposition 9.5.1). Also if p = 2, then the Uy formal Lie group structures on Vy that 
correspond to the Uy possible choices of z, differ only by translations through 2-torsion 
Spf(VF(/c))-valued points (see property 9.5.2 (d)). For p — 2, the methods used in this 
monograph can not show that we can always choose z such that the p-divisible group D^: 
of z*{A) is cyclic (see [Va8] for a proof of this): thus, if Uy > 1, in this monograph we can 
not single out in general any such 2-torsion Spf(VF(/c))- valued point and this explains why 
everywhere we mention Uy canonical structures. 

See Proposition 9.6.1 and Definition 9.6.2 for the Spf (F)-valued points version of sums 
of lifts and see Corollary 9.6.5 and Remarks 9.6.6 for Spf (F)-valued torsion points; here V 
is a finite, discrete valuation ring extension of W{k). See Subsection 5.4.1 and Proposition 
9.7.1 for different functorial aspects of the formal Lie groups J-'i and of the mentioned 
canonical formal Lie group structures on Vy. Let v^'^ be the prime of the refiex field 
E(G^^,X^^) of {G^.X""^) divided by v. If the residue field /c('i;^^) o£ v""^ is Fp, then up 
to Spf(VF(A;))-valued points of order two (they can exist only if p = 2), all the canonical 
formal Lie group structures on Vy coincide and J-'i is a formal torus (see property 9.5.2 

(a) ); this result for the case when k{v) = k{v^^) = Fp was first obtained in [No]. 

1.8. Extra literature 

The FSHW maps were introduced in [Val, Subsubsect. 5.5.4] following a suggestion 
of Faltings and this explains our terminology. They are the adjoint Lie analogues of 
Barsotti-Tate groups of level 1 over A;, cf. Claim of Subsection 1.2.3, the statement 1.4.4 

(b) , etc. To our knowledge, [Val, Subsect. 5.5 and 5.6] is the first place where Bruhat 
decompositions and Weyl elements are used in the study of W and thus implicitly of 
Barsotti-Tate groups of level 1 over k (see property (12) of Proposition 3.5.1). The notion 
U-ordinariness is a new concept. It is more general than the notion Sh-ordinariness, despite 
the fact that in the classical context of Section 1.1 (with G = GLm) we do not get U- 
canonical lifts that are not Sh-canonical lifts. Referring to the context of Section 1.3, the 
U-canonical lifts typically show up when (/? ® cr^ gives birth to a non-trivial permutation 
of the simple factors of Lie(G^^- ) (see Subsections 4.3.3 to 4.3.5 for several examples 

and see Section 7.5 for the simplest geometric examples). The Sh-canonical lifts were first 
mentioned in [Va3, Subsects. 1.6 and 1.6.2]; previously to [Va3] and [Va4], they were 
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used only either for the case of ordinary p-divisible groups or for cases pertaining to 

crystalhne reahzations of hyperkahler varieties (hke K3 surfaces). In the generahty of 
Theorem 1.6.2, for p > 5 they were introduced in the first version [Va2] of this monograph 
(for p > 2 see also [Va4]). See Remark 4.2.2 for a link between Theorem 1.4.1 and [RR]. 

The Shimura F-crystal Cq was introduced in [Val, Subsect. 5.3 g)] (see also [RR, 
Thm. 4.2] for a general abstract version of it). For Siegel modular varieties the Zariski 
density part of Theorem 1.6.1 was checked previously in [Kob], [NO], [FC], [Val], [Wei], 
[Ool], [Oo2], etc. All these references used different methods. Under slight restrictions 
(that were not required and are eliminated here), the Zariski density part of Theorem 1.6.1 
was obtained in [Val, Thm. 5.1]. Loc. cit. is correct only when 3q < 2, as it does not 
make distinction between P^((/7)'s and P^((/9)'s parabolic subgroup schemes as Example 
1.4.6 docs: but as hinted at in Remark 1.4.7, the modifications required to eliminate this 
restriction involve only a trivial induction. In [Wei] a variant of the Zariski density part 
of Theorem 1.6.1 is obtained for standard PEL situations: it defines O via 1.6.1 (b) and 
for p — 2 it deals only with standard moduli PEL situations. Paper [We2] uses a variant 
of 1.6.1 (c) (that pertains to Barsotti-Tate groups of level 1), in order to refine [Wei] for 
p > 3 and for the so call C case of moduli standard PEL situations. Positive p-divisible 
groups over W{k) like D^^^^^ and the nilpotent class 3o were introduced in [Va4]. 

We (resp. B. Moonen) reported first on Theorem 1.6.1 and [Val] and [Va2] (resp. on 
[Val, §5]) in Durham (resp. in Miinster) July (resp. April) 1996.^ 

1.9. Our main motivation 

The generalized Serre-Tate theories of Sections 1.4 and 1.6 will play for Shimura va- 
rieties the same role played by the classical Serre-Tate theory for Siegel modular varieties 
and for p-divisible groups. For instance, the generalizations of many previous works cen- 
tered on ordinariness (like [Del], [FC, Ch. VII, §4], [No], etc.) are in the immediate reach. 
But our five main reasons to develop these two theories are the following ones. 

(a) To use them in connection to the combinatorial conjecture of Langlands-Rapoport 

that describes the set Af{F) together with the natural actions on it of Gq(Aj''') and of the 
Frobenius automorphism of F whose fixed field is k{v) (see [LR], [Mil], and [Pf]). This 
conjecture is a key ingredient toward the understanding of the zeta functions of quotients 
of finite type of He{Gq,x) and of different trace functions that pertain to Qi-local systems 
on smooth quotients of J\f (see [LR], [Ko2], and [Mil]; here Z G N \ {p} is a prime). Not to 
make this monograph too long, we only list here its parts that will play roles in the proof 
of this conjecture. Subsections 1.6.3 (a), 4.3.1 (b), 6.2.8, 7.4.1, 8.1, 9.6.5, and 9.6.6 is all 
that one requires to prove this conjecture for the subset 0(F) of A/'(F) (i.e., generically); 
this will generalize [Del] and the analogous generic parts of [Zil] and [Ko2] . 

(b) In future work we will use them to prove that for p > 2 every potential standard 
Hodge situation is a standard Hodge situation (see [Va8] ) . 

1 We point out that B. Moonen's paper "Serre-Tate theory for moduli spaces of PEL 
type" (see Ann. Sci. Ecole Norm. Sup. (4) 37 (2004), no. 2, pp. 223-269) obtains some 
analogous results for standard PEL situations. 
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(c) To provide intrinsic methods that wiU aUow us in future work to extend Theorems 
1.6.1 to 1.6.3 as well as (a) and (b) to all integral canonical models of Shimura varieties of 
preabelian type (a Shimura variety is said to be of preabelian type if its adjoint Shimura 
variety is isomorphic to the adjoint Shimura variety of a Shimura variety of Hodge type). 

(d) In future work we will use Section 1.4 to construct integral canonical models of 
Shimura varieties of special type (i.e., of Shimura varieties which are not of preabelian type 
and thus whose adjoint Shimura varieties have simple factors of DJ^^^^^, Eq, or types). 

(e) They extend to all types of polarized varieties endowed with Hodge cycles whose 
different moduli spaces are open subvarieties of (quotients of) Shimura varieties of pre- 
abelian type (like polarized hyperkdhler varieties; see [An] for more examples). 

1.10. More on organization 

In Chapter 2 we include preliminaries on reductive group schemes and Newton poly- 
gons. In Section 3.1 we list basic properties of Hodge cocharacters. See Section 3.2 for a 
general outline of the proofs of Theorems 1.4.1 and 1.4.2. The outline is carried out in Sec- 
tions 3.3 to 3.8. In Sections 4.1 and 4.2 we prove Theorems 1.4.3 and 1.4.4 (respectively). 
See Subsection 4.2.1 for the proof of Corollary 1.4.5. In Chapter 5 we introduce the first 
and the second formal Lie groups of Sh-ordinary p-divisible objects over k. In Chapter 6 
we prove Theorems 1.6.1 to 1.6.3. In Chapters 7 to 9 we include examples, complements, 
and applications of Theorems 1.6.1 to 1.6.3 (see their beginnings and Sections 1.7 and 1.8). 

Acknowledgment. We would like to thank G. Faltings for his encouragement to approach 
the topics of Sections 1.3 to 1.6, for his deep insights, and for the suggestion mentioned in 
Section 1.8. We would like to thank R. Pink for pointing out to us the construction of non- 
positive solvable group schemes (like S~ and Sq{lp) of Subsection 1.2.4 and respectively of 
Section 5.1) and the fact that a deformation theory as in [Va3, Subsect. 5.4] is all that one 
requires to generalize the property 1.1 (g) to the context of a standard Hodge situation 
(/, L,v) (see Section 9.2 for details). We would like to thank Princeton University, FIM, 
ETH Ziirich, University of California at Berkeley, University of Utah, University of Arizona, 
and Binghamton University for good conditions with which to write this monograph which 
for many years was thought as a small part of a comprehensive book (see [Va4]). 
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2 Preliminaries 



We begin with a list of notations and conventions to be used throughout the mono- 
graph. We always use the notations and the conventions listed before Section 1.1. Let /c, 
W{k), B{k), and a := Ufc be as in Section 1.1. In Section 2.1 we list some basic notations 
to be used in Chapters 2 to 5. In Sections 2.2 and 2.5 we include complements on Newton 
polygons. In Section 2.3 we gather elementary properties of reductive group schemes over 
either fields or W{k). In Section 2.4 we introduce some Zp structures and list applications 
of them. In Subsection 2.4.3 we argue the existence of the map of Subsection 1.3.4. In 
Section 2.6 we introduce the main ten types of group schemes over W{k) that are intrin- 
sically associated to each Shimura p-divisible object over k and that will be often used in 
the monograph. In particular, in Subsections 2.6.1 and 2.6.2 we argue the existence of the 
subgroup schemes -Pq (v^) and LQ{(p)B(k) of Subsection 1.3.3. In Section 2.7 we introduce 
an opposition principle in the form required in Chapter 3. In Section 2.8 we include some 
elementary crystalline complements that will be used in Chapters 4 to 9. 

Let \X\ be the number of elements of a finite set X. If M is a module over a com- 
mutative Z-algebra C, let M®'' M*®*, with s, t e N U {0}, be the tensor product of 
s-copies of M with t-copies of M* taken in this order. By the essential tensor algebra of 
M © M* we mean 

T(M) := ©«,teNu{o}M®^ ©c M*®*. 

Let a; G C be a non-divisor of 0. A family of tensors of T(M[^]) = T(M)[^] is denoted 
{va)aeJj with J' as the set of indices. We emphasize that we use the same notation 
for two bilinear forms or tensors (of two essential tensor algebras) that are obtained one 
from another via a scalar extension. Let Mi be another C-module and let (i'i,a)aej' be 
a family of tensors of T(Mi[^]) indexed by the same set J^. By an isomorphism / : 
(M, {va:)aej)~^{Mij (^i,a)aej') we mean a C-linear isomorphism / : M^Mi that extends 
naturally to a C[^]-linear isomorphism T(M[^])^T(Mi[^]) which takes Va to vi^a for all 
a G J'. If Am and Ami are perfect alternating forms on M and Mi (respectively), then 
by an isomorphism / : (M, Xm, iva)a&j)^iMi, Xmi, i'"i,cdcxej) we mean a symplectic 
C-linear isomorphism / : (M, Am)— ^(Mi, Ami) that defines as well an isomorphism / : 

(M, {Va)aej)MMlAvi,a)a€j)- 

Let Fi(M) be a direct summand of M. Let F°(M) := M and F'^{M) := 0. 
Let F^{M*) := 0, F^{M*) := {y E M*\y{F^{M)) = 0}, and F'^iM*) := M*. Let 
(F*(T(M)))j£z be the tensor product filtration of T{M) defined by the exhaustive, sepa- 
rated filtrations (-F'(M))je{o,i,2} and (F*(M*))je{_i,o,i} of M and M* (respectively). By 
the FO-filtration of r(M) defined by F'^{M) we mean'FO(r(M)). 
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Let / : F — > i? be a homomorphism of affine group schemes over C that are of finite 
type. If C is not a field, we assume F and H are smooth. Let df : Lie(F) Lie(if) 
be the Lie homomorphism over C which is the differential of / at identity sections. If 
X G Lie(F) and if f is a direct summand of Lie(F) such that [x, f] C f, then by the action 
of a; on f we mean the C-linear endomorphism f — >^ f (often called in the literature as the 
restriction of ad(x) to f) that takes j/ e f to the Lie bracket [x, y\. By a Frobenius lift of a 
commutative Zp-algcbra C we mean an endomorphism of C that lifts the usual Frobenius 
endomorphism of C/pC. If C is a complete, discrete valuation ring of mixed characteristic 
(0,p) and of residue field k, then H{C) is called a /lyperspecm/ subgroup of H{C[^]) (see 
[Ti2]). If moreover is a torus, then H is the unique reductive group scheme extension 
of the generic fibre of H (to check this we can assume that H is split and this case is 
obvious); thus H{C) is the unique hyperspecial subgroup of ff(C[^]). 

For a commutative Fp-algebra C and for m G N, let W{C) (resp. Wm{C)) be the 
ring of Witt vectors (resp. of Witt vectors of length m) with coefficients in C. Let (^c be 
the canonical Frobenius lift of W{C), Wm{C), and C = Wi{C); we have a = at = $fc. If 
moreover C is an integral domain, let C^*^^ be the perfection of C. We refer to [BBM] and 
[BM] for the crystalline contravariant Dieudonne functor T). We refer to [Me, Ch. 5] and 
[Ka3, Ch. 1] for the Serre-Tate deformation theory. We refer to [Me, Chs. 4 and 5] for 
the Grothendieck-Messing deformation theory. The divided power structure on the ideal 
pW{k) of W{k) is the usual one from characteristic 0. 

If C is a commutative VF(A;) -algebra, then the crystalline sites C RI S {Spec{C) / Spec{W (k))) 
and cms {Specie /pC)/Spec{W{k))) will be as in [Be, Ch. Ill, §4]. 

We include an argument for the standard fact that every F-isocrystal (A^, (p) over A; is a 
direct sum of F-isocrystals that have only one Newton polygon slope. Let NiSiB{k) B{k) = 
®'yeQW{'y){N, (p) be the Newton polygon slope decomposition over k defined by (g) 
cf. [Di] or [Ma]. We recall that if n G N and 7 G ^Z, then there exists a i?(fc)-basis for 
W{'y){N, if) formed by elements fixed by p~"'^((/7 cr^)^. Let e G End^^^^(A'" ®B{k) B{k)) 

be the semisimplc clement that acts on W{'y){Nj if) via the multiplication with 7. The 
Newton polygon slope decomposition ®B{k) B{k) = ©-ygQVF(7)(A^, is normalized by 
Gal{k/k) = Aut B{k){B{k)) and thus e is fixed under the natural action of AutB{k){B{k)) 
on End^^^^(iV (^B(k) B(k)) = EndB(fe)(iV) ®B{k) B(k). But B{k) is the fixed subfield of 
B{k) under A.ViiB{k){B{k)) and thus we have e G EndB(fc)(-^)- Therefore W{'^){N,(p) is 
the tensorization with B{k) of a i?(/c)-vector subspace W{'^){N, (p) of N. 
Thus we have a Newton polygon slope decomposition 

N = (B^^ciW{^){N,<p) 

defined by (p. For each rational number 7, let W"^{N, (p) (resp. W^{N, (p)) be the maximal 
S(fc)-vector subspace of which is normalized by (p and for which all Newton polygon 
slopes of W^iN^ip) (resp. of W^{N,(p)) are greater or equal to 7 (resp. are smaller or 
equal to 7). We have identities: 

W^{N,cp) = ®peh,oo)nQW{P){N,cp), 



31 



W^{N,^) = ®f3e(-oo,^]nQW{P){N,^), 

W{'y){N, if) = W^{N, if) n W^{N, ip). 

If 7i < 72 < • • • < 7c are all the Newton polygon slopes of (A^, (p) listed increasingly, then 
we have a descending Newton polygon slope filtration 

C W^iN^ip) C ••• C W^^{N,(p) = N 

and an ascending Newton polygon slope filtration 

C W^,{N,ip) C •• . C W^SN,ip) = N 

For * e {-y, (7)}, the pair {W * {N, if ), ip) is an F-subisocrystal of {N, ip). For a W{k)- 
lattice M of N, we define W * {M,(f) := M nW * (N, ip). 

2.1. Standard notations for the abstract theory 

We emphasize that until the end of Chapter 5 the following notations 

(M, (F^(M)),eS(a,b), ^, G), , F\M) {i e S{a, b)), fi:Gm^G, 
F\Ue{G)) (je {-1,0,1}), F°(Lie(G)), P^G, G^^ = l[Gi, 

* : Lie(G-d) ^ Lie(G-d)^ ^ :UeiGf) ^ Ue{Gf), P+{ip), and L^(^)B(fc) 

will be as in Section 1.3; moreover, we will not use the notations of Section 1.5. 

Let dM '■= T^^w{k){M). Let (p act in the usual tensor way on T(M)[^]. For in- 
stance, if / e M*[|], then (p{f) := a o f o (p~'^ e M*[^]. Under the natural identification 
EndB(/s)(M[-]) = M[-] (S>B{k) M*[-], the two actions of (p coincide (see property 1.3.2 
(c)) for the first action). We denote also by ip the a-linear endomorphism of each W{k)- 
submodule of T(M[^]) left invariant by (p. We consider the permutation 

F : I^I 

of the set / such that for each z G / we have an identity ip{Lie{Gi)[^]) = Lie((j'r(i)) [~]- If 
ki is a perfect field that contains k, then by the extension of (M, (p, G) to ki we mean 

(M, (f, G) ® ki := (M ^w{k) W{ki) 

Let g := Lie(G'). We have F^{g) = F^{g) © F^id)- Via adjoint representations, we 
view G^'^ as a closed subgroup scheme of either GLg or GLLig(Qad). Let F^ {L\c{G^'^)) and 

F^{q) be -^^(0); they are direct summands of either g or Lie(G^'^). Let F°(Lie(C^'^)) := 
Ue{G^'^)nF^{g)[^]. Let F-^{g) := g and F'^UeiG^'^)) := Ue{G^'^). 

We call the quadruple 

{g,F\g),F\g),v) 
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(resp. the pair (Q,(fi)) as the Shimura filtered (resp. Shimura) Lie F-crystal attached to 
(M, {F\M))i^s{a,h)^ V, G) (resp. to (M, (/?, G)). By replacing g with Lie(G'^'^), we get the 
notion of adjoint Shimura filtered (resp. adjoint Shimura) Lie F-crystal 

(Lie(G^'^), F°(Lie(G"'^)), F^(Lie(G"^)), if) 

(resp. (Lie(G^d)^^)) attached to (M, (F^(M)),es(a,6), G) (resp. to {M,ifi,G)). 

2.2. Descending slope filtration Lemma 

Let (M, and (M, 992) be two F-crystals over k with the property that for each 
positive integer m there exists an element km G GLMiW{k)) such that we have an identity 

— hmV^ ■ Then the Newton polygons of {M^ipi) and (M, (^2) coincide and for each 
number 7 e Q fl [0, 00) we have an identity W^{M, (fi) = W'^{M, (^2)- 

Proof: We can assume that k = k. Let r e N be such that for each i e {1,2} there exists a 
S(A;)-basis {e\, . . . , e^^} for M[-] which is formed by elements of M \ pM and which has 

the property that we have (f\{e\) = p^' ^ej for all Z e -5(1, c^m), where n/^j e N U {0}. We 
choose the indices such that if Z, s e 5(1, c^m) and / < s, then ^ > rig^i- Let im G NU{0} 
be such that for each z G {1, 2} we have p'^^ M C (B'^^iW{k)e'j. For each positive integer m 
the Hodge polygons of (M, (p'^) and (M, ip^^) = (M, hmP^) are equal. Thus the Newton 
polygon of (M, (fi) is independent of z G {1, 2}, cf. [Ka2, 1.4.4]. Let <S be the set of Newton 
polygon slopes of (M, (pi). For 7 G 5 let := W'^{M[^],(fii); its dimension over B{k) is 
independent of i G {1, 2}. Let W°° := 0. 

To prove the Lemma, it suffices to show that for each 7 G iSU{oo} we have an identity 
= W2 ■ We proceed by decreasing induction on 7 G 5U{cxd}. Let 70 := inf(5n(7, 00)). 

If 7o = 00, then W^" = Thus to complete the induction, we only need to show that 

we have = if W^" = 

Let t E S{Oj dm) be such that {e^, . . . , e\} is a -B(/c)-basis for . Let s G 5(^ + 1, du) 
be such that {e\,...,e\} is a 5(A;)-basis for . For q G S{t -\- l,s) we write e\ = 

U=i ci,qel where q,^ G B{k). We take m = rmo, where mo G N. From the definition 
of r and the identity (pf = hmiff, we get that p"*o"«-i/i-i(eJ) = E?=i 
Thus (jm(^^^^^-^pmo{ni,2-n,,i) £ w{k) for aU Z G S{l,dM)- Taking mo G N such that 
Too — is greater than the greatest p-adic valuation of Q^^'s, we get that for each element 
lo G ^"(1, djyf) with the property that ci^^q ^ 0, we have n/Q^2 > ''^9,1- But if -u G S'(s+1, c^m), 
then 77,^,2 < r7 = nt+i,i ng,i = ns,i. Thus c/,g = for each / G S{s + l,dM)- Thus 
el G ioi q e S{t + 'l,s). From this and the identity = , we get C H^2>'. 
Thus by reasons of dimensions we get = ■ This completes the induction. □ 

2.2.1. Corollary. Let {M,(pi,G) and {M,(p2,G) be two Shimura p- divisible objects over 
k with the property that for each positive integer m there exists an element km G GiW{k)) 

such that we have an identity = h^if"^ . Then the Newton polygon of {Lie{G) , (fi) does 
not depend on i & {1)2} and for each ^ & Q we have W^{Lie{G), <fi) = W^'''(Lie(G), <f2)- 

Proof: This follows from Lemma 2.2 applied to the F-crystals (Lie(G),plLie(G)¥'i)'s- □ 



33 



2.3. Elementary properties of reductive group schemes 

We review ten groups of elementary properties of reductive group schemes. 

2.3.1. Parabolic subgroups over a field. Until Lemma 2.3.6 let Pi and P2 be two 
parabolic subgroups of a reductive group H over a field L. For i e {1,2}, the group Pj 
is connected as well as its own normalizer in H (cf. Chevalley theorem; see [Bo, Ch. IV, 
Thm. 11.16]). Let Ui be the unipotent radicals of Pj. We recall four results from [Bo]. 

(a) If U2 ^ Pii then Pi n P2 is a parabolic subgroup of H (cf. [Bo, Ch. IV, Prop. 
14.22 (i)] applied over L). 

(b) If Pi and P2 are if (L)-conjugate and if Pi ft P2 contains a parabolic subgroup of 
then Pi = P2 (cf. [Bo, Ch. IV, Prop. 14.22 (iii)] applied over L). 

(c) If and P2 are i?(L)-conjugate, then Pi and P2 are (L)-conjugate (cf. [Bo, 
Ch. V, Thm.' 20.9 (iii)]). 

(d) If cither char(L) = or L is perfect, then every two maximal split tori of Pi are 
Pi(L)-conjugatc (cf. [Bo, Ch. V, Thm. 15.14]). 

2.3.2. Fact. Let P3 he a subgroup scheme of H that contains Pi. //'Lie(Pi) = Lie(P3), 
then we have Pi = P3. 

Proof: We have dim(P3) > dim(Pi) = dimL(Lie(Pi)) = dimL(Lic(P3)) > dim(P3). Thus 
dimi;,(Lie(P3)) = dim(P3) = dim(Pi). As dim£,(Lie(P3)) = dim(P3), the group scheme P3 
is smooth. As Pi ^ P3, the smooth group P3 is a parabolic subgroup of H. Thus P3 is 
connected. By reasons of dimensions we conclude that Pi = P3. □ 

2.3.3. Proposition. The following four statements are equivalent: 

(a) we have Pi ^ P2; 

(b) we have Lie(Pi) C Lie(P2); 

(c) we have U2 ^ Ui; 

(d) we have Lie(t/2) ^ Lie(t/'i). 

Moreover, if these four statements hold, then U2 <Ui. 

Proof: We can assume that L = L. The intersection Pi fl P2 contains a maximal torus T 
of H, cf. [Bo, Ch. IV, Prop. 14.22 (h)]. Let $ be the root system of Lie{H) relative to 
T. For i e {1, 2} let $i be the subset of $ formed by roots of Lie(Pi) relative to T. The 
set := $i \ ($i n -$i) is the set of roots of Lie{Ui) relative to T. We have $1 C $2 
(resp. $2 — ^1) if o^ly if (b) (rcsp. (d)) holds. Also we have $1 C $2 if and only if 
$2 ^ $1 • But (a) holds if and only if $1 C $2, cf. the classification of parabolic subgroups 
of H that contain T (see [DC, Vol. Ill, Exp. XXVI, Prop. 1.4] and [DC, Vol. Ill, Exp. 
XXII, Prop. 5.4.5 (h)]). Also (c) holds if and only if $^ C cf. [DC, Vol. Ill, Exp. 
XXVI, Prop. 1.12 (i)]. Thus each one of the four statements (a) to (d) is equivalent to the 
inclusion $1 C $2- Thus the statements (a) to (d) are equivalent. If (a) holds, then Ui is 
a subgroup of P2 and thus it normalizes U2; from this and (c) we get that U2 <Ui. □ 

2.3.4. Lemma. If h E H{L) normalizes either Lie{Pi) orLie{Ui), then h e Pi{L). 
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Proof: We have hPih ^ = Pi, cf. Proposition 2.3.3. As Pi is its own normalizer in i?, we 
get that /i e Pi (L). □ 



2.3.5. Lemma. We assume that H is adjoint and absolutely simple and that Ui is 
commutative and non-trivial. If h & H{L) centralizes Lie{Ui), then we have h e Ui{L). 

Proof: To prove this we can assume that L — L. We have h e Pi{L), cf. Lemma 2.3.4. 
Let T be a maximal torus of Pi. We check that the inner conjugation representation 
T — > GLLie([/j) is a closed embedding monomorphism. Let $ and ^'j^ be as in the proof 
of Proposition 2.3.3. Let A be a base of ^» such that there exists a non-empty subset Ai 
of A with the property that is the set of roots in $ that have at least one element of 
Ai with a positive coefficient in their expression. As H is adjoint and simple, from the 
last sentence we get that the set generates the (additive) group of characters of T. 
Therefore the representation T — > GLLie(t/^) is a closed embedding monomorphism. 

Thus the reduced scheme Zi of the kernel of the analogous representation Pi/Ui —>■ 
Gliue{Ui): is a normal subgroup of Pi/Ui that has trivial intersection with each torus of 
Pi/Ui. As Zi < Pi/Ui, the identity component Z° of Zi is a reductive group. As Z^ has 
a trivial intersection with each maximal torus of Pi/Ui, its rank is and thus Z^ is the 
trivial group. Thus Zi is a finite, etale, normal subgroup Pi/Ui and therefore we have 
Zi ^ Z{Pi/Ui). But Z{Pi/Ui) is a subgroup of every torus of Pi/Ui. Thus Zi is trivial 
and therefore the image oi h e Pi{L) in {Pi/Ui){L) is trivial. Thus we have h e Ui{L).\Z\ 

2.3.6. Lemma. Let H he a reductive group scheme over a flat, afflne, reduced Z- 
scheme Z. Let Fi and F2 be two smooth, closed subgroup schemes of H whose fibres 
in characteristic are connected. //Lie(Pi) C Lie(P2)j then Fi ^ F2. Therefore we have 
Lie(Pi) = Lie(P2) if and only if Fi = F2. 

Proof: As Z is reduced and as Pi and P2 are smooth over Z, Pi and P2 are reduced. Thus 
to check that Pi ^ P2, it suffices to show that each fibre of Pi ^ Z is included in the 
corresponding fibre of P2 — > Z. But as Z is flat over Z and as Pi and P2 are smooth, 
closed subgroup schemes of /f, to check this last thing it suffices to consider fibres over 
points of Z of characteristic 0. Thus we can assume that Z is the spectrum of a field of 
characteristic 0. But in this case, the inclusion Lie(Pi) C Lie(P2) implies that Pi ^ P2 
(cf. [Bo, Ch. II, Sect. 7.1]). □ 

2.3.7. Descent Lemma for groups. Let Q ^ L ^ K be field extensions. Let H 
be a reductive group over L. Let Pi be a connected subgroup of Hk- We assume that 
there exists a Lie subalgebra f oflAe{H) such that we have Lie(Pi) = f ®l K- Then there 
exists a unique connected subgroup F of H such that we have Pi = Fk- Moreover we have 
Lie(P) = f. 

Proof: The affine L-scheme Z := Spec(i^ -PC) is reduced. Let qi, q2 : Z ^ Spec(K) be 
the two natural projections. The smooth, closed subgroup schemes i?i(Pi) and ^'^(-^i) of 
Hk®lK have the same Lie algebras equal to f 1, i^T (g) ^ Thus we have i?i(Pi) = (/|(Pi), 
cf. Lemma 2.3.6. Due to this identification, we have a descent datum on the subgroup Pi 
of Hk with respect to the faithfully fiat morphism Spec(iC) — > Spec(L). As Pi is an affine 
scheme, this descent datum is efi^ective (cf. [BLR, Ch. 6, Sect. 2.1, Thm. 6]). Thus P 
exists. As Lie(P) ®lK = Lie(Pi) = f -PC, we get Lie(P) = f. Obviously P is unique. □ 
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2.3.8. On reductive group schemes over W{k). Let H he a reductive group scheme 
over W{k). Wc say H or is quasi-split, if it has a Borel subgroup scheme. We hst eight 
groups of properties of closed subgroup schemes of either H or H^. 

(a) Let Par(i7) be the projective, smooth VF(A;)-scheme that parameterizes parabolic 
subgroup schemes of H, cf. [DG, Vol. Ill, Exp. XXVI, Cor. 3.5]. As Par(i7) is projective 
over W{k), the Zariski closure in i7 of a parabolic subgroup QB{k) of HB{k)-, is a parabolic 
subgroup scheme Q of H. As Par(iy) is smooth over W{k)^ each parabolic subgroup of Hk 
lifts to a parabolic subgroup scheme of H. Thus H is quasi-split if and only if is so. 

(b) Let Q be a parabolic subgroup scheme of H. Let Tk be a maximal torus of Qki 
cf. [Bo, Ch. V, Thm. 18.2 (i)]. As the functor on the category of VF(A;) -schemes that 
parameterizes maximal tori of Q is representable by a smooth VF(A;)-scheme (cf. [DG, Vol. 
II, Exp. XII, Cor. 1.10]), wc get that Q has a maximal torus T that lifts T^. 

Let T be an arbitrary torus over W{k). Let / : T — > i7 be a homomorphism. We 
check that Im(Z) is a torus of H. For this, we can assume that T is split and (cf. [DG, 
Vol. I, Exp. Vis, Rm. 11.11.1]) that there exists a free W{k)-m.od\\\.e W of finite rank 
such that H = GLtw- But as the T-modulc is a direct sum of T-submodules which 
as VF(A;)-modules are of free of rank 1 (cf. [Ja, Part I, 2.11]), we easily get that Ker(/) is 
a group scheme of multiplicative type and that Im(Z) = Im(T — > GL^y) = T/Ker(Z) is a 
torus of GLw Let F be a fiat, closed subgroup scheme of H such that Fs^k) is connected. 
As Im(Z) is a torus of i?, I factors through F if and only if lB{k) factors through FB{k) ^^nd 
therefore (cf. Lemma 2.3.6) if and only if Lie(Im(Z)B(fc)) = \m.{dlB{k)) ^ ^^^{FB{k))- Thus 
I factors through F if and only if \m.{dl) C \Ae[FB{k))- 

(c) Let T be a maximal torus of H. Let Qfe be a parabolic subgroup of that 
contains T^. We claim that there exists a unique parabolic subgroup scheme Q of H that 
contains T and has Qk as its special fibre. Using Galois descent, to check this we can 
assume T is split. But this case follows from [DG, Vol. Ill, Exp. XXVI, Prop. 1.4], as the 
set of roots of Lie(Q) relative to T can be read out over k. 

Also there exists a unique Levi subgroup scheme of Q (resp. of QB{k) or QjS) that 
contains T (resp. TB{^k) or T^), cf. [DG, Vol. Ill, Exp. XXVI, Prop. 1.12 (ii)]. 

(d) We assume that H is quasi-split. Let Bi and B2 be two Borel subgroup schemes 
of H that are contained in a parabolic subgroup scheme Q of H. For i e {1, 2} let be 
a maximal torus of Bi, cf. (b). We check the standard fact that there exists an element 
g e Q(W{k)) such that we have gBig~^ = B2 and gTig~^ — T2. We can assume that 
Bi,k = B2,k-i cf. [Bo, Ch. V, Sects. 21.11 to 21.13]. We can also assume that Ti^^ = T2,fe, 
cf.' [Bo, Ch. V, Thm. 19.2]. Forn e N let gn e KeT{Q{Wn{k)) Q{k)) be such that 
we have gnTi^Wn{k)9n^ = 'F2^w,^{k)^ cf. [DC, Vol. II, Exp. IX, Thm. 3.6]. We can assume 
that gn+i modulo p"^ is g^ cf. loc. cit. Let g G Q{W{k)) be the unique element that lifts 
all g^s. We have gTig~^ = T2. Thus we also have gBig~^ = B2, cf. (c). 

(e) Let Qi and Q2 be two parabolic subgroup schemes of H. We check the standard 
fact that there exists an element g G G{W{k)) such that the intersection gQig~^ 0(52 is a 
parabolic subgroup scheme of H. We can assume that Qi.fc H Q2,k is a parabolic subgroup 
of Hk, cf. [Bo, Ch. V, Sect. 21.11 and Prop. 21.12]. Let Ti and T2 be maximal tori of 
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Qi and Q2 such that we have Ti ^ = T2,fc, cf. (b). By replacing Qi with gQig~^, where 
g G Ker{G{W{k)) G{k)), as in (d) we argue that we can also assume that Ti = T2. 
Let be the unique parabolic subgroup scheme of H that contains Ti = T2 and lifts the 
intersection Qi^k H Q2,k, cf. (c). We check that Q3 ^ Qi H Q2- For this we can assume 
k = k and this case follows from [DG, Vol. Ill, Exp. XXII, Prop. 5.4.5 (i)] applied with 
respect to the split torus Ti — T2. Thus Qi (1 Q2 is a, parabolic subgroup scheme of G, 
cf. [DG, Vol. Ill, Exp. XXVI, Prop. 4.4.1]. Therefore we have Q3 = Qi n Q2, cf. the 
uniqueness of Qs. In particular, if Qi^k ^ Q2,k (resp. if Qi^k and Q2,k are if (/c) -conjugate), 
then there exists an element g G Ker{H{W{k)) — > H{k)) (resp. g G H{W{k))) such that 
we have gQig~^ ^ Q2 (resp. gQig~^ = Q2)- 

(f) We check that every two maximal split tori Ti and T2 of a parabolic subgroup 
scheme Q of H are (5(W^(A;))-conjugate. We can assume that Ti^/. = T2,fc (cf. property 2.3.1 
(d)) and thus as in (d) we argue that there exists an element g G KeT{G{W{k)) G{k)) 
such that we have gTig~^ = T2. 

If U is the unipotent radical of Q, then every two Levi subgroup schemes Li and L2 
of g are t/(II/^(/c))-conjugate (cf. [DG, Vol. Ill, Exp. XXVI, Cor. 1.9]). 

(g) Let * G {k,B{k),W{k)}. If * = W{k), let * := W(k). Let Hw(k) ■= H. Two 
parabolic subgroup schemes Qi and Q2 of are called opposite if their intersection is 
(equivalently contains) a common Levi subgroup scheme (cf. [DG, Vol. Ill, Exp. XXVI, 
Thm. 4.3.2]). This implies that Qi and Q2 have equal relative dimensions. If Qi and Q2 

are opposite, we also say that they are opposite with respect to every maximal torus of 
Qi n (52- The opposite of Qi with respect to a maximal torus of it is unique, cf. loc. cit. 

Let Si and S2 be two *-submodules of Lie(i/*) that are direct summands. We say Si 
and S2 are opposite with respect to a maximal torus of , if they are normalized by 
and we have 5inLie(T*) = S2nLie(T*) and = where ^>^^ and ^>^^ are the sets of 

roots of 51®* * and S2®** (respectively) relative to T^; this implies that rk*(si) = rk*(s2)- 

We consider two pairs ((5i,Si) and (Q2,S2) such that Si is a Qi-submodulc of Lie(iy*), 
S2 is a (52-submodule of Lie(if*), and Si and S2 are direct summands of Lie(if^). We say 
that the pairs ((5i,Si) and ((52,^2) are quasi- opposite, if the following two conditions hold: 
(i) there exists an element g G H{*) such that gQig~^ and Q2 are opposite, and (ii) for an 
(any) element g G H{*) such that gQig~^ and Q2 are opposite, Si and S2 are opposite with 
respect to a (any) maximal torus of gQig~^ H Q2- Obviously this definition is symmetric 
in the pairs {Qi,Si) and ((52,52). If Qi and Q2 are opposite, we also say that the pairs 
{Qi,Si) and ((52,52) are opposite. 

(h) We assiunc that H is split. For i G 15(1,4) let Qi be a parabolic subgroup of 
and let Si be a (^^-submodule of Lie{Qi). We assume that the pairs {Qi,Si) and ((^2,52) 
are quasi-opposite and that the pairs (QsiSs) and ((^4,54) are as well quasi-opposite. We 
check that if there exists an element hi G H{k) such that Si = hi{5s), then there exists 
also an element /12 G H{k) such that S2 = ^12(54). To check this, we can assume that there 
exists a split maximal torus Tk of Hk such that Qi and Q2 are opposite with respect to Tk 
and Qs and Q4 are as well opposite with respect to T^. Thus 5i and S2 are opposite with 
respect to and S3 and 54 are as well opposite with respect to T/., cf. the very definitions 
of (g). We write hi = qiwq^, where qi G Qi{k), q^ G Qz{k)i and w G H{k) normalizes 
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T/s (cf. Bruhat decompositions; see [Bo, Ch. V, §21]). As Si = hi{s3) = qiw{s3), we get 
that 5i = q^^{si) = w{ss) and thus (due to the last two oppositions) we have S2 = w{s4). 
Therefore we can take h2 = w. 

We have a natural variant of the previous paragraph, in which we have Si C /ii(s3) 
and 52 ^ h2{s4) (instead of Si = hi{ss) and S2 — 112(54)). 

2.3.9. Lemma. Let V be a discrete valuation ring. Let K he the field of fractions of V . 
Let I : Gi ^ Gi be a homomorphism of reductive group schemes over V whose fibre over 
K is an isomorphism. Then I is an isomorphism. 

Proof: Let W he a, free ^-module of finite rank such that Gi is a closed subgroup scheme 
of GL^, cf. [DG, Vol. I, Exp. VIb, Rni. 11.11.1]. For a maximal torus Ti of Gi, we check 
that the restriction /|Ti of / to Ti is a closed embedding. For this, we can assume that 
Ti is split. Thus the Ti-module is a direct sum of Ti-submodules which as F-modules 
are free of rank 1 (cf. [Ja, Part I, 2.11]) and therefore Ker(Z|Ti) is a group scheme of 
multiplicative type. But Ker(/|Ti)x is trivial and thus the flat group scheme Ker(Z|Ti) 
is itself trivial. This implies that the composite homomorphism Ti — > Gi — > GL^ is a 
closed embedding. Thus l\Ti is a closed embedding. This implies that the kernel of the 
special fibre of Z is a finite group (to be compared with the proof of Lemma 2.3.5). Thus 
I is a quasi-finite morphism between normal, integral schemes that have the same field of 
fractions. From Zariski main theorem (see [Grl, Thm. (8.12.6)]) we get that / is an open 
embedding. As the fibres of Gi are connected, the open embedding homomorphism / is 
onto and therefore it is an isomorphism. □ 

2.3.10. Lemma. Let V be a complete discrete valuation ring which is of mixed character- 
istic (0,p) and whose residue field is perfect and infinite. Let K := V[^]. Let I : G2 ^ G\ 
he a homomorphism between reductive group schemes over V such that Ker(Z) is a flat 
group scheme overV and Gi is the quotient G 2 /Ker{l) of G2 through KeT{l) . Let Hi be a 
hyperspecial subgroup of Gi{K) that contains Im(G2(V^) G{K)). Then Hi = Gi{V). 

Proof: Let Gi be the unique reductive group scheme over V that has Gi^k as its generic 
fibre and has Hi as its group of y- valued points, cf. [Ti2, Subsubscct. 3.8.1]. The 
epimorphism Ik '■ G2,k Gi^k extends to a homomorphism G2 Gi, cf. [Va3, Prop. 
3.1.2.1 a)]. The Zariski closure Ker(/) of Ker(/i^) in G2 is included in Ker(G'2 Gi). Thus 
we get naturally a homomorphism li : Gi ^ Gi whose generic fibre Ii^k is an isomorphism. 
Thus li is an isomorphism, cf. Lemma 2.3.9. Therefore we can identify canonically Gi 
with Gi and thus we have Hi = Gi{V). □ 

2.3.11. Lemma. Let Q be a split, simply connected group scheme over Z whose adjoint 
is absolutely simple and of classical Lie type X. Let T be a maximal split torus of Q. Let 

: Q GLiz be a representation associated to a minuscule weight tu of the root system 
of the action of T on Lie(^) (thus Z is a free Z-module of finite rank, see [Hu, Ch. VH, 
Subsect. 27.1]). Then the special fibre Pzu,Fp of p.^ is absolutely irreducible. Thus, ifV is 
a discrete valuation ring of mixed characteristic (0,p) and of residue field k and if Zy is 
a V -lattice of Z <^z that is a Qv-module, then the special fibre of the representation 
Qv — GL^ is isomorphic to Pw,fe ond therefore it is also absolutely irreducible. 
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Proof: Let W be the Weyl group of Q with respect to T. Let be the subgroup of W 
that fixes w. We have rkz(^) = [W : W^], cf. [Bou3, Ch. VIII, §7.3, Prop. 6] apphed 
to Pto,q. The absolutely irreducible representation of Q-p associated to the weight w has 
dimension at least equal to [W : W^] = dmip[Z ®z F). As this last absolutely irreducible 
representation is isomorphic to the representation of on a factor of the composition 
series of the ^F-module Z (8)z F (cf. [Ja, Part I, 10.9]), by reasons of dimensions we get 
that the representation PzD,Y is absolutely irreducible. Thus Pto,f is also an absolutely 
irreducible representation. By applying loc. cit. once more, we get the last part of the 
Lemma. □ 

2.3.12. Fact. Let T he a torus overW{k). Let TQ B{k) be a subtorus ofTs^k)- Then the 
Zariski closure Tq ofTQ B{k) in T is a subtorus ofT. 

Proof: To prove this we can assume that k = k. As W{k) is strictly henselian, T is a split 
torus. Thus Tq ^(fc) is also a split torus. Let Ti B{k) be a (split) subtorus of Tq(^i^>^ such that 
we can identify TB{k) with TQ^B{k) ^B{k) ^i,B(fc)- As a split torus over W{k) is uniquely 
determined by its fibre over B{k), we can also identify T with Tq Xvk(A;) Ti, where Ti is 
the Zariski closure of Ti^B{k) in T. From this the Fact follows. □ 

2.3.13. A review on centralizers. Let H he a reductive group scheme over either a 
field or over W{k). Then the centralizcr of each torus of iif in i7 is a reductive, closed 
subgroup scheme of cf. [DG, Vol. Ill, Exp. XIX, Sect. 2.8]. If Lh is a Levi subgroup 
scheme of a parabolic subgroup scheme of H, then Lh is the centralizer of Z^{Lh) in H 
(cf. [DG, Vol. Ill, Exp. XXVI, Cor. 1.13]). 

2.4. Natural Zp structures and applications 

Let (M, (p, G) and ji : — > G be as in Section 2.1. Let 

:= (pii{p). 

It is a cr-linear automorphism of M , cf. properties 1.3.2 (a) and (b). We have cr<^(0) C 

cf. properties 1.3.2 (b) and (c). Thus, as normalizes Endw(k){M)., we have cr<^(0) = Q. 

Let 

Mz^ := {x e M\a^{x) = x}. 

If k = k, then M = Mz^ Oz^, W{k) (i.e., Mz^ is a Zp structure of M). 

2.4.1. Lemma. We assume that k — k. Let H be a smooth (resp. reductive), closed 
subgroup scheme of GLm whose Lie algebra f) is normalized by a^p and whose generic fibre 
HB{k) is connected. Then H is the extension to W{k) of a unique smooth (resp. reductive), 
closed subgroup scheme Hz^ of GLmzj, • 

Proof: As k = k, i)Zp '■= {x E i)\a^{x) = x} is a direct summand of Endzp(Mzp) and a 
Zp structure of 1^. Thus HB{k) is the extension to B{k) of the unique connected sub- 
group Hq^ of GL^^ ji] whose Lie algebra is {)Zp[^]j cf. Lemma 2.3.7 applied with 
{L,K,H,f) = (Qp,S(/c),GL^[i],f)Zp[^]). As H is the Zariski closure of HB{k) in GLm, 
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it is the extension to W{k) of the Zariski closure Hz^ of Hq^ in GLmz^- Thus Hz^ is a 
smooth (resp. reductive), closed subgroup scheme of GLmz^- Obviously Hz^ is uniquely 
determined. □ 



2.4.2. Example. We assume that k = k. By applying Lemma 2.4.1 to G, we get that G 
is the pull back to W{k) of a unique reductive, closed subgroup scheme Gzp of GLmzj,- 

2.4.3. On 1.3.4. We refer to Section 1.3.4. We check that ^'(Lie(G'^'^)) C Lic(G^<i). We 
first check that normalizes Lie(G^*^) under its action on End^j^fc) (M[i]). For this we 

can assume k = k. Let Gz^ be as in Example 2.4.2. As a^p fixes Lie(G|.'^) C Lie(GQp) and 

as Lie(G'''^) = Lie{G''^J ®z^ W{k), we get that normalizes Lie(G'''^). 

We now also refer to (2). Let i E I. Let Xi G Lic(G'i). Let rii G {0, 1} be such that 
we have = if and only if the image of fi : Gm G in Gi is trivial. If rii = 0, then 
IJ,{p){p'^*Xi) — Xi e Lie(G'^'^). If Hi = 1, then ii{p){p^^Xi) G lAe{G''^'^) (cf. property 1.3.2 
(b)). Thus ^{xi) = (pip^^Xi) = (Tip{iJi{p){p^^ Xi)) G Lie(G**^). As z G / is arbitrary, we get 
that *(Lie(G^'i)) C Ue{G^). Thus the FSHW shift * of (M, G) is well defined. 

2.4.4. Extensions of FSHW maps. We refer to (2). Let i E I. The simple, adjoint 
group Gi^k over k is of the form Res^./^^ilfj^fc^, where ki is a finite (automatically separable) 
field extension of k and where Hi^k^ is an absolutely simple, adjoint group over ki (cf. [Til, 
Subsect. 3.1.2]). The images of //^ in the simple factors of G. -^ = YljeHoiQk{ki,k) ^h^i Xkijk 
are permuted transitively by the Galois group Gal(/c). This implies that if fXk has a trivial 
(resp. a non-trivial) image in Gi^k, then for every perfect field k that contains k, 
has a trivial (resp. a non-trivial) image in each simple factor of G^j.. Thus, under the 

identification Lie(G'|^) = Lie(G'|'^) ®k k, the FSHW map of (M, G) ® ^ is * (g) a^. 

2.4.5. The Lie context. As normalizes g and as <^ = (T(^/i(i), we have (f~^{Q) = 

^F^{q) © FO(0) ®pF-\q). Thus the quadruple (g, (F^(0))ie{-i,o,i}. V?, G^"^) is a Shimura 
filtered p-divisible object (a Hodge cocharacter of it is the composite of fi : Gm — G with 
the natural epimorphism G G^^). We also refer to the pair (F°(0), F^(0)) as a lift of 
(fl, G^'^). A similar argument shows that the quadruple (Lie(G'^'^), (F'(Lie(G^'^)))i£{_i^o,i}) 
(/?, G^"^) is as well a Shimura filtered p-divisible object. We also refer to the pair 
{F^{Ue{G^'^)), Fi(Lie(G'^<^))) as a lift of (Lie(G'^'i), cp, G^'^). 

2.4.6. Lemma. We have a^G{W{k))a-^ = G{W{k)) and pG{B{k))p-^ ^ G{B{k)) . 

Proof: We have G{W{k)) = G{W(k)) n GLm(W^(/c)) and G{B{k)) = G{B(k)) n 
GLa//(-B(/c)). Thus to prove the two identities we can assume that k = k. The iden- 
tity acpG{W{k))a~^ — G{W{k)) follows from the existence of the Zp structure Gzp of G. 
As ipG{B{k))ip-^ is the (T,^-conjugatc of ^{^)G{B{k))^{p) = G{B{k)), it is G{B{k)). □ 

2.4.7. Actions of and (p on subgroup schemes. Let S be the ordered set of 
smooth, closed subgroup schemes of GLm that have connected fibres over B{k). Let 
^B{k) be the ordered set of connected subgroups of GLj^^jij. As cr<^ (resp. (p) is a cr-linear 

automorphism of M (resp. of M[^]), it defines naturally an isomorphism : SA^S (resp. 
<f '■ ^B{k)^^B{k))- Explicitly: if G S (resp. if H e SB{k)), then a^{H) (resp. p{H)) is 



40 



the smooth, closed subgroup scheme of GLm whose fibre over B{k) is connected, (resp. is 
the connected subgroup of GLj^^jij) whose group of VF(/c)-valued (resp. of -B(/c) -valued) 

points is (T^H{W{k))a~^ , (resp. is ipH{B{k))(p~^) and whose Lie algebra is a^{lAe{H)) 
(resp. is (p{lAe{H))). Thus we have a^p{G) = G (resp. Lp{GB(k)) = GB(k))j either cf. 
Lemma 2.4.6 or cf. Lemma 2.3.6 and the fact that a,p (resp. (p) normalizes g (resp. 

2.4.8. On the variation of cr^. Let g G G{W{k)). Let fii be another Hodge cocharacter 
of (M, G). Let Lpi := gtp. Let a^p^ := LpiHi{p). Let gi := a^-^a~^; it is a VF(/c)-linear 
automorphism of M and thus gi E GLm(W^(^))- But gi = g^lJ'i{p)lJ'{^)^~^ G G{B{k)), 
cf. Lemma 2.4.6. Thus gi e G{W{k)). As cr<^^ = (/icr,^, we get that cr,^^ differs from a^p 
only via a composite of it with the element gi e G{W{k)). From this and Lemma 2.4.6, 
by induction on m e N we get that we can write cr^^ = gm{o'<p)'^, where gm G G{W{k)). 

2.5. Lie F-isocrystals and parabolic subgroup schemes 

By a Lie F -isocrystal over k we mean a pair ([), (/>), where () is a Lie algebra over B{k) 
and where is a u-linear Lie automorphism of I). 

2.5.1. Lemma. Let (f), </>) he a Lie F-isocrystal over k such that f) is the Lie algebra of 
an adjoint group HB(k) over B(k). Then W^Ci), 0) is the Lie algebra of a unique parabolic 
subgroup P^^^^ of Hb^u) ■ 

Proof: As each parabolic subgroup of HB{k) is connected, the uniqueness part follows from 
Lemma 2.3.6. For each 7 G Q let := VF(7)([), (j)). Let be the set of Newton polygon 
slopes of ((),(/'). Let n G N be such that C i-Z. Let u : Gm GLf, be the Newton 
cocharacter such that Gm acts on C-^ as the ?7.7"th power of the identity character of G^. 
As (/) is a cr- linear Lie automorphism of [), we have 

(3a) [c7i,c-^2] ^ C7i+72> ^71, 72 e 

This implies that v factors through the identity component Aut°(f)) of the subgroup Aut(l^) 
of GLf, formed by Lie automorphisms of [). We view HB{k) as a subgroup of Aut°(l^) 
via the adjoint representation. But () = Lie{HB(k)) is a semisimple Lie algebra over 
B{k). Thus every derivation of [) is inner (cf. [Boul, Ch. I, §6.1, Cor. 3]) i.e., we have 
^ = Lie(Aut°({))). Therefore we have HB(k) — Aut'^(l)), cf. Lemma 2.3.6. Thus we can 
view as a cocharacter v : Gm — HB{k)- The centralizer of Im(^') in HB{k) is a reductive 
group CoB(fc) (cf- Subsection 2.3.13) whose Lie algebra is Cq. Let TB{k) be a maximal torus 
of CoB{k)'i we have Im(j>') ^ TB{k)- Let K be the smallest Galois extension of B{k) over 
which TB{k) splits. 

Let $ be the set of roots of \)®B{k)K relative to T^- Let \)®B{k)K = Lie(Tft-) 0Q,g^ 
be the root decomposition relative to T^- Let (resp. $'>') be the subset of $ of roots of 
W^{i), (/)) (resp. of Cy) relative to Tk- From (3a) we get that ($^° + $^°) n $ C $^0. We 
have an additive function -3 : $ — Q that maps a G $ to the unique Newton polygon slope 
7 G i3 C Q for which we have an inclusion f)^, C [T4^'^([), (p) ® B(k) K \ W ^'^'^ {[) , (j))®B{k) K] 
(equivalently, we have an inclusion C ®B{k) K). As u factors through TB{k)i we have 

(36) = -Z{oi), Va G 
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This implies that we have a disjoint union $ = — U Prom this and the inclusion 
(^$>o ^ $>o-) PI ^ ^ ^>o^ we get that is a parabohc subset of $ as defined and 

characterized in [Bou2, Ch. VI, §1.7]. Thus there exists a unique parabolic subgroup 
of Hk that contains Tk and whose Lie algebra is ®B{k) K, cf. [DG, Vol. Ill, 

Exp. XXVI, Prop. 1.4]. Thus exists, cf. Lemma 2.3.7 applied with {L,K,H,j) = 

{B{k),K,Hsi^k):W^{^A))- □ 

2.5.2. Remark. We have a similar function ^ : $ — > Q for every root decomposition of 
h ®B{k) K relative to a split maximal torus of (that is not necessarily Tk)- 

2.5.3. The group scheme P. We recall that P is the normalizer of {F'^{M))i^s{a,b) iii 
G, cf. Subsection 1.3.3. Thus Lie(PB(fc)) = F\q)[1] = F%q)[1] (B F\e)[l] and Lie(Pfe) = 
F^{q) (E)w{k) k. Moreover Z{G) ^ P. As in the proof of Lemma 2.5.1, by replacing the 
role of u with the one of the cocharacter ^B(fc) defined naturally by /i : Gm 

G, we get that there exists a unique parabolic subgroup of G^^^/j-j whose Lie algebra is 
F°(Lie(G'^'^))[^] = nLie(G'|Yfc))- This implies that there exists a unique parabolic 

^B{k) subgroup of GB{k) whose Lie algebra is Lie(PB(fc)) = F°{9)[^]- Thus P^^^^ is 
the identity component of Pb(A:) (cf. Lemma 2.3.6) and in fact we have -PB(fc) ~ ^B(k) 
(cf. Fact 2.3.2). The Zariski closure P' of Pb(a;) = FB{k) in G is a parabolic subgroup 
scheme of G (cf. Subsection 2.3.8 (a)) as well as a subgroup scheme of P. We have 
Lie(P') = Lie(P^(fc)) n End(M) = F^{q). Thus Lie(P^) = Lie(Pfc) and therefore (cf. Fact 
2.3.2) we have P^ = P^. We conclude that P' — P i.e., P is the unique parabolic subgroup 
scheme of G whose Lie algebra is F^{g). 

2.5.4. The unipotent radical of P. The centralizer C of Im(//) in G is a reductive, 
closed subgroup scheme of G, cf. Subsection 2.3.13. It is contained in P and has F^{g) as 
its Lie algebra. This implies that the nilpotent ideal P^(0)[^] = -P'^(5)[^] of Lie{PB(k)) = 
P°(0)[^] ® -P^''^(0)[|] is the nilpotent radical of Lie{PB(k))- Let U be the unipotent radical 
of P. WehaveLie(t/B(fc)) = Pi(0)[^]. ThusLieiU) = F\q) = QnF\g)[^]. 

Let W(Lie{U)) be the vector group scheme over W{k) defined by Lie{U); thus for a 
commutative VF(/c)-algebra C we have W(Lie{U)){C) = Lie{U) ®w{k) G. As Gm acts via 
on [F^ [q) , F^ (q)] through the second power of the inverse of the identity character of 
Gm, from the property 1.3.2 (b) we get that [F^ (q) , F^ (q)] = 0. Thus Lie(f/) = F^{q) is 
commutative. We check that the exponential VF(/c)-homomorphism 

exp : W{Ue{U)) U 

which at the level of VF(/c)-valued points takes x G Lie([/) to exp(x) := 1m + Xli^i ir ^ 
U{W{k)), is well defined as well as an isomorphism. This will imply that U is isomorphic 

to Ga™^^'^ (over W{k)). 

To check the statement on exp, we can assume that k = k. Let $[/ be the set of roots 
of Lie(?7) relative to T. It is well known that exp^^;,) is an isomorphism. This implies that 
U is commutative. Thus U = Hae* ^ product of Ga subgroup schemes Ua of G 
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that are normahzed by T, of. [DG, Vol. Ill, Exp. XXVI, Prop. 1.12 (i)]. For each such 
Ua, we have Ua{W{k)) = exp(Va), where Vq, is a VF(/c)-submodule oiLie{Ua)[^]. But it is 
easy to see that Va is Lie{Ua:) itself. From this and the mentioned product decomposition 
of U, we get that exp : W{Lie{U)) ^ is an isomorphism. 

2.5.5. The group schemes Q and N. For i G S{a,b) let Fi{M) := ©5^„F-?(M). Let 
Q be the parabolic subgroup scheme of G that is the opposite of P with respect to every 
maximal torus of C. We have Lie{Q) = F^{q) © F~^{q). Moreover Q is the normalizer of 
the ascending, exhaustive filtration iFi{M))j^^s{a,b) of M. Let N be the unipotent radical 
of Q. We have Lie(iV) = ^-^(g) and N is isomorphic to G<^™(^'=) (over W{k)). All these 
are proved as in Subsections 2.5.3 and 2.5.4 (with the role of fj, being played by its inverse). 

2.6. Ten group schemes 

The goal of this section is to introduce ten types of flat, closed subgroup schemes of G 
that will be often used in this monograph. The ten types of group schemes are intrinsically 
associated to the Shimura p-divisible object (M, (p, G) and they are: 

P+((^), U+{^), P+(^), C/+(vp), L^(v^), L^(VP), PgM: Ua{^)^ ^JM, andC/cM- 

2.6.1. Non-negative parabolic subgroup schemes. We recall that </? = a^p|J,{^). 

Thus v7(Lie(Z0(G'))) = Ue{Z^{G)). Therefore Lic(ZO(G')) C W(S)){q,^) C W^{q,^). This 
implies that W^{q[^1^) = Ue{Z^{G))[^] ® W^{Ue{G'^''')[^],^). From this and Lemma 

2.5.1 applied to (Lie(G'^'^'^)[^], </?), we get the existence of a unique parabolic subgroup 
-^G (v)b(A;) °^ GB(k) such that we have \j\e{PQ {(p) B[k)) = W^'^(0[^]i The Zariski closure 
Pq((/p) of PQ{p)B{k) in G is a parabolic subgroup scheme of G (cf. Subsection 2.3.8 (a)) 
whose Lie algebra is VF°(0, p). 

Let Uq{(p) be the unipotent radical of (</?). Based on (3a) and the inclusion 
Lie(Z°(G)) C W{Qi){q,^p), we get that for every rational number 7 we have an inclusion 
[W^°(0[^], </?), W^'''(0[^]5 ^)] ^ W^'''(s[^]7 v)- Thus the identity component of the normalizer 
of VF'''(s[^], p) in GB{k) has a Lie algebra that contains Lie{PQ{(p)B{k)) — ^°(s[^]) ^) and 
therefore (cf. Lemma 2.3.6) it contains PQ{ip)B(^k)- This implies that Pq(<^) normalizes 
iy^(0, ip) for all rational numbers 7. 

2.6.2. Levi subgroups. Let P^ad {^)B{k) be the unique reductive subgroup of P^ad (v^) B{k) 
that has the same rank as P+,d (v) B{k) and we have Lie(L°,,d (v) B{k) ) = W^(0) ( [0, 0] [^] , </?) = 
W(0)(Lie(G'^^)[i],(/7) (see Lemma 2.3.6 for the uniqueness part; see the reductive group 
CQB{k) of the proof of Lemma 2.5.1 for the existence part). The inverse image of 
L%d{v)B{k) in PG{'P)B{k) is a subgroup L%{ip)B{k) of PG{'P)B{k) whose Lie algebra is 
H^(O)(0[^], ip) and which contains a maximal torus of Gs^k)- Thus Z{GB{k)) ^ L^{'^)B{k) 
and L^{ip)B[k) is generated by its identity component and by such a maximal torus of 
GB{k)- This implies that L^{ip)B{k) is connected. 

Let 7+ e Q n (0,00) be such that W{Q[l],ip) = Ue{L%{<p) B^k)) W''+{d[^],<p). 
As W^'''+(0[|],¥') is a nilpotent ideal of I^^(0[^], <^), ^^G{LQ{(p)B(k)) is a Levi subalgebra 
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of = Lie(PQ (<^)B(fc)). This implies that L^Q{(f)B{k) is a Levi subgroup of 

(</')b(A;) and that W+{Q[^],ip) is the nilpotent radical of Lie(P^(<^)B(fc)) = W^{Q[^],ip). 
This last thing implies that 

Lie(C/+(vp)) = W^+(0,v^) = ©-yeQn(o,oo)W^(7)(0,V^)- 

Let I/B(fe) be a Levi subgroup of -P^ (¥')B(fc) such that Lie(LB(fc)) is normalized by (p. The 
natural Lie isomorphism Lie(LB(/,))A-I^°(0[i], (^) is compatible with the a- 

linear Lie automorphisms induced by ^p. Thus all Newton polygon slopes of (Lie(LB(fc)), ^) 
are and therefore we have an inclusion ljie{LB{k)) ^ '^'^^{L%{'p)B{k))- By reasons of 
dimensions we get that lAQ[LB{k)) — Lie(LQ((/7)B(A;)) and thus we have LB{k) — L^{ip)B{k)i 
cf. Lemma 2.3.6. 

Thus -Pg(<^) and LQ{(p)B{k) have the properties listed in Section 1.3.3. 

Let Lq{ip) be the Zariski closure of LQ{(f)B[k) Poi^)- '^^^'^ following Lemma points 
out that in general L'q{lp) is not a Levi subgroup scheme of Pq{lp). 

2.6.3. Lemma. The flat, closed subgroup scheme Lq{(p) of Pq{lp) is a Levi subgroup 
scheme if and only if we have a direct sum decomposition M = ©-ygQVF(7)(M, ^p). 

Proof: Let n G N be such that all Newton polygon slopes of (M[^], (p) belong to ^Z. Let 
^B{k) '■ — GLjy^ji] be the Newton cocharacter such that for every rational number 7 

it acts on W{'-f){M[^],(f) via the n7-th power of the identity character of G^- We claim 
that I'Bik) factors through GB{k)- To check this, we can assume that k = k. Due to the 
existence of the Qp structure {Mzp[^].,GQ^) of {M[^],GB{k)) (see Section 2.4), the claim 
follows from [Kol, §3]. 
But L%{(p) 

B{k) is the centralizer of lm{i'B(k)) in GB{k)i cf- proof of Lemma 2.5.1 and 
the construction of LQ{(p)B(k)- Thus, if L^{lp) is a Levi subgroup scheme of (<^), then 
the natural factorization vsik) '■ Z'^{L'G{v)B(k)) of ^B{k) extends to a cochar- 

acter p : Gm Z'^(L^ ((/?)); this implies that we have a direct sum decomposition 

M = ®^eQWi^){M,ip). ' 

If we have a direct sum decomposition M — ©^£qVF(7)(M, then the natural 
factorization VB(k) '• GB{k) of ^B{k) extends to a cocharacter v : Gm G and 

thus the centralizer of lm{i') in G is a reductive, closed subgroup scheme Co of G (cf. 
Subsection 2.3.13) whose generic fibre is VQ[ip)B[k)- This implies that Co = Lq((/?). The 
natural homomorphism Cq = Lq(lp) Pq{lp) /Uq{lp) is an isomorphism, cf. Lemma 
2.3.9. Thus L^{p) is a Levi subgroup scheme of ((/p). □ 

2.6.4. Example. If Lg(v) 

is a Levi subgroup scheme of P^(<^), then from Lemma 2.6.3 
we get that L^gi,^{p>) = fl^eq GLv^.(^)(M,<^)• Moreover 

Lie(P^LM (¥')) = 

Honn^(fc)(M/(7i)(M, ^), W^(72)(M, (^)) 

and Ue{P^^^{if)) = 

^71;72GQ,72>71 

Hom;^(fe) {W{j2) (M, ^) , W^(7i) (M, ^)). 
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2.6.5. Tilde non-negative parabolic subgroup schemes. For i G / let 5j e [0, oo)nQ 
be the greatest number such that W{5i)(Lie{Gi)[^],ip) ^ 0. Let PQ{(f)B{k) be the nor- 
malizer of the direct sum (BieiW{Si){Lie{Gi)[^], if) in GB{k)- We have 5i = 5^(1) and 
(p takes W{5i)(Lie{Gi)[^],ip) isomorphically onto VF(5r(i))(Lie(Gr(z))[^]5 V'); thus (p nor- 
malizes (BieiW{5i){Lie{Gi)[^], ip). The Lie algebra Lie{PQ{ip)B{k)) is the normalizer of 
©ig/VF(5i)(Lie((j'i)[i], in g[^] and thus it is normalized by ip. As L\e(PQ {p)B(k)) nor- 
malizes ®^eIW{S,){Ue{G,)[^],p) = ©,e/W^^(0[i],(/9) nLie(G',)[i] (cf. end of Subsection 
2.6.1), we have Uc{P^{p)B(k)) ^ ^^'^G{P^{p)B(k))- Thus P^{p)B(k) is a subgroup of 
(the identity component of) P^ {p)B(k) (cf. Lemma 2.3.6) and therefore Pq {p)B(k) is a 
parabolic subgroup of GB{k)- Thus the Zariski closure Pq{p>) of PQ{(p)B{k) in G is a 
parabolic subgroup scheme of G (cf. Subsection 2.3.8 (a)) that contains Pq{(p). We refer 
to Poi^) as the tilde non- negative parabolic subgroup scheme of {M,(p,G). Let Uq{(p) 
be the unipotent radical of Pq{(p). 

Let LQ{(p)B{k) be the unique Levi subgroup of PQ{p)B(k) that contains (an arbitrary 
maximal torus of) LQ{(p)B[k) (cf- Subsection 2.3.8 (c)); we call it the tilde Levi subgroup 
of (M, (/?, G). Let Lq{(p) be the Zariski closure of LQ{(p)B{k) in -Pg (v^)- We have Lq{(p) ^ 
Lq{p). We emphasize that (cf. Lemma 2.6.3), in general Lq{p) is not a Levi subgroup 

scheme of Pq{p). 

2.6.6. Non-positive parabolic subgroup schemes. Similar arguments show that 
there is a unique parabolic subgroup scheme P^ (p) (resp. P^ (p)) of G such that 
we have Lie(P^ (</?)) = Wo{q,p) (resp. such that PQ{p)B{k) is the normalizer of 
ffiiei'^(~5i)(Lie(Gi)[i], (/?) in GB{k))- We refer to Pq{p) (resp. to Pq{p)) as the non- 
positive (resp. as the tilde non-positive) parabolic subgroup scheme of (M, (p, G). The group 
LG{v)B{k) is also a Levi subgroup of P^{ip)B(k)- Thus PQ{p)B{k) and PQ{p})B{k) are op- 
posite parabolic subgroups of GB{k)- Let Uq{p) and Uq{ip) be the unipotent radicals of 
Pq{p) and Pq{p) (respectively). As in the end of Subsection 2.6.1 we argue that for every 
rational number 7, Pq{p) normalizes W^{q,p). 

2.6.7. Extensions. Let ki be a perfect field that contains k. In what follows we will 
use without any extra comment the fact that the constructions of our ten types of group 
schemes are compatible with extensions to ki. In other words, we have the following 
formulas P^{(p)wik^) ^ Po^^^^^i^ ® (^k^)^ -^cMwCfci) = ^Gw(fei) ('^ ® ^^=1)' 

2.7. The opposition principle 

In this Section we assume that G is quasi-split. Let g G G{W{k)) be such that the 
intersection g[PQ[p))g~^ \~\Pq[p) contains a maximal torus T of a Borel subgroup scheme 
of G contained in Pq{p), cf. Subsection 2.3.8 (e). Let h G G{W{k)) be such that it 
normalizes T and hgPQ{p)g^^h~^ is the opposite of Pq{^) with respect to T (cf. [Bo, 
Ch. V, Prop. 21.12] for the existence of h modulo p). 

2.7.1. Basic quasi-oppositions. We check that the last opposition at the level of Lie 
algebras respects the Newton polygon slope filtrations i.e., that for all rational numbers 
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7 the direct summand hg{W'^{Q, cp)) of Q is the opposite of W_^(0, cp) with respect to T. 
Let h e Pq {ip){B{k)) be such that hTB{k)h~^ is a maximal torus T^ik) of -^G(</')-B(fe)- 
As hhgPQ{(p) B{k)9~^h~^h~^ and -PQ(v')B(fc) are both parabohc subgroups of GB{k) that 
are opposite to PQ{(p)B{k) with respect to TB(k)j we have hhgPQ {(p)B{k)9~^h~^h~^ = 
P^{ip)B{k)- Thus /i/i^f e (<^)(S(/c)) and therefore /i/i^r normahzes cf. end 

of Subsection 2.6.1. 

To check that hg{W^ {Q,ip))g~^h~'^ is the opposite of W-^{Q,ip) with respect to T, 
we can assume that k = k and that (cf. Subsection 2.4.5) G is adjoint and it suf- 
fices to show that and </3)[|] are opposite with respect to the spht 

torus Tb(/s). But this last thing is implied by (3b) applied with {HB{k)iK^(f)^TB{k)) = 
{GB{k)iB{k),(p,TB{k))- 

Thus for each rational number 7 the pairs (P^ (</?), W'^{q, (p)) and {Pq{(p), W_-y(g, ip)) 
are quasi-opposite in the sense of Subsection 2.3.8 (g). Therefore we have an identity 
^^w{k){W^ idi '^)) = ^^w{k){W-j{g, (p)). This implies that for every rational number 7 we 
also have Tkw(k){W{-f){Q,^)) = rkw {k){W id, ^))- 

2.7.2. Corollary. We assume that G is adjoint and quasi-split and that the Newton 
polygon slope Si introduced in Subsection 2.6.5 does not depend on i & I; let S := Si. Then 

the pairs (P^(99), VF(5)(0, </?)) and {Pq {(p)^W{—S){g, (p)) are quasi-opposite. Therefore 
for each element i E I, the pairs {PQ{ip)k H Gi^jt, iW{5){Qj (p) fl Lie(Gi)) 0vK(fc) ^) o.iT'd 
{PQ{ip)k n (ji,fe, {W{—d){g, ip) n Lie(Gi)) ®w{k) k) are also quasi- opposite. 

Proof: We have W{S){q, p^) = W^{g, ip) and W{-S){g, ip) = W-s{d, ip). Thus the fact that 
the pairs {Pq {ip),W{S){g, ip)) and {Pq {ip),W{—S){g, ip)) are quasi-opposite follows from 
the last paragraph of Subsection 2.7.1 applied with 7 = 5. □ 

2.7.3. The opposition of tilde parabolic subgroup schemes. From (3b) we get that 
©je/VF(5i)(Lie(Gi)[i], ip) and (BieiW{—5i)(Lie{Gi)[^], ip) are opposite with respect to the 

maximal torus TB(k) of VQ{ip) B{k)- This implies that the parabolic subgroups PQ{ip)B{k) 
and PQ{<p)B{k) of GB(k) are opposite with respect to TB[k)'i thus their intersection is 
LQ{(p)B{k)- Therefore Lq{(p) is also the Zariski closure of LQ{(p)B{k) in Pci'P)- '^^^ 
opposite of hg{PQ{(p))g~^hr^ with respect to T and -P,^ (v) are two parabolic subgroup 
schemes of G that contain P^ (</?). But their fibres over B{k) are G(P(/c))-conjugate and 
thus (cf. property 2.3.1 (b)) they coincide. Thus hg{PQ{(p))g~^h~^ and Poi'fi) are also 
opposite with respect to T. 

2.8. Elementary crystalline complements 

In this section we include six crystalline complements of different natures. 

2.8.1. Fact, (a) Let {Mi, Fi,ipi) be a filtered Dieudonne module over k that is cyclic in 
the sense of Definition 1.3.8 (c). Then there exists a unique p-divisible group over W{k) 
that is cyclic and whose filtered Dieudonne module is (Mi, Fl, ipi). 

(b) Let E be a p-divisible group over W{k). If p — 2, then we assume that either E 
or E^ is connected. Then E is cyclic (resp. circular or circular indecomposable) if and 
only if its filtered Dieudonne module is cyclic (resp. circular or circular indecomposable) . 
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Proof: To prove (a) we can assume {Mi,ipi) has a unique Newton polygon slope. But 
in this case, (a) follows from properties 1.2.1 (b) and (c). Part (b) is also implied by 
properties 1.2.1 (b) and (c). □ 

2.8.2. Lemma. Let the triple {M .,{F'^{M))j_^ s {a, b)-,v) he as in Definition 1.3.8. If this 
triple is cyclic, then there exists a maximal torus T^^^ of GL ^ such that the quadruple 
[M, {F'^{M))^^S{a,b)j0jT^''^) is a Shimura filtered p- divisible object. 

Proof: We can assume {M , {F^{M))i^s{a,b)T'fi) is circular. We will use the notations of 
Definition 1.3.8 (a). Let T^^^ be the maximal torus of GL^g that normalizes W{k)ej 
for all j G S{l,dj^j). For each number j G S{l,dj^), let Cjj G Endiyi^i^^^M) be such 
that for all numbers j' G S{l,dj^) we have = As (p{ej) = p"^^ej+i, we 

have (p{ej^j) = e^+ij+i for each number j G 5'(l,(i^), where ed^+i,d^+i := ei,i. Thus 

Lie(T'^'s) = ®'^j^iW{k)ej^j is normalized by (p. Let fi"^^ : Gm T^^^ be the cocharacter 
such that Gm acts via p}'^^ on W{k)ej through the — m^'s power of the identity character 
of Gm- The triple {M,(p,T^^^) is a Shimura filtered p-divisible object that has /x^'^ as its 
unique Hodge cocharacter. Moreover the filtration of M defined by /i^'^ is {F'^{M))i^s{a,b) 
itself. '□ 

2.8.3. Lemma. Let the triple {M,{F^{M))i^s{a,b)i'f) he as in Definition 1.3.8. To ease 

notations we assume a > 0. If {M , {F^{M))ii^s{a,b)j 'is circular indecom,posa,hle, then 
there exists no non-trivial decomposition of it into circular filtered F -crystals over k. 

Proof: Let B = {ei, . . . , e^^} be a VF(/c)-basis for M as in Definition 1.3.8 (a); thus the 
function /g : Z/c/mZ S{a,b) that takes [j] to mj is non-periodic. We show that the 
assumption that there exists a non-trivial decomposition 

(M, (F^(M)),eS(a,6), ^) = (SdeoiMd, {F\M) n Md)ieS(a,&), 

into circular filtered F-crystals, leads to a contradiction. Here by non-trivial we mean 
that the set D has at least two elements and that each (with d G -D) is a non-zero 
VF(/c)-module. 

Let Mo := ^dj^)ey, it is VF(F^dj^^ )-submodule of M formed by aU elements 

fixed by p ^j=i ^ (p°'M , We have a direct sum decomposition Mq = ®de£)Mo,d5 where 
ioT d e D we define Mo,d := Md n Mq. Let I G (c?mON. For each a; G Mq \ pMq we 
define a function f^ ■ 'L/l'L — > Z via the inductive rule: for every number s G 5'(1, /), the 

element p~ Su=i ■^'"'^'"^■'(^■^(x) belongs to Mq \ pMq. For two elements y G Mq \ pMo we 
say that fx < fy if there exists a number s G 5'(1, /) such that we have fx{[u]) — fx{[u]) 
for all numbers tt G 5(1, s — 1) and moreover /a;(['S]) < fy{[s\)- The non-periodicity of the 
function /g implies that: for each x E B, the period of the function f^ is [dj^] G Z/IZ. 

Let xq G (i3 IJ UdeDMo,d) \pMo be such that the function f^^ is maximal i.e., such 
that there exists no element y G (B (J U(ie_D-^o,d) \pMo with the property that f^^ < fy 
If Xq G Mo,d for some d E D, then let jo G S{l,dj^) be such that in the writing of 
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xq = Yl'j=i Cj(a^o)ej as a linear combination of elements of B, we have Cj-g e W{k) \pW{k). 
It is easy to see that this implies that fx^ < fej^ and therefore (due to the maximality 
property of f^o) that f^o = /e.^- 

Thus we can assume that xq G B. Let do ^ -D be such that the projection xi of xq E B 
on Md belongs to Mo.do \P^o,do- ^^^^ ^o see that this implies that fx^^ < fxi and 

therefore (due to the maximality property of fx^) that f^o — fxi- But the period [dx-^] of 
fxi is defined by a divisor dx^ of ■£k^(j^-^{Mfi^). Thus [dx^] is not the period [dj;^] of fx^- 
Contradiction. □ 

2.8.4. Connections. Let C be a commutative VF(A;)-algebra that is p-adically complete. 
Let Mc be a free C-module of finite rank. Let ^c/w{k) ^® p-adic completion of the 
C-module ^c/w{k) of relative differentials of C with respect to W{k). By a connection on 
Mc we mean a map V : Mc — ^ Mc ®c ^c/w(k) ^^^^ satisfies the usual Leibniz rule: if 
X G Mc and y E C, then V{yx) — yV{x) -\- x ® dy. Let V^j^ be the flat connection on 
^ ®w{k) C that annihilates x ® 1 for all x G M. 

Let m G N. Let R — W{k)[[xi, . . . , x^]] be the commutative M^(/c)-algebra of formal 
power series with coeflBcients in W{k) in the independent variables xi, . . . ,Xm- We have 
^A/w(k) ~ ®iLiRdxi. Let X := (xi, . . . ,Xm) Q R- Let be a Frobenius lift of R that is 

compatible with a. Let d^^ be the differential of Let M be a free i?-module of finite 
rank. Let : M — > M be a ^> ^-linear endomorphism. We say is horizontal with 
respect to a connection V on M, if we have an identity of maps 

(4) V o = ($^ ® d^^) o V : M ^ M ®^ {®T=iRdx,). 

2.8.5. Fact. We assume that we have ^^{xi) = x^ for each i G S{l,m) and that M[^] 

is R[^]- generated by Im($jg). Then there exists at most one connection on M such that 
is horizontal with respect to it. 

Proof: Let Vi and V2 be two connections on M such that ^*jv^ is horizontal with respect to 
each one of them. For each z G 5(1, m) we have d^^{xi) = px^~^ G T^"-^. From this and 
from (4), we get by induction on Z G N that Vi - V2 G End^(M) ®^ (e^ii'(P-^)[^]dxj). 

As R is complete with respect to the X-topology, we conclude that Vi — V2 is the element 
of End^(M) ®^ (©^i^dxi). Thus Vi = V2. □ 

2.8.6. PD hulls. Let R and J be as in Subsection 2.8.4; we have R/I = W{k). Let R^^ 
be the p-adic completion of the divided power hull of the maximal ideal {p, I) of R. The 
formal scheme Spf(i?^^) is defined by the ideal pW^. If $^ is a fixed Frobenius lift of 
-R, let ^piPD be the Frobenius lift of R^^ defined naturally by We emphasize that 
^RPD is not the pull back of via the H^(A;)-monomorphism R ^ and thus the 
notation ^p^^po does not respect the conventions of the paragraphs before Section 1.1. For 
/ G N we denote by X''' the Z-th ideal of the divided power filtration of R^^ defined by 
I. We recall that I^^^ is the p-adic closure in of the ideal of R^^ that is generated 
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by elements of the form IljeBj TTT' where n^'s are non- negative integers whose sum is at 
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least I, where Ej is a finite set, and where a/s are elements in X. As {p,!)'^"' is an ideal of 
R included in pR^^, we have a natural morphism Spf(^^^) — > Spf(^) of formal schemes 
over Spf(M^(A;)). 

2.8.7. Ramified complements. Let F be a totally ramified, finite, discrete valuation 
ring extension of W{k). Let ey '■= [V : W{k)]. Let x be an independent variable. Let 
Rev be the M/^(/c)-subalgebra of formed by formal power series (^n.x"', where 

ttn G B{k) and the sequence {bn)ne'N defined by bn :— a„[^]! is formed by elements of 
W{k) and converges to 0. The W{k)-algehTa Rey is 7?-adically complete. Let Spf (i?ev^) be 
the formal scheme defined by the ideal pi?ei/ of Rey- Let ley := {Yl^=o cinx'^ G Rey\ao = 
0}; it is an ideal of Rey such that we have Rey /ley = W{k). Let ^Rev be the Frobenius 
lift of Rey that is compatible with a and takes x to x^. Let cy : Spec(F) > Spec(-Rev) 
and dy : Spf(y) ^ Spf(i?ev') be the closed embedding and the formal closed embedding 
(respectively) defined naturally by a VF(A;)-epimorphism hy : Rey -» V that takes a; to a 
fixed uniformizer Try of V. The kernel KeT{hy) has a natural divided power structure. 

Each element of ley is nilpotent modulo pRey. Thus each T4^(/c)-homomorphism 
hy : R ^ V lifts to a -ho mo morphism h : R ^ Rey. Let e G N be such that 
e > pey. Let [e] : Rey Rey be the VF(A;)-endomorphism that takes x to x'^. We have 
[e]{Iey) C pRey. Thus ([e] o h){xi) G pRey for alH G 5(1, m). This implies the existence 
of a iy(A;)-homomorphism ^(e) : — > Rey such that we have a commutative diagram 



R — > R 



h 



PD 



h{e) 



e 



Rey — > Rey 

of VF(A;)-homomorphisms, where R ^ R^^ is the natural W^(A;)-monomorphism. 
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3 Abstract theory, I: proofs of Theorems 1.4.1 and 1.4.2 



Let (M, {F^{M))ii^s{a,b)j'fijG) be a Shimura filtered p-divisible object over k in the 
range [a,b]. We recall that wc use the notations of Section 1.3 (see Section 2.1). Thus 
H : Gm — G is a Hodge cocliaracter of (M, (/?, G) that defines {F^{M))i^s{a,b)j P is the 
parabolic subgroup scheme of G that is the normalizer of (F'(M))jg5(„ b) in G, we denote 
Q = Lie(G), etc. For g e G{W{k)), we will often use one of the ten group schemes PQ{g(p), 

Ucigf), Poidf)^ U^idf), L%{g(p), L%{g(p), Paigifi), U^igif), and Uoigf) that 

are obtained as in Section 2.6 but working with g(fi instead of (p. 

In Section 3.1 we include some simple properties of Hodge cocharacters that are often 
used in the rest of the monograph. In particular, in Subsection 3.1.8 we prove the impli- 
cation 1.4.3 (a) =^ 1.4.3 (6). In Sections 3.2 to 3.8 we prove Theorems 1.4.1 and 1.4.2. See 
Section 3.9 for complements on Hasse-Witt invariants. 

3.1. On Hodge cocharacters 

For i e S{a,b) we have {p'^{(p-^{M))) n M = T^^jl^p^ F'-^M), cf. property 
1.3.2 (a). Using this, by decreasing induction on i G S{a,b) we get that the filtra- 
tion {F^{M)/pF'{M))i^sia,b) of M/pM is uniquely determined by {M,(fi,G). Thus the 
parabolic subgroup Pk of G^ does not depend on the choice of the Hodge cocharacter 
: — > G of (M, cp, G). Therefore the group 

L := {^f e G{W{k))\g modulo p belongs to Pk{k)} 

is intrinsically attached to the family {{M, g(p,G)\g G G{W{k))} of Shimura p-divisible 
objects. 

Let N and Q be as in Subsection 2.5.5. Thus N is the unique closed subgroup scheme 
of G that is isomorphic to a product of group schemes and whose Lie algebra is 
F~^{q). Also is the unipotent radical of the parabolic subgroup scheme Q of G that is 
the opposite of P with respect to every maximal torus of P that contains Im(//). 

3.1.1. Basic Lemma. If two Hodge cocharacters lii and p.2 of {M, p, G) commute, then 
they coincide. Similarly, if the special fibres of two cocharacters of (M, (p, G) commute, 
then they coincide. 

Proof: For s G {1, 2} let M = ©i=a-^s (-^) t>e the direct sum decomposition defined by /x^. 
As yUi and commute, we have a direct sum decomposition 
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We have to show that for all numbers i e S{a, b) the identity Fl{M) = F2{M) holds i.e., 
that we have Fi{M) n f|(M) = if i 7^ 1 But we have F{(M) n f|(M) = if and 
only if {Fi{M)/pFi{M)) f] {fI{M) / pFl{M)) = 0. Thus to prove the Lemma we are left 
to show that if ^i^k and ^2,k commute, then they coincide. For each number i G S'(a, h) 
the direct sum ®^-^iF^[M) /pF^[M) does not depend on s G {1,2} and we have a direct 
sum decomposition M/pM = ®\^^ [{Fl{M) /pFl{M)) f] {F~^{M)/pFl{M))]. Thus 

by decreasing induction on i G S{a,b), we get that F{{M)/pFi{M) = F^{M) / pF^{M) . 
Therefore we have /Ui,fc = /U2,fc- D 

3.1.2. Lemma. Each element /i G L normalizes (p~^{M) and therefore hiJ,h~^ is a Hodge 
cocharacter of (M, ip, G) . 

Proof: The intersection P fl Q is a Levi subgroup scheme of Q and therefore it has trivial 
intersection with N. Thus the intersection ATnP is the identity section of G. Therefore, as 
the natural product morphism AT x^(/i.) P — > G is an open embedding around the identity 
sections (cf. [DG, Vol. Ill, Exp. XXII, Prop. 4.1.2]), it is in fact an open embedding. 

Thus we can write h = uihi, where ui G N{W{k)) is congruent to 1m modulo p 
and where hi G P{W{k)). As ^ acts via the identical character of Gm on F~^{q) and as 
N is isomorphic to the vector group scheme over VF(fc) defined by Lie(A^) = P~^(g) (see 
Subsections 2.5.4 and 2.5.5), we have iJ,{^)uijj{p) G N{W{k)). Thus, as = (pn{p) is a 
cr-linear automorphism of M that normalizes G{W{k)) (cf. Section 2.4 and Lemma 2.4.6), 
we get that 

ipuiif-^ = a^fi{^)uifi{p)a-^ G a^N{W{k))a-^ ^ G{W{k)). 

Therefore (pui(f~^ normalizes M. Thus Ui normalizes (f~^{M). As for all numbers i G 
S{a,b) we have hi{F^{M)) = F^{M), hi normalizes Ei=aP"'^'(^) = V"^^)- There- 
fore h = uihi normalizes (f~^{M). Thus h{(f-^{M)) = ®t=aP~'HF'{M)) = (f~^iM). 
But hiih~^ acts on the direct summand h{F^{M)) of M via the — i-th power of the iden- 
tity character of G^. From this and the identity (p~^{M) = ®\^jp~'^h{F'^{M)) we get 
that hiih~^ is a Hodge cocharacter of (M, (p,G). □ 

3.1.3. Lemma. Let fii be another Hodge cocharacter of {M,(f,G). Then there exists an 
element gi Eh such that we have gi/ig^^ = /ii. 

Proof: Let (^1 (Af ))ie5(a,6) be the lift of (M, cp, G) defined by //i. Let Pi be the parabolic 
subgroup scheme of G that is the normalizer of {Fl{M))^^s{a,h) in G. As we have Pk = Pi,k, 
by conjugating /i with an element of P{W{k)) (cf. Lemma 3.1.2), we can assume that /i^ 
and ni^k commute and therefore (cf. Lemma 3.1.1) that they coincide. Thus there exists an 
element gi G Ker(G(VF(/c)) — > G{k)) < L such that we have giiigi^ — i^i (to be compared 
with Subsection 2.3.8 (d) and [DG, Vol. II, Exp. IX, Thm. 3.6]). □ 

3.1.4. Corollary. We fix a lift {F\M))i^s{a,b) of (M, G) . For each lift {Fl{M))i^s{a,b) 
of (M, (f, G), there exists a unique element ui G KeT{N{W{k)) — > N{k)) such that we have 
Fi{M) = ni{F\M)) for all numbers i G S{a, b). Thus the set of lifts L of (M, G) has 
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a natural structure of a free W{k)-module KeT{N{W{k)) — > N{k)) of rank dim{Nf.), the 
element being {F'{M))i^s(a,b)- 

Proof: The set C is in one to one correspondence with the elements of the quotient group 

Ij/P{W{k)), cf. Lemmas 3.1.2 and 3.1.3. As the product morphism Xw{k) P G is 
an open embedding, we have Li/P{W{k)) = Ker(N{W{k)) N{k)). This imphes the 

existence and the uniqueness of 711 G Ker{N{W{k)) N{k)). As N^Gf'^^^''\ we can 
identify naturally C with the free VF(/c)-module Ker{N(W{k)) N{k)) of rank dim(A^fc) 
in such a way that {F^{M))i^s{a,b) is the element. □ 

3.1.5. Corollary. Under the process of associating adjoint Shimura filtered Lie F- 
crystals, we get a bijection between the set L of lifts of (M, (p, G) and the set of 
lifts of {lAe{G^'^),(fi^G^'^) . Thus [M^ip.G) is U-ordinary (resp. Sh-ordinary) if and only if 
(Lie (G^*^ ),</?, G^'^) is U-ordinary (resp. Sh-ordinary). 

Proof: As A^ is naturally a closed subgroup scheme of G^'^, we can identify naturally 
C^'^ with Ker(A^(l^(A;)) N{k)) (see proof of Corollary 3.1.4). Thus the natural map 
C C^'^ is a bijection. The group LQ{ip)B(k) (resp. the group scheme P^{ip)) is the 
extension of L°,,d(v)B(fc) (resp. of P^^^{ip)) by Z{G)B{k) (resp. by Z{G)). Therefore we 

have L%,{(p)B{k) ^ PG(v)B{k) if and only if we have I'^-d(<^)B(fc) ^ ^Gad(<,c')i3(fc)- From 
this and the definitions of Subsection 1.3.5 we get the last part of the Corollary. □ 

3.1.6. Fact. Let h e L. Then /t2 := (ph<f-^ G G{W{k)). Thus {M,h(ph-^,G) is of the 
form {M,g(p,G), where g := hh^^ e G{W{k)). 

Proof: Let Ui and hi be as in the proof of Lemma 3.1.2. We have /i2 G G{B{k)) (cf. 
Lemma 2.4.6) and thus /i2 e G{W{k)) if and only if /i2(M) = M. Using the property 1.3.2 
(a), we compute 

/i2(M) = ^h^-\®\^,^{p-^F\M))) = ^h{®\^,p-^F\M)) 

(the last equality holds as ui normalizes (f~^{M)). Thus h2{M) = M. □ 

3.1.7. Canonical split cocharacters. Let nw '■ G™, — ^ GLm be the inverse of the 
canonical split cocharacter of {M, {F^{M))i^s{a,b)j defined in [Wi, p. 512]. Wc check 
that nw factors through G. For this we can assume that k — k. Let and Mz^ be as 
in Section 2.4. See Example 2.4.2 for Gzp- Let {ta)aej be a family of tensors of T(Mzp) 
such that Gq is the subgroup of GL^ mi that fixes ta for all a e J, cf. [De5, Prop. 3.1 

(c)]. As the tensor t^ G T{M) = T{Mzp) ®Zp W{k) is fixed by a^^ and it is also fixed 
by (p. As ta is fixed by fx and it is also fixed by nw (cf. the functorial aspects of [Wi, 
p. 513]). Thus Hw,B{k) factors through GB{k) and therefore nw factors through G. 

The factorization of through G will be also denoted as fiw '■ G^, — ^ G and will be 
also called as the inverse of the canonical split cocharacter of (M, {F'^{M))i^s{a,h)i'P)\ i^i 
particular, jiw '■ Gm — > G is a Hodge cocharacter of (M , (p, G) that defines {F'^{M))i^s{a,b) 
(this is the most basic property of inverses of canonical split cocharacters, cf. [Wi, p. 512]). 
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3.1.8. Proof of 1.4.3 (a) =^ 1.4.3 (6). We assume that (M, v?, G) is U-ordinary. For s E 
{1,2} let (Fj(M))ig5(„,5) be a lift of {M,(p,G) such that L^(^)B(fc) normalizes Fj(M)[^] 
for all i G 5'(a, b). Let : ^ G he the inverse of the canonical split cocharacter of 

(M, (F](M)),eS(a,b), V'); it defines the lift (FJ(M)),eS(a,b) of (M, v?, G). 

To show that 1.4.3 (a) =^ 1.4.3 (6), we have to check that {Fg{M))i^s{a,b) does 
not depend on s e {1,2}. For this it suffices to show that /xi = //2- To check that 
A*i = A*2, we can assume that k = k. As k = k, Lie{LQ{(p)B{k)) is S(A;)-generated 
by endomorphisms of {M,Lp,G) (i.e., by elements of q that are fixed by (p). Thus, as 
LQ{{p)B{k) normalizes FJ(M)[^], each endomorphism of (M, (/?, G) is also an endomorphism 
of (M, (F*(M))ig5(a b), G). From this and the functorial aspects of [Wi, p. 513] we get 
that Us fixes all endomorphisms of {M,ip,G). Thus iJia,B{k) factors through the subgroup 
Z(Lq((/?)b(j!j)) of GB{k) that fixes these endomorphisms. Therefore //i and 112 commute. 
Thus we have jii = //2, cf. Lemma 3.1.1. Therefore indeed 1.4.3 (a) =^ 1.4.3 (6). □ 

3.1.9. Corollary. We assume that (M, G) zs U-ordinary, that (M, (F''(M))j£5(„_f,), 99, G) 
is a U-canonical lift, and that the cocharacter /i : Gm G is the inverse of the canonical 
split cocharacter of (M, (F'^(M))iQS{a,b)i^)- Then there exists a smallest torus T^^^ of G 
through which n factors and such that (f normalizes Lie(T'^*^)) (thus the triple (M, (p,T^^^) 
is a Shimura p- divisible object). Moreover, we have T^^^j^-^ ^ [Vq^lp) B{k)) • 

Proof: We know that cr<^ := (pfJ,{p) normalizes both M and Lie{Z^ {Lq{(p) B(k))) (see Sec- 
tion 2.4). Also ii{p) normalizes Lie{Z^{LQ{(p)B{k)))- Thus for m G N U {0} we have 
(f^(Lie(lm{fx))) = cr^ (Lie(Im((u))) and therefore (/7™'(Lie(Im(|u))) is the Lie algebra of the 
Gm subgroup scheme a^{Im{n)) of G = a^{G) (see Subsection 2.4.7) whose fibre over 
B{k) is a subgroup of Z'^{LQ{ip)B(k)) (cf Lemma 2.3.6). The Gm subgroup schemes 
cr^(Im(/i)) with m G Nu{0} commute (as their fibres over B{k) commute) and thus their 
centralizer G*^°^ in GLm is a finite product of GL group scheme. Thus the flat, closed sub- 
group scheme T*^°^ of G generated by the images of these commuting Gm subgroup schemes 
of G, is a flat, closed subgroup scheme of Z{C^^^) whose fibre over B{k) is a subtorus of 
both C^^Ij^^ and Z^{L%{(f)B(k))- From Fact 2.3.12 we get that T^o) is a subtorus of G(°) 
and thus also a torus of G. Therefore T^^^ has all the desired properties. □ 

3.1.10. Definition. By a positive (resp. a negative) Hodge cocharacter of {M,(f,G) 
we mean a Hodge cocharacter G^, ^ G of {M,(fi,G) that factors through Pq{(p) (resp. 
through Pq{lp)). 

3.1.11. Lemma. There exist positive (resp. negative) Hodge cocharacters of {M,(f,G). 

Proof: The intersection Pk nP^ ((/?)a; contains a maximal split torus T^ of G^, cf. [Bo, Ch. 
V, Props. 21.12 and 21.13 (i)]. Based on the property 2.3.1 (d), there exists an element 

h G P{k) such that hfikh factors through Tk- Let /i G L be such that its reduction 
modulo p is h. Let /ii := hfih~^ : G^, G. It is a Hodge cocharacter of {M,ip,G) 
(cf. Lemma 3.1.2) whose special fibre factors through T^^. Let T be a maximal torus of 
Pq{(P) that lifts Tfe, cf. Subsection 2.3.8 (b). Let S be the G^ subgroup scheme of T 
whose special fibre is Im(//i^fe). By replacing h with a Ker(G(VF(A;)) — > G(A;))-multiple 
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of it (cf. Lemma 3.1.2), we can assume that Im(/ii) is S itself (cf. [DG, Vol. II, Exp. 
IX, Thm. 3.6]). In particular, fii factors through every Levi subgroup scheme of Pq{(p) 
that contains T and thus it is a positive Hodge cocharacter of (M, 99, G). By working 
with Pq{(p) instead of P^" ((/?), a similar argument shows that there exist negative Hodge 
cocharacters of (M, v?, G). □ 

3.1.12. Practical u-linear automorphisms of M. Let g G G{W{k)). Let ni : Gm — ^ G 

be a positive (resp. a negative) Hodge cocharacter of {M, g(p,G). Let (pi := g^p. As in 
Subsection 2.4.8 we define cr<pi := (fijj,i{p) : M^M. As fii normalizes Lie(PQ (fi'V)) (resp. 
Lie{PQ {g(p))) and as (pi normalizes Lie{PQ {g(p))[^] (resp. Lie(P^(^<^))[|]), the cr-linear 

automorphism cr,^^ of M normalizes Lie(PQ(^</3)) (resp. Lie(P^(5r<^))). A similar argument 
shows that cr^j normalizes Lie{PQ {g(p)) (resp. Lie{PQ {g(p))) . 

3.1.13. Descent Lemma for lifts. Let ki be a perfect field that contains k and such 
that we have k — {x & ki\T{x) = x Vr e Aut/s(A;i)}. Let {Fl{M (S)w{k) W{ki)))i^s{a,b) be a 
lift of (M, (/?, G) ® ki that is fixed under the natural action of AvLtw(k){W{ki)) = Autfc(/ci) 
on M ^w{k) W{ki). Then {Fl{M ®w(k) ^(^i)))ieS(o,6) the tensorization with W{ki) 
(over W{k) ) of a unique lift of (M, ip, G). 

Proof: Let iiw,i '■ Gm G^iy(A;i) be the inverse of the canonical split cocharacter of 
(M(g)vi/(fe) W{ki), {Fl{M®^n^k) W^(^i)))i6S(a,&), V'^c^fci), cf. Subsection 3.1.7. We consider 
the semisimple element li G EndvK(fe)(-^)®w(fc) W^(^i) that is the image under d^w,! of the 
standard generator of Lie(GTO). As the lift {Fl{M <Siw{k) ^(^i)))ieS(a,6) of (M, (p, G) ® ki 
is fixed under the natural action of AvLtw{k){W{ki)) = Autfc(fci) on M ^w{k) W{ki), the 
element h is fixed by the natural action of Aut^(jt)(W^(^i)) on EndvK(A:)(Af ) ®w{k) W{ki). 
As k = {x e ki\T{x) = X Vr G AutA:(A:i)}, we have W{k) = {x e W{ki)\T{x) = s Vr G 
AutvK(fe)(W^(fci))}. Thus h G EndvK(fe)(-^). This implies that nw,! '■ Gm —>■ Giy(/j^) is the 
pull back of a cocharacter of G that is a Hodge cocharacter of {M,(p,G). From this we 
get that the lift {Fl{M ^w{k) ^(^i)))ies(a,6) of {M,(p,G) ki is the tensorization with 
W{ki) (over W{k)) of a unique lift of (M, <f, G). □ 

3.2. A general outline 

We start the proofs of Theorems 1.4.1 and 1.4.2. Fact 3.2.1 and Subsection 3.2.2 
present simple properties. In Subsections 3.2.3 to 3.8.4 we will assume that G is quasi- 
split. In Subsection 3.2.3 we introduce a standard example for Sh-ordinariness. The main 
ingredients for the proofs of Theorems 1.4.1 and 1.4.2 are stated in Section 3.3. Section 
3.4 introduces the required language of roots and Newton polygon slopes; it prepares the 
background for translating properties 3.3 (a) and (b) into properties of parabolic subgroups 
schemes of either G ot G^- The proofs of properties 3.3 (a) and (b) are carried out in 
Sections 3.5 to 3.7. Section 3.8 completes the proofs of Theorems 1.4.1 and 1.4.2. 

3.2.1. Facts, (a) Let ki be a perfect field that contains k. We assume that (M, ip, G) ® ki 
is U-ordinary. Then the U-canonical lift {Fl{M ^(^i)))ieS(a,6) of {M,ip,G) ® ki 

is the tensorization with W{ki) ( over W{k) ) of a unique lift of (M, ip, G). Thus (M, ip, G) 
is also U-ordinary (and moreover it is Sh-ordinary if (M, (p, G) <S> ki is Sh-ordinary). 
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(b) There exists a unique open, Zariski dense subscheme Z of such that for each 
field ki as in (a) and for every two elements g\ and g2 G G{W{ki)) with gi mapping to a 
ki-valued point of Z, the strict inequality 

l{M®w{k) W{ki),gi{^(^ak^),Gw{ki)) > 1{M ®w{k) W{ki), g2{(fi ® ak,),Gw{ki)) 
holds if and only if g2 does not map to a k\-valued point of Z. 

Proof: To check (a) we can assume that k\ = k\. Thus k is the subfield of ki fixed by 
Aut;;(/ci). The U-canonical hft (Fl{M ®wik) W{ki)))i^s(a,b) of iM,(p,G) (g) ki is unique 
(as 1.4.3 (a) =^ 1.4.3 (6); see Subsection 3.1.8) and thus it is fixed by the natural action of 
Autw{k){W{ki)) — Autfe(/ci) on hfts of {M,ip,G) ® ki. From this and Lemma 3.1.13 we 
get that (a) holds. 

We check (b). Let ic '■ Spec(C) G'"^ be a morphism of affine A;-schemes. We denote 
also by ic the Lie automorphism (over C) of Lie(G^'^) ®k C defined by inner conjugation 
through ic- For each geometric point : Spec(^) — > Spec(C), let i^ := ic ° Vk ^ G^'^{k) 
and 

lih) := n^eNlm((i^(«' ® a~,)r) = Im((i^(t ® a-,)^-^''^^'^). 

Let Ic be the C-submodule of Lie(G'^'^) <S)k C generated by Im((zc(^ ® ^c;))^™^'^*'^)) (we 
recall that ^c is the Frobenius endomorphism of C). Let Qc '■— (Lie(G|'^) ®fc C)/lc- 

We now take ic '■ Spec(C) G^'^ to be an isomorphism of /c-schemes. Let Z be the 
maximal open, Zariski dense subscheme of G^^ over which the O^ad-module TZ defined 

by Qc is free (cf. [Grl, Prop. (8.5.5)]). A point p of G%^ belongs to Z if and only if 
the dimension of the fibre of TZ over p is equal to (equivalently it is not greater than) 
the dimension of the fibre of TZ over the generic point of G^. Thus, as we have I(^^) = 
dim(G|'^) — dim^(Qc' ®c k), we easily get that (b) holds for Z. □ 

3.2.2. The trivial situation. It is easy to see that the following four statements are 
equivalent: 

(a) we have F^(q) = 0; 

(b) we have F°(g) = g; 

(c) the Hodge cocharacter fi : Gm — > G of (M, ip, G) factors through Z^{G)] 

(d) the G'(VF(A;))-conjugacy class [^i] of n has a unique representative. 

Let g G G{W{k)). Let = ^pn{p) be as in Section 2.4. If the statement (c) holds, then 
ipG{W{k))^~^ = a^ii{^)G{W{k))iiip)a-^ = a^GiW{k))a-^ = G{W{k)) (cf. Lemma 
2.4.6 for the last identity) and therefore by induction on m e N we get that we have an 
identity {g^)^ — gmf^ for some element g^^ G GiWik)); thus the Newton polygon of 
{M,g(f>) docs not depend on g (cf. Lemma 2.2 applied to the F-crystals {M,p~°'gip) and 
(M, p^°^(/7)). If the statement (c) holds, then \1/ is a a-linear automorphism of Lie(G^'^); 
thus I(M, gip, G) — dim(G^'^) does not depend on g. If the statement (b) holds, then 
P = G (cf. Lemma 2.3.6) and thus {M, {F^{M))i^s{a,b), d^P^G) is an Sh-canonical lift. 
This proves Theorems 1.4.1 and 1.4.2, if statements (a) to (d) hold. 
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3.2.3. Standard example. We emphasize that until Subsection 3.8.5 we will assume 
that G is quasi-split. Let 5 be a Borel subgroup scheme of G contained in P, cf. Subsection 
2.3.8 (e). Let T be a maximal torus of B. Every two maximal tori of are S( A;) -conjugate 
(cf. [Bo, Ch. V, Thm. 19.2]) and thus from the structure of Borel subgroups of Gk (see 
[Bo, Ch. V, Sect. 21.11 and Prop. 21.12]), we get that Tk contains a maximal split torus 
of Gk- Thus T contains a maximal split torus of G. As /i factors through P, up to a 
P(VF(/c))-conjugation we can assume that n factors through T (cf. Subsection 2.3.8 (f) 
and Lemma 3.1.2). Therefore we also view |U as a cocharacter of T. 

Let t := Lie(T) and b := Lie(S). We have inclusions t C b C F^{q) and F^{q) C b. 
Thus (/?(t) C ipib) C Q. Let cjjp := '^IJ'{p) '■ M^M be as in Section 2.4 and Subsection 
2.4.7. We have cr<^(G') = G, cf. Subsection 2.4.7. The maximal torus cr<^(T) of G = (T^{G) 
has (fi{t) = cr<^(t) as its Lie algebra. The Borel subgroup scheme (Jip{B) of G = a^piG) 
contains (Tip{T) and its Lie algebra is cr<^(b). Let go E G{W{k)) be such B = goaip{B)gQ^ 
and T = goa^{T)gQ^ , cf. Subsection 2.3.8 (d). Thus go(p normalizes t and takes b to 
9oc^n{^){b) C goaip{b) = b. We emphasize that in order not to introduce extra notations 
by always replacing g e G{W{k)) with ggo E G(VF(/c)), until Section 3.8 we will assume 
that go = 1m- Thus T = cr^{T) and B = cr^{B) and therefore we have 

(5) ^(t) = t and (p{b) C b. 

As (p{i) = t, we have t C VF(0)(£|, (p). Thus T is a maximal torus of Lq{(p) (cf. Lemma 
2.3.6) and therefore also of L'q{lp) (cf. Subsection 2.6.5). Thus LPq{^) ^rcsp. (</?)) is the 
unique (cf. Subsection 2.3.8 (c)) Levi subgroup scheme of Pq{<p) or Pq{<p) (resp. Pq{<p) 
or Pq[(p)) that contains T. 

3.3. The essence of the proofs of Theorems 1.4.1 and 1.4.2 

We recall that G is quasi-split and that (M, G) is such that (5) holds. The main 
part of the proofs of Theorems 1.4.1 and 1.4.2 is to check the following two properties: 

(a) For all elements g E G{W{k)) we have an inequality I{M, g(f,G) < I{M,(f,G). 

(b) Let g E G{W{k)). We have an equality 1{M, gip,G) = l{M,(p,G) if and only if 
we can write g(p = gir(pg^^, where r E LQ{(p){W{k)) and gi E L. 

The proof of the property (a) ends with Section 3.5 while the proof of the property 
(b) ends with Subsection 3.7.2. Until the end of Section 3.4 we will include preliminary 
material that will be used in Sections 3.5 to 3.7. 

3.3.1. Lemma. Let g2 E G{W{k)) he such that PQ{g2f) is a subgroup scheme of P. 
If gi E h and hi E PQ{g2(fi){W{k)), then {M,g2^) and {M, gihig2^gi^) have the same 
Newton polygons and moreover we have an identity Pq {gihig2^gi^) = giPQ{g2^)gi^ ■ 

Proof: We can assume that gi = 1m- To check that PQ{hig2<p) — PQ{g2<p) it suf- 
fices to show that Lie{PQ {hig2(f)) — Lie{PQ {g2(f)) (cf. Lemma 2.3.6) and thus that 
W^{g,hig2(p) = W^{g,g2(p). As g2(p normalizes Lie(PQ (^2¥'))[^], we have an identity 
92'pPG{9'2'p)B{k)'P~^92^ — PGi9'2f)B{k) (cf- Lemma 2.3.6 and cf. the existence of the 
action of Subsection 2.4.7). Thus g2<phi = /i25'2¥', where h2 E PQ{g2(p){B{k)). But we 
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have h2 G G{W{k)), cf. Fact 3.1.6 apphed to e P^{g2^p){W{k)) ^ P{W{k)) ^ L. Thus 
^2 G -Pg (fi'2'/')(W^(^))- By induction on m G N\{1} we get that {hig2f)'^ = hihm{g2'r')'^ , 
where hm G -Pg (5'2'/')(W^(^))- Therefore from Lemma 2.2 and Corollary 2.2.1 applied to 
{M,p~°'hig2ifi,G) and {M,p~'^g2(fi,G), we get that {M,g2(f') and {M, gihig2^gi^) have 
the same Newton polygons and that VF°(0, hig2^) = W^{q, g2^)- D 

3.3.2. The non-trivial situation. If statements 3.2.2 (a) to (d) hold, then we have 
P+{^p) = p+{^) = L%{^p) = G and (cf. Subsection 3.2.2) I(M, ^, G) = l{M,gip,G); 
obviously the properties 3.3 (a) and (b) hold. Thus until the end of this Chapter 3 we will 
assume that the statements 3.2.2 (a) to (d) do not hold. Therefore G is not a torus. 

3.4. The split, adjoint, cyclic context 

Sections 3.4 to 3.6 are the very heart of the proof of Theorem 1.4.1. Their main 
goals are to prove the property 3.3 (a) and to prepare the background for the proof of the 
property 3.3 (b). Let T, S, t, and b be as in Subsection 3.2.3. For the proof of the property 
3.3 (a) we can assume that G is split, adjoint (see Subsection 2.4.5). Therefore we have 
a product decomposition G — Hie/ i'^^o absolutely simple, adjoint group schemes (cf. 
(2) of Subsection 1.3.4) and the torus T is split. The set / is non-empty, cf. Subsection 
3.3.2. For each element z e / let 

Qi := Lie(G'i). 

To check the property 3.3 (a) we can also assume that / = -5(1, n) and that the 
permutation F : /A-/ is the n-th cycle (12- --n); thus we have <^(£li[p]) — if 
i e 5(1,77, — 1) and <^(0n[-]) = Only in Subsection 3.4.4 it will become clear why 

we take the set / to be 5'(1, n) and not Z/nZ. The Lie type of Gi does not depend on the 
element i e / and thus we denote it as 

X. 

Let 

£ e N 

be the rank of X . Let Iq & Q — be the image through d^i of the standard generator 

of Lie(G^); we have Iq{x) = —ix for all pairs (x, i) e F^{M) x S{a,b). For each element 
z e / let 

k e Qi 

be the component of Iq in Qf, we have Iq — Y^^^ik- If k = 0, then Qi C F^{g). If 
li ^ 0, then li is a semisimple element of Qi and the eigenvalues of the action of k on 

Qi are precisely —1, 0, and 1 (cf. property 1.3.2 (b)). More precisely, we have identities 
FHq) = F^q) = {x e q\[Io,x] = -x}, FO(0j = {x e g\[lo,x] = 0}, and F~^{g) = {x e 
q\[Io,x] = x}. Thus F^{q,) := F^{Q)nQi = F^{Q)nQi = {x G 0^|[/^,x] = -x}. Similarly, 
F%q) = {xe q\[Io,x] e {0,-x}} and thus FO(0i) := F%Q)nQ^ = {x e Q^\[l^,x] e {0, -x}}. 
Based on Subsection 3.3.2, we can choose the identification I = S{l,n) such that we have 
h ^ 0; therefore F^{qi) ^ 0. 

3.4.1. Newton Polygon slopes. Let g e G{W{k)). Let Sjg (resp. Sj) be the set 

of Newton polygon slopes of the Lie F-isocrystal {Q[-^],g(p) (resp. (0[^],¥'))- As {g(p)^ 
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normalizes each one of 0i[^]'s, we have 

As gy^ maps W{-f){Q[l], g^) n Qi[^] bijectively onto W{-f){Q[^], gip) H Qi+i[^], the rank of 
W{'j){q, gip) n Qi docs not depend on z G /. 

3.4.2. Parabolic decompositions. Each parabolic subgroup scheme Q of G is a product 
Q — YlieiQ ^ ^« parabolic subgroup schemes of the Gi's. Let * G {+, — }. If * = + 
(resp. if * = — ) let ni be a positive (resp. a negative) Hodge cocharacter of (M, gip, G). Let 
Ci^i 9fl^i{p)- The cr-linear automorphism a^^ : M^M normalizes both Lie(PQ(^<^)) 
and lAe{PQ{g(p)) , cf. Subsection 3.1.12. We get: 

(a) For each i e I we have identities cr^~^(Lie(PQ(^<^) n Gi)) = Lie{PQ{g(fi) n Gi) 
and cr^~^(Lie(PQ(^<^) fl Gi)) = Lie{pQ{g(p) fl Gj). Thus the following two dimensions 
dim.{PQ{g(p)if fl Gj^fc) and dim(PQ(^(^)fc fl Gj^fe) do not depend on z G /. 

By taking * = + in the property (a) we get that Lie(P^(5f<^)) = Lie{PQ {g(p)) if and 
only if Lie(PQ (^<^) fl Gi) = Lie{PQ {g(p) fl Gi). From this and Lemma 2.3.6 we get: 

(b) We have P^{gip) = Paigv) if and only if Lie(P^ nGi) = Ue{P^{gip) nGi). 
We now check the following simple property: 

(c) If P^{gip)k n Gi,k and P^{ip)k n Gi. are Gi( A;) -conjugate, then for each element 
i E I the parabolic subgroups P^ {gip)kr\Gi^k and Pq {(p)k^Gi^k of G^^^ are Gi(/c)-conjugate. 

To check the property (c) we first recall that — (pii{p). As T ^ Lq{(p) ^ 
fj, : Gm — >^ G is a positive Hodge cocharacter of (M, (/p, G). Arguments similar to the ones 
used to get the property (a), show that a'^^^ (Lie{PQ {(p) fl Gi)) = Lie(P^(</7) fl Gi). But 
we have cr^"-*^ = hi-ia'l^^ for some element G G(VF(A;)), cf. Subsection 2.4.8. Let 

gi G Gi{W{k)) be such that Poigf) n Gi = fifi(P^((^) n Gi)^f \ cf. the hypothesis of (c) 
and Subsection 2.3.8 (e). Thus we compute that 

Lie(P+(^(^) n Gi) = hi-ia'-^iUe{P+igip) n Gi)) = hi-ia'-^giiUe{P+{ip) n Gi)) 

= /i,_ia;-i<7iai-V;-i(Lie(P+(y:) n Gi)) = /i,_icT;-i^7i<'(Lie(P+((/.) n GO). 

As := hi-ia'-^gialr' G G(Vt^(A;)) (cf. Lemma 2.4.6) we get that Ue{P+{g^) nGi) = 

Lie(j,_i(P+((7V7) n G,)j7_\). Thus P^ig^p) n G, = j,_i(P+((7(/9) n G,)j7-i. cf. Lemma 
2.3.6. In this last equality we can replace ji by its component in Gi{W{k)) and thus the 
property (c) holds. 

3.4.3. Root decompositions. Let tj := tdQi and bj := bdQi. Let Tj := TflGj. Let $i 
be the set of roots of Qi relative to the torus T^. Let be the base of $i that corresponds 
to hi. In what follows <I>^ (resp. $~) is the set of positive (resp. negative) roots in 
with respect to Aj. We have A^ C Let 

g = ®ieiU Qi{a) 
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be the root decomposition of relative to T. As (p{t) = t, there exists a permutation r$ 
of the disjoint union Ujg/^j such that we have 

(6a) </p(0,(a)) =p^^(")0r(i)(r$(a)), G / and V« G 

Here Si{a) e {—1,0, 1} is such that acts on Qi{a) as the multiphcation with f3~^^^'^\ 
for all 13 e Gm{W{k)) (cf. property 1.3.2 (b)). We have (cf. (5)) 

(66) r$(Uie/$+) = Uie/$+ and thus also r$(Uie7$-) = Uie/^". 

As Si{a) < (resp. as Si(a) > 0) if a e $~ (resp. if a e ^f), we get inclusions 

t C b C Lie(P+(^)) C Lie(P) = F\q) = F^{g)(BF\g) and Lie(Pe (^)) C F\g)(BF-\Q). 

In particular, we get that T ^ B ^ P^{(p) ^ P (cf. Lemma 2.3.6). Thus (M, G) is 
Sh-ordinary. 

3.4.4. The order e. Let T^^ be the permutation of $i defined by F^. It normalizes Ai, 
and Let e be the order of F^^. Let 

/ := 5(1, en). 

We think of := g® • • • ®0 (e summands) as a direct sum Here for s e S'(l, e — 1) 

and i e I, we define f|i+sn := g,, U+an ■= U, \+sn ■= Aj, and bi+sn ■= h- Below the 
right lower index en + 1 is identified with 1 (i.e., we do identify naturally S{l,en) with 
Z/enZ). It is convenient to work also with 

where the cr-linear endomorphism </?^^^ of acts for each element i G / on gi[p] as (f 
but the image '^'-'^-'(fl^p]) belongs to g^+if^]. In a similar way we define g^p^'^^ The set 
of Newton polygon slopes of (g^, g^p^^^) is the set of Newton polygon slopes of (g, gf-p), all 
multiplicities being e times more. The permutation of Ai defined by ((^(^))'^" is Ia^- For 
s G 5'(l,e — 1) and i G / let /i+sn '■— {^^'^^Y^'ih) ^ Qi+sn- Thus the semisimple element 
k G gi is well defined for all z G Ii. 

We have e G {1, 2, 3}. If e = 2, then A" G {Ai\e > 2} U > 4} U {Eq}, and if 

e = 3, then X — D4. This follows from the fact that the group of automorphisms of the 
Dynkin diagram of $1 is either trivial or Z/2Z or 6*3. The order e is independent of the 
choice of an element i G / to define it (above we chose 1 G / i.e., we worked with Ai). 

3.4.5. Simple roots. We recall that Gm acts on g through fj. via the trivial, identical, 
and the inverse of the identical characters of Gm (cf. property 1.3.2 (b)). Thus, as the 
highest roots of the Eg, F4, and G2 Lie types have all coefficients greater than 1 (see [Bou2, 
plates VII to IX]), the Lie type X can not be Eg, F4, or G2 (cf. also [Sa], [De3], [Sel], 
or the classification of minuscule characters in [Bou3, Ch. VIII, §7.4, Rm.]). For each 
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element i e / let Q!i(z), . . . , Q!^(z) be a numbering of the roots in such that the following 
two things hold: 

(a) we have f^^HdiiasiiM^]) = di+iio^sii + 1))[^], and 

(b) the numbering for z = 1 matches to the one of [Bou2, plates I to VI] (thus this 
numbering is unique up to an automorphism of $i that normalizes Ai). 

We will drop the lateral right index (1) of Q;j(l)'s. Therefore Ai = {ai\i e S{1,£)}. 

3.4.6. Highest root. The highest root cth of $^ depends on X. It is (cf. [Bou2, plates 
I to VI]): 

(a) cti + a2 H ^agif X = A^, with i>2; 

(b) ai + 2^2 H + 2aiif X = Bi, with i > 1; 

(c) 2ai + 2^2 H h 2ae-i + ag if X = with £ > 3; 

(d) tti + 2^2 + 2as H h 2a^_2 + ai-i + if A* = Di, with £ > 4; 

(e6) ai + 2a2 + 2a^ + 3q;4 + 2a^ + \i X = Eq; 

(e7) 2ai + 2a2 + Bas + 4^4 + 3^5 + 2^6 + ar ii X ^ E7. 

In what follows, depending on the possibilities of X listed in (a) to (e7) , we will refer 
to the case (a), to the case (b), etc. We note down that we consider Bi with £ > 1 and Ai 
with i>2. 

3.4.7. The ry's. Let i G /. If k = let rn := 0. If k ^ let rn G ^(1,^) be the unique 
number such that k acts (under left commutation) as —1 (resp. as 0) on Qi{as{i)) for 
s = rji (resp. for s e S{1,£) \ {rji}). Let 

h := {^ e I\Vi 7^ 0} and h := {i e i\r]i 7^ 0}. 

As / C J, we have Ii C Ii. We have 1 e /i, cf. sentence before Subsection 3.4.1. In 
cases (b), (c), and (e7) the number r/i is 1, £, and 7 (respectively). In the case (a) we have 
rji e S{1,£). In the case (d) (resp. (e6)) we have rji e {1,£- 1,£} (resp. 771 e {1,6}). All 
these can be read out from the set of those roots in Ai that show up with coefficient 1 in 
the highest root cth. 

For a G $1 let '■= Qi{ct)- For i E Ii let p^. be the parabolic Lie subalgebra of Qi 
that contains bi and whose nilpotent radical u^. is the Lie subalgebra of gi generated by 
all QaS with a e having ct^. in its expression. We have prj-^ — -F°(0i) and u^^^ = F^{gi). 
Let qr)i be the parabolic Lie subalgebra of £|i that is opposite to p^. with respect to Ti. 
Let n^. be the nilpotent radical of q^. . We have direct sum decompositions of ti-modules 

01 = Pr?i © tir?i = qr?i © u^i, where i e ii. 

3.4.8. The sets £ and £. Let 

S:= {Vi\i^h}QSilJ). 
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We have n^^j^n^. = Hx^snx. If \£\ > 2, then we are in cases (a), (d), or (e6). In 
the case (d) we have \S\ < 3. In the case (e6) we have \S\ < 2. In the case (a) we have 
S C S{1,£) and thus O^^^n^ = n^-^ fl n^^^^, where Xi := min(£^) and x\£\ := max(£^); this 
is so as every positive root that contains both ct^i and ctx^si expression as sums of 

elements of Ai, also contains ax for all x e S{xi, x\£\) (sec [Bou2, plate I]). Next we define 
a subset 

S CS. 

U X ^ Ag let S := £ and if X = let £ := {xi, x\£\}. We have 

n = n ^ n 

ieii xes xe£ 

3.4.9. Types. We refer to the en + 2-tuple 

iX,e,r]i,r]2, . . .,r]en) 

as the type of (M, G) and to the en-tuple (771, 772, • • • , Ven) as the rj-type of (M, 99, G). 

If e = 1, then {rji, . . . ,r]n) is uniquely determined up to a cyclic permutation and a 
renumbering in the statement 3.4.5 (b). If e = 2 and X ^ D4 (resp. if e e {2,3} and 
X = D4), then (rji, . . . ,rjen) is uniquely determined up to a cyclic permutation (resp. up 
to a cyclic permutation and a renumbering in the statement 3.4.5 (b)). 

3.4.10. The smallest Newton polygon slope. From (6a) and the numberings in 
Subsection 3.4.5 we get that 

(7) V'^"(0a) = P""0a and v^^"(5-a) = p-""0-a, V« G $+ 

where no, e N U {0} is the number of elements i E Ii such that we have Q i^r/j (or 
equivalently such that we have 0_q. C n^.). Let 

5:=^>0. 

n 

3.4.11. Fact. The sets and Sjg are subsets of the interval [—6,6]. They are symmetric 
with respect to the mid-point of [—6, 6] and we have 6 E Sj. Thus {—1, 1} S) if and only 
if \ = n (i.e., if and only if the image of fx : Gm G in every simple factor Gi of G is 
non-trivial). 

Proof: We have {g(p)^''\Qi) = Qi+i if z G / \ Ii and pQi+i C {g(p)^''\Qi) C ig^+i if i e h. 
This implies that 

(8) p"'0iC(^^r(0i)Cp-'50,, Vie/. 

From (8) we get that S)g C [—5,5], cf. also Mazur theorem of [Ka2, 1.4.1] applied to 
idiiP^^ig'p)"')- A similar argument shows that S) C [—5, 5]. From (3b) we get that S) and 
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S)g are symmetric with respect to the mid-point of [—6, S]. We have Uqh^ = Ii = e\Ii\. 
Thus we have Qai, ^ W{6){g, (p)r)Qi, cf. (7). Therefore 6 e S^. □ 

3.4.12. Multiplicities of —5 as ranks. From (7) we get that 

Thus m_5 := rk^(;^)(VF(— is n times the rank of the intersection n^^gtta;: cf. 
Subsection 3.4.1. A similar argument shows that the multiphcity of the Newton polygon 
slope —5 for {Q[-^],g<p) is (cf. Subsection 3.4.1) n times the rank of 

Wr{g) := W{-6){Q,gip)nQi, where i e /. 

3.4.13. FSHW invariants as multiplicities of —5. Let g e G{k) be the reduction of 

g G G{W{k)) modulo p. The pair (g, g"^) is an F-crystal. It is well known that I(M, g(f, G) 
is the multiplicity of the Newton polygon slope of (g, ^f^'). By very definitions we have 
(g^)n = p\^^\{gipY = p^'^gvY- Thus 

W{^){Q,gm) = W{^- 5){Q,gip), V7 e Q n [0,25]. 

Therefore I(M, gip^ G) is the multiplicity of the Newton polygon slope —5 of (g, gif) and 
moreover we have identities 

Wr{g) k = {W{0){Q,g^) n Qi) ®wik) k = HmMg^r^'idi ^w{k) k). 

3.4.14. Normalizer of W{5){q, g(~p). As W{5){Q,g(p) is a direct summand of Q we can 
speak about its normalizer PQ{g(p)' in G. If W{5){Q^g(f) ^ 0, then for each element z e / 
the greatest number 5i G [0, 00) fi Q such that we have W{6i){Q,gip) fl 0i 7^ is (5 itself 
(cf. Fact 3.4.11 and Subsection 3.4.1) and thus we have PGi9f)'B(k) ~ ^G^d'^) B{k) (cf- 
Subsection 2.6.5); thus PQ{g(p) is a closed subgroup scheme of PQ{g^p)' and this explains 
our notation pQ^gip)' . 

The group scheme Pi{g) '■= PQ{g^)' n Gi is the normalizer of 

W+{g) := W{5){Q,g^)nQ^ 
in Gi. We have (cf. the rank parts of Subsections 3.4.1 and 2.7.1) 

r\iwik){Wt{g)) = r],^(k){W{{g)). 

Let Si{g) be the reduced group of the special fibre P^{g)k of P^{g). 

3.4.15. Lemma. We have W^{g) <Siw{k) k Q u^i := u^^ <8)vK(fc) k = F^{gi) <Siw{k) k. 

Proof: We can assume that k = k. Let s := 2en5 G N. The rank of the Zp-module 
Ei{g) := {x G W+{g)\{g-^r^{x)=p'x} is rk^(fc)(I^+(^)). Let W+{g) be the W{k)-spa.n 
of Ei(g). As (^*)" = p^'^igvY, from (8) we get that p'Qi C (^*)e^(si). If a; G 0i \pQu 
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then {g^y^{x) ^ P^'^^Qi', moreover, if {g^y^{x) e P^Qi, then {g^){x) = {g(p){x) 
must be divisible by p and thus x modulo p must belong to u^^. Therefore all Hodge 
numbers of the a'^'^-linear endomorphism {g^y^ of W^{g) are at most s. But the 
length of W^{g)/{g<i/Y''{W^{g)) and Wi{g)/{g'^Y''{W^{g)) as artinian -modules 
are equal. Thus all these Hodge numbers must be s. Therefore for each x e W^{g) 
we have {g^Y'^{x) e p^Qi and thus x modulo p belongs to u^j. Therefore we have 

As p~^{g'^y^ is a cr®"-linear automorphism of W^{g) we get: 

3.4.16. Corollary. Ifk^k, then W^{g) = W^{g). 

3.4.17. Lemma. The group S~^{g) fl (P^ n Gi,fe) is a parabolic subgroup o/Gi,fc and thus 
it contains a Borel subgroup of Gi^k- 

Proof: As PQ{g(p) D Gi ^ P^{g), Si{g) contains PQ{g(p)k and thus it is a parabolic 
subgroup of Gi,fe. As the unipotent radical of Pk H Gi^k is commutative and has u^^ = 
-^^(01) ®w{k) k as its Lie algebra (cf. Subsection 2.5.4), it centralizes u^^ and therefore 
(cf. Lemma 3.4.15) it also centralizes W^{g) ®vK(fc) k. Thus this unipotent radical is a 
subgroup of Si{g). Therefore the Lemma follows from the property 2.3.1 (a). □ 

3.4.18. Lemma. We assume that W^{g) ^ 0. Then the following two pairs {PQ{g(p)k H 
Gi,k, W^ig) <^w{k) k) and {P(^{gip)k n Gi,fc, W^{g) i^wik) k) are quasi- opposite. 

Proof: As G is split, adjoint and as 5 is the greatest number 5j G [0, 00) fl Q such that we 
have W{5i){Q, g(~p) r\Qi^Q (cf. Subsection 3.4.14), the hypotheses of Corollary 2.7.2 hold 
in the context of {M, g(p,G). Thus the Lemma follows from Corollary 2.7.2 applied with 
i = l to {M,g(f,G). □ 

3.4.19. Notations and Weyl elements. For i e Ii let 



Pru and Q^. 

be the parabolic subgroup schemes of Gi whose Lie algebras are p^. and q^. (respectively). 
They are unique (see Proposition 2.3.3) and therefore they are normalized by Ti. Thus we 
have Ti ^ P^. fl Q^- . The parabolic subgroup schemes P^,- and Q^- of Gi are opposite with 
respect to Ti. We have P,,^ = PflGi. From the very definitions of k's and ry^'s and from the 
numbering in the statement 3.4.5 (a), we get that P^(0i) = cr^~^(ii?7i); F^idi) — ^^"^(Pr?,), 
and F~^{Qi) := Qi fl F~^{g) — cr^~^(n,y.). From this and Lemma 2.3.6 we easily get that 
P^. and Qrji are isomorphic to PflGi and QoGi (respectively). From this and Subsections 
2.5.4 and 2.5.5, we get that the unipotent radicals of P^. and are commutative. Let 

Pvi and Q^. 

be the special fibres of P^. and Q^. (respectively). 

For i e Ii let p^. := p,,, ®w{k) k, %i ■= %i ®w(fc) k, n,,, := n^, 0w{k) k, and u,,, := 
^Vi ®w{k) k. For i e I and a e $1 let := Qi ®w{k) k and := Qa ®w{k) k. We have 
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direct sum decompositions of ti <S>w{k) ^-modules 

We will call each element of G\{k) that normalizes Ti^^, a Weyl element. 

3.5. The proof of the property 3.3 (a) 

We recall that G is split, adjoint, that / = S'(l, n), and that F = (1 ■ • - n). With the 
notations of Subsections 3.4.7, 3.4.10, 3.4.13, and 3.4.19 and based on Subsection 3.4.13, 
to prove the property 3.3 (a) it suffices to show that 

(9) v'kw{k){W^{9)) < rW(fc)(n^g£n^) = . 

Th 

The proof of inequality (9) starts now and ends before Section 3.6. For z e / let 

n^, e Endfe(0i) 

be the projector of defined as follows. If z e /i, then 11^. is the projection on n^. 
along p^.. For i e I \ Ii let H^. := l-g^. Let be the reduction modulo p of the a- 
linear automorphism a^^ — (p/J^ip) of either M or q. As for each element z e /i we have 
F^iQi) = crip~\prji)^ we get that 

(lOo) Ker(^^) - Ker(*") = (B^eh{F\9^) ^w{k) k) = ©ie7i^7^(p^J. 

Moreover for each element z e /i we have 

(106) g'^{x)=ga^{x). ea]^\n^,). 

Let s e N. We use formulas (10a) and (10b) to follow the image of Qi under the s-th 
iterate of 'g^: by identifying {pip)^~^{^\) with for each u e S{l,s) (this is allowed as 
we deal here only with images), we come across A;- vector spaces of the following form 

(11) '^^n,j'^-^n,,^_^(...('^^n,j^^n,j...))), 

where hu £ G\{k) for each u e S'(l,s). We emphasize that, here and in what follows 
until Section 3.7, the left upper index means inner conjugation by hu] it is used for 
conjugating subgroups as well as Lie subalgebras or elements of gi. Except for elements 
or for intersections wc do not use parentheses i.e., wc write ^^xir^^ instead of ^^{j\.rii): etc. 
There exist formulas that express each hu in terms of 'g (like hi is the component of 'g in 
Gi{k), etc.) but they are not required in what follows. 

Taking s e e |/i | N to be big enough, the A;-vector space of (11) becomes W{' {g)®w{k)k 
(cf. end of Subsection 3.4.13). We allow such an s e e N to vary. 
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3.5.1. Proposition. We consider a k-linear endomorphism of Qi of the form Hx^^y, 
where x,y E £ and h G Gi{k). Then there are elements h, I e Gi{k) and there exists a 
Weyl element w E Gi (k) such that we have 

(12) n^%= ^n^^Hj^^ 

We also have the following elimination property 

(13) im(n^^n^) cim(n^). 

In addition, for every Weyl element w E G\ (k) we have the following inversion property 

(14) n^"'nj,= ^Uy^~'Ux^. 

Proof: Property (14) can be checked easily using the root decomposition of with respect 
to Ti^fe. Property (13) is trivial. To prove the property (12) we need few preliminaries. 

Let Wo e Gi{k) be a Weyl element such that '^°Bi^k is the opposite B°^^ of Bi^k 
with respect to Ti^/,. Let H^-i^^^ be the projector of on "'o ^n^; along ^p^. We have 
= '^°n^-i j^^^ ^0 ^ . The Bruhat decomposition for Gi^k allows us to write w^^h = b^wgy, 
where 6^ e B°^ki^)^ ^ <^i(^) a Weyl element, and Qy e Qyik) (see [Bo, Ch. V, §21]). 

For q; e let Ga,a,k be the Ga subgroup of Gi^k that is normalized by Ti^fc and 
whose Lie algebra is (of. [DG, Vol. Ill, Exp. XXII, Thm. 1.1]). We write b^, = 

Cxbxh^x \ where c^ e Ti{k), where b'^x'' = H __ dx,a with dx,a e Ga,a,k{^)^ 

and where b^x^ = J] dx,a with dx,a e Ga,a,fc(^) (cf- [DG, Vol. Ill, Exp. 

XXII, Prop. 5.6.1]). The element b^^ G i?°^^(/c) is also a /c-valued point of the unipotent 
radical of Let bi^'^ := c^di^'^ G B^J{k) Q^k). We have b^ = b^Pb^x^ As 

K^k ^ and Ker(n^-i^^)) = ^o"'p^ = Lie("'o"'P^), the elements 6^, b^ , and 6^^^ 

normalize Ker(n„-i(^)). Thus n„-i(^) = ''^''n„-i(a;)- For Ux G "^o'n^ we have 

(15) ''-^^ {ux) ^Ux + Vx, where •^a; e ^Px- 

To check (15) we can assume that Ux G and fei^-* G Ga,f32,k{k), where /?i G $ and 

/32 e s^ch that C ^0 ^tia; and ^ "° ^^k- To check (15) we can also assume 

that is a finite field. It is well known that we have (for instance, see [Va5, proof of Prop. 
3.6]) 

(16) " {Ux)-Ux G ©seN,/3i+s/32e$i 0/3i+s/32- 

As we have ®seN,/3i+s^2e*i 0/3i+s/32 - """'px^ property (15) follows from the property 
(16). 
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As hx normalizes Ker(n^-i(^^^) and due to the property (15), we have an identity 



n -1, /-'^ =n -1, Thus 

{x) (x) 



We write qy = lyVy, where ry is a A;- valued point of the unipotent radical of Qy and 
where ly is a A;- valued point of the Levi subgroup Py fl Qy of Qy. As this last unipotent 
radical is commutative (of. Subsection 3.4.19), Ty fixes Uy = Im(ny) and thus we have 
'^yUy = 'ally = Uy . Using the above formulas for Ila;, H^-i^^^ and '^^Hy, we get that 

y Wq (x) y Wq (x) y (x) y 

(x) y Wq (x) y X y • 

Thus we can take w := wqw, h := wob^^WQ^ , and 1 = ly. This proves the property (12). □ 
3.5.2. Theorem. We assume that X ^ and that £ — {a;, y} has two elements. Then 

di-mk{Tlx{^xiy)) < dimfe(n^ n n,^). 



Thus, if h is a Weyl element, then the dimension diuikijixi^ ny)) is maximal if and only 

y^Px 



if the dimension dimfe('^p ^ p^,) is maximal (i.e., if and only if the intersection ^py fl p 



contains the Lie algebra of a Borel subgroup of G\^k)- 
Proof: We can assume that /i is a Weyl element, cf. property (12). We have 

di-mk{Tlx{^xiy)) = dimfe(%) - dimfc(% n p^,) = dimfe(nj^) - dimfc(p3,) + dimfe(''pj^ n p^.). 

We denote also by h the image of h in the Weyl group Wx of G\^k of automorphisms of 
either $i or Ti^k defined by Weyl elements of Gi{k). 

In this paragraph we check that if ''p^ flp^. contains the Lie algebra of a Borel subgroup 
of then dimfc(''py npj.) = dimfc(pynp3.). To check this we can assume that Lie(i?i^fc) C 
''pj^np^ and thus that Bi^k ^ ^'Py^'P^ (cf. Proposition 2.3.3). From the property 2.3.1 (b) 
we get that ^Py = Py and thus we have ^py = py as well as dimfe('^py flpg.) = dimfc(pj^np2,). 

Based on the last two paragraphs, to end the proof of the Theorem it suffices to 
check: (i) that dimfc('^ny fl rix) < dimfe(ny fl rix), and (ii) that if we have an equality 
dimfe(^ny fl Hx) = dimjt(ny Hxix), then we can write h = hih2 with hi as /i2 as Weyl 
elements of Gi{k) that normalize p^, and p^ (respectively), and therefore '^py np^. contains 
the Lie algebra of a Borel subgroup of Gi^k- 

Below, if either hi or /i2 is the identity element, then we will not mention it. One 
checks that a suitable Weyl element hi (resp. h2) normalize p^. (resp. pj^) by an easy and 
direct verification that it normalizes n^; (resp. fij^). We consider three Cases. 
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Case 1: X — A^. We can assume that 1 < y < a; < cf. property (14). We use the 

notations of [Bou2, plate I] for $i; thus {ei, . . . is the standard R-basis for R^"*"^ 

and = {si — ej\l < i, j < I + l,i ^ j}. For rj E S C £), the subset of $i of roots of 
relative to Ti^k is {sj — £i |1 < ^ < ?7 < J < ^ + !}• We denote also by h the permutation 
of S{1,£+ 1) such that for all i,j e S{1,£+ 1) with i ^ j we have '^Qei-ej = 0?i(ei)-/i(ej)- 
Let ny^x{h) '■= £ S{1,£+ l)^|z < y < j and < a; < We have an equality 

dimfcC^Uy nna;) = riy^^ih). But ny^^{h) = p, where y := |{z G S'(l, < x}\ G <S'(0,?/) 

and where x := |{j G + l,£+l)\x < h{j)}\ G 5'(0,£ + 1 - x). 

Thus ny^x{h) < y{i + 1 — x) = dimfc(ny fl n^). The equalities Uy^xih) = y{£ +1 — x) = 
dimfe(ny n n^;) hold if and only if h{S{l,y)) C S{l,x). If h{S{l,y)) C 5(1, x), then let 

be a permutation of S{1,£+ 1) that normalizes 5(1, x) and that takes /i(5'(l, y)) onto 
5(1,?/); if /i2 := h^^h, then /j,2 as its own turn normalizes 5(1, j/) and thus every Weyl 
element that defines h2 (resp. hi), normalizes py (resp. pa;). 

Case 2: X = Di and £ = {£ — 1,£}. We use the notations of [Bou2, plate IV] for $i; 
thus {£i, . . . , Si} is the standard R-basis for R^. We have: 

- the subset o/$i of roots o/n^_i relative toTi^k is {—ei+ei\l < i < £}U{— e^ — £j|l < 
i < j < £} and the subset of $i of roots of ni relative to Ti ^ is {—Si — Sj\l < i < j < £}. 

We can assume that (x, y) = (£— 1,£), cf. property (14). lfh(e£) = then^Uyflna; C 
fly nfij;. Moreover, if h{ei) = e^, then we have ^riy fl ria; = fl Ua; if and only if h normalizes 
{si, . . . , S£-i}; this implies that /ii := h normalizes both and py. Thus we can assume 
that h{ei) ^ eg. 

For the last part of Case 2 we will write dimfc('*ny fl Ua;) = + (^2, where (resp. 
d'l) is the number of vectors —Ei — £j, 1 < * < J < ^, mapped by h to vectors of the form 
—Si + ee, 1 < i < £ (resp. of the form —Si — £j, 1 < i < j < £)■ 

If we have h(ei) = — e^, then dim/-('*nj/ fl n^;) = s + where 

S:=\{ie 5(1, £ - l)|/i(£i) G {£1, . . . , . 

If s = £ - 1, then {-Ei} = {/i(£i), . . . , /i(q)} H {-£i, . . . , -e^. Thus h ^ Wd^ (cf. the 
structure of Wd^ as a semidirect product; see [Bou2, plate IV]) and therefore the equality 
s = £ — 1 leads to a contradiction. Thus we have s < £ — 2. U s = £ — 2 let h2 E Gi{k) he 
a Weyl element whose image in Wd^ is the transposition (£^£jg), where zq G 5(1, £ — 1) is 
the unique number such that we have h{Ei^) G {— £i, . . . , — £^_i}; we have h^Ei^) = — £iQ. 
Thus /i2 (resp. hi := /i/i^^) normalizes py (resp. p^). 

If we have h{Ee) G {— £i, . . . , — £^_i}, then dimfc(^ny fl rij;) = s + where again 

s := \{i G 5(1, £- l)|/i(£i) G {£i,...,££_i}}|. As /i(-£^) G {£i, . . . , £^_i}, we have s < 
£ — 2. If s = £ — 2, then /ii := h normalizes p^.. 

If we have h{Ei) — Ej, with j G 5(1, £ — I), then dimfc('*ny fl tia;) = s + where 
s := |{z G 5(1, £ — l)\h{ei) G {si, ■ ■ ■ ■ ■ ■ ^^^-i}}!- Thus again we have s < £ — 2. 

li s = £ — 2, then h2 := h normalizes {si, . . . , Ei} and therefore also p^. 

Thus this Case 2 follows from the relations dimfe(nj/ n Ha;) = = _ 2) + 

(^-3)(^-2) . „ . {s-l)a 
2 ^ * -r 2 • 
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Case 3: X = and either £ = {!,£- 1} or £ = {!,£}. We have: 

- the subset of $i of roots of xii relative to Ti jt is {— £i ± £j|2 < j < £}. 

We can assume that y = 1, cf. property (14). It suffices to consider the case when 
£ = {1,£ — 1}; thus X = £ — 1. If h{ei) G {— £i, —£2, • ■ ■ , —££-!,££}, then '"nifln^-i = and 
we are done. We now assume that h{ei) e {ei, £2, • • • 5 ^e-ii —^e}- We have dimfc( '^ni fl 
n^_i) = £ — 1 = dimfc(ni fl n^-i). Let hi e Gi(/c) be a Weyl element whose image in Wd^ 
is the element {eih{ei)); it is either the identity or a transposition. If /i2 := h^^h, then 
h2{si) — Si- Thus /i2 (resp. hi) normalizes (resp. p£_i). 

We conclude that in all three Cases, sentences (i) and (ii) of the beginning paragraph 
of the proof of the Theorem are true. □ 

3.5.3. Proof of (9) for X = Eq and \£\ = 2. Wc consider the case when X = Eq 
and the set £ = {x,y} has two elements. We have {x,y} = {1,6}. The structure of the 
Weyl group Weq is not given in [Bou2, plate V], though [Bou2, Ch. VI, §4.12 or Ch. VI, 
Exes, for §4, Exc. 2)] gives some information on it. One can check using computers that 
Theorem 3.5.2 also holds for X = Eq. We will prove inequality (9) using a new approach. 

We can assume that W:^{g) and therefore that W{S){<^,^) 0. Thus we have 
PQ{g(p)k n Gi^k ^ '^1(9)1 cf. Subsection 3.4.14. From Lemma 3.4.17 we get that by 
replacing g(p with gig^pgi^, where gi e P{W{k)), we can assume that Bi^k ^ 'S'^(^). 
Let Ti{g) be a maximal torus of Bi k H PQ{g(p)k- Let Bi{g) be a Borel subgroup of 

PG^9V)k n Gi^k that contains Ti{g). As PQ{g(p)k r\Gi^k ^ Si{g), there exists an element 
h^ (g) E Si{g){k) such that under inner conjugation it takes Bi{g) to Bi k and Ti{g) 
to Ti fc. We consider an additive function Zi{g) '■ ^1 ^ Q that has the following three 
properties (cf. Remark 2.5.2): 

(a) its image is the set of Newton polygon slopes of 9¥^)'j 

(b) if a e $1, then we have 5i (£?)(«) > if and only if 5^ C Ue{^'^ ^3\P^{g(fi)knGi,k)) 

(thus, if a e $1, then from the relations Bi^k ^ ^ ^^\PGi9^)k n Gi,fc) ^ ^^^{9) we get 
thatai(^)(«) > 0); 

(c) if $i((5) is the subset of $1 formed by those roots a for which we have an inclusion 
■g^j C Wi{g) ®w{k) then we have Zi{9){oi) — 5 for all a e $i(5) (the subset ^i{5) is 
well defined as W^{g) ®vK(fc) ^ is a Ti^^-module) 

Strictly speaking in order to get Zi{g) we would have to: (i) lift Ti{g) to a maximal 
torus Ti{g) of ((/(/?) fl Gi , (ii) choose a maximal torus T{g) of PQ{gip) whose intersection 
with Gi is Ti{g), and (iii) get an additive function Z{g) as in the proof of Lemma 2.5.1 but 
in the context of {9[^],g(p) and of T{g)B(k) ^ PGi9^)B{k)- Then ^i{g) is obtained from 

^{g) via inner conjugation through an element h'^ {g) G G(W{k)) that lifts h^{g) and that 
satisfies the identity hf{g)T{g)hf{g)~^ = T and via a natural restriction to the direct 

factor $1 of Uje/$j. Property (c) is implied by the fact that h^(g) e S^(g)(k) normalizes 

W^i9) <^wik) k. 
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If Zi{g){oir)i) > 0, then from (b) we get that Zi{g){oi) < for every root a e such 
that 0Q, C n,,! (i.e., such that % Pm)', from this and the property (b) we get an inclusion 

Lie(^ (s)(P+(^^)^nG'i,fc)) C p^^ = Lie(P^J and therefore (cf. Proposition 2.3.3) we have 

We first assume that ^ ^^\PQ{g(f)k n Gi,fc) is not a subgroup of Pr,^ = Pfc fl 
Therefore we have Zi{g){oir,i) = 0, cf. previous paragraph. Thus we have 

(17) ($i(5)-a^Jn$iC$i(5). 

The first basic property of $i(5) is that each root in $i(5) is a linear combination of 
q;i,...,q;6 with non-negative integers such that the coefficient of is 1, cf. property 
(c) and Lemma 3.4.15. From this and the inclusion (17) we get the second basic property 
of $i(5): we have ($i((^) — a^J fl $i = 0. These two basic properties imply that $i(5) 
has at most 6 elements. More precisely, by assuming to fix the ideas that r]i — 1 and 
by using [Bou, plate V], from these two basic properties of $i(5) we get the inclusion 
^ {cii, tti + a2 + 2q;3 + 2a4 + a^} U {ao + ai + ■ ■ ■ + ctelcio £ Uq}, where the set 
Uq :— {as + a4, + a4 + a^, a^, + 2a4 + as, 0^2 + cts + 2a4 + a^} has four roots. 

As dimfc(ninn6) = 8, to prove the inequality (9) we can assume that rky[/(^i.^{W^ (g)) = 
rkw(k)iW^{g)) > 8. Therefore ^ (5)(p+(^(^)^ n Gi,fc) must be a sub group of = PkCi 
Gi^k, cf. previous paragraph. Thus we have Ti^k ^ Bi^k ^ ^ ^^H^g (d^^i^ ^ ^i,k) ^ Pm- 
In addition, we have '^'^ ^^H^i (g) ^w{k) k) = W^{g) ®w{k) k Q u^i (cf. Lemma 3.4.15 
and the relation (g) G Si{g){k)). 

Let h~ (g) G d (k) be such that ^~ {Pq {g(f)knGi,k) is the opposite of ^^'^s) (p+(^^)^n 

Gi,k) with respect to Ti ,t, cf. Subsection 2.7.1. As (P^ (^fc^)^ fl Gi,^) ^ Pt]^ we have 

^^\Pq {g(p)k n Gi^k) ^ Qrii- of this paragraph we check that we have 

an inclusion ^ ^^\Wi{g) 0w{k) k) C n^,!. We consider four pairs: (P^^,u^J, (Q^^,n^i), 

C^^(9)(P+(g^),nGi,k)X^'HW+{g)®wik)k)).s.nd {^^ ^^\Pg i9V^)knGi,k).^~ ^<^\W,- {g)®wik) 
k)). The first two pairs are opposite with respect to Ti ^ and (cf. Lemma 3.4.18) the last 

two pairs are quasi-opposite. Thus, as ^ ^9\PQ{g'^)kP\Gi^k) and ^ ^3\Pq {g(f) kCiGi^k) are 

opposite with respect to Ti^k, we get that ^ *-^-*(^i"(fi') ^w(k) k) and ^ ^^\W^{g) ®w{k) k) 
are opposite with respect to Ti jt (cf. the very definition of quasi-opposition) . As 

^ (fi')(VF+((7) k) C u^^, via the opposition with respect to Ti^^ we get that 

'^~^'\W^{g) ®w{k) k)Cn^^. 

For simpUcity, let hi :— h {g)~^ G Gi{k). We have PQ{g^p)k n Gi^k ^ ^^Qr^i and 
^1 {9) ®w{k) k C ^^vir^i- Working with an arbitrary element i E Ii such that we have 
(^1, Vi) — (1; 6) and due to the circular aspect of either property 3.4.2 (a) or sequence (11), a 
similar argument shows that there exists /12 G Gi{k) such that Pq {g(f)k^Gi^k ^'^^ Qe 
Wr{g)®w{k)k C = h^ne. Thus Pa{g(p)kr)Gi,k ^ ^Qin'^^Qg and Wr{g)®wik)k C 
'^ifii n '^^riQ. Let /is G Gi{k) be such that ^^{^"-Qi n '^^Qg) contains a Borel subgroup of 
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(5i n Qg. From the property 2.3A. (b) we get that ^^^^Q-^^ = and that ''^''^Qq = Qq. 
Thus h^hi G Qi{k) and hsh2 G Q^^k). But we can replace hi (resp. /i2) by an arbitrary 
element of hiQi{k) (resp. of h2QQ{k)). Thus we can assume that hi = h2 = h^^ and 
therefore we have ^^Uin'^^ne = '"^(uinue). Thus rkw{k){Wi {g)) < dim/, (^^ (ui fine)) = 8. 
Therefore the inequality (9) holds if A" = and = 2. □ 

For a later use we mention that if rkvK(fe)(W^i~(fl')) = 8, then we have an identity 
Wiig) ®w{k) k = ^i(ni nue). 

3.5.4. Proof of (9). We now prove inequality (9) in three Steps. 

Step 1. If £^ = {x}, then inequality (9) holds as rkiy(^k)iW^ (g)) — ik^^j^-^iW^ [g)) < 
rk\Y(k)i'^x) = ^^w{k){^x) (cf. Lemma 3.4.15 for the inequality part). 

Step 2. We assume that £ — {x,y} has two elements. If A" = Eq, then the inequality 
(9) holds (cf. end of Subsection 3.5.3). Let now X ^ Eq. Each sequence (11) that 
"computes" Wi{g) <Siw{k) k has a subsequence n^; '^Hj^ with h G Gi{k). Therefore we 
have rk|^(jt)(W^r(fi')) < dimyt(nx('^tty)) < dimfc(na; 0%) (cf. Theorem 3.5.2 for the last 
inequality). Thus inequality (9) holds. 

Step 3. We assume that \£\ > 3. Using repeatedly properties (12), (13), and (14), we 
get that there exists a sequence (11) that "computes" {g) ®w{k) k and that has a 
subsequence: 

- of the form '^x\s\ ^^x^ if we are in the case (a) and xi and x\£\ are as in Subsection 
3.4.8, or 

- of the form Yi^ ^Ii(^-i ^lii if we are in the case (d) and £ = {1,£ — 1,1}. 

In the case (a), as in Step 2 we argue that Yk\Y{^k)iWi {g)) ^ diiiifc(na;|£| '^^xi) ^ 
dimfc(nx|£| H Ua; J = dimfc(n^g^n2;); thus the inequality (9) holds. 

We now assume we are in the case (d) with £ — {1,£ — 1,^}- We check that 

(18) dimfe(Im(n^ '^Ui_i f'Ui)) <£-2 = dimfe(ri n f^_i n n) 

and that if equality holds in (18), then pg fl ^p^_i H '^pi contains the Lie algebra of a 
Borel subgroup of Gi,fe. We can assume that h G Gi{k) is the identity element, cf. Case 
3 of Theorem 3.5.2. We can also assume that /j. is a Weyl element (the proof of this is 
the same as the proof of property (12), the role of the projector 11^ being replaced by 
the one of the new projector H^-iIIi). Thus Im(n£ '^II^-i '^IIi) = fl '*(n^-i fl ni). We 
use the notations of Cases 2 and 3 of Theorem 3.5.2. If h{ei) G {— ei, . . . , — then 
xii n '^(n^-i n ni) = 0. If h{ei) G [si, . . . , then dimfc(n^ fl ^(n^-i fl Ui)) is the number 
s of elements of the set {— £2, • • • , — £^-1, sent by the element of Wd^ defined by h 
to the set {—£1, . . . , — Q-i, As in the Case 2 of the proof of Theorem 3.5.2, the 

structure of implies that s < £ — 2. Therefore (18) holds. Thus rkpy(/j)(W^]~(^)) < 

dimfc(Im(n^ '*n^_i '^Hi)) < dimfe(ri Hfi-i Hfe). Therefore the inequality (9) holds. 

To check the part on the Lie algebra of a Borel subgroup of we can assume that 
the equality holds in (18) and thus that ^(ei) G {ei, . . . and s = £ — 2. If h{ei) = ei, 
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then h normalizes p^. If h{ei) = Eg with s e S{1^£ — 1), then as s = £ — 2 there exists a 
number sq G S{1,£) such that h{ee) = — ^s,,- Let /i2 G Gi{k) be a Weyl element such that 
we have h2{ef) = — and /i2(^i) = for all z G £ — 1) \ {sq}. Then hi := /i/t^"*^ (rcsp. 
/i2) normalizes (resp. ne-i +ni and therefore also p^_i flpi). Thus, if the equality holds 
in (18), then p^ fl ^(p£_i H p^) contains a Borel Lie subalgebra of Lie{Gi^k)- 

This ends the proofs of inequalities (18) and (9). It also ends the proof of the property 
3.3 (a). □ 

3.6. Formulas for group normalizers 

See Lemma 3.4.15 and Corollary 3.4.16 for the meanings of W^{g), P^{g)^ and S^{g). 
In Subsection 3.6.1 we recall some known facts that are needed in Theorem 3.6.2 to prove 
a key result on S~^{g). See Corollaries 3.6.3 and 3.6.4 for two applications of Theorem 
3.6.2 that describe the intersections pQi^p) H Gi and -Pq (v') H Gi and that present as well 
a variant of Theorem 3.6.2. Let the sets £ and £ be as in Subsection 3.4.8. 

3.6.1. Chevalley rule. Let ct,/? G $i with a ^ -/3. If a + /3 ^ $i let Qa+p ■= and 
0^^^ := 0. We have (cf. Chevalley rule of [DC, Vol. Ill, Exp. XXIII, Cor. 6.5]): 

(a) We always have inclusions [0a,0/3] ^ 9a+f3 and [0q,,0^] C g^,^^. These inclusions 
are identities ii a + (3 G $i and if a and (3 generate an A2 root subsystem of $1. Moreover 
we always have an identity [0a[^], 0/3[^]] = 0a+/3[^]- 

In what follows we will apply the property (a) in the following concrete context: 

(b) If 1^1 > 2, then X G {Ae\e > 2} U {Di\i > 4} U {Eq} and thus aU roots of $1 have 
equal length. Thus, if a, a + /3 G $1, then a and /3 generate an A2 root subsystem of 
$1 and therefore (cf. property (a)) we have identities [0a,0/3] = Qa+p and [0^,0/3] = Qa+p- 

(c) Let Si and S2 be two i?(/c)-vector subspaces of 0[^] that are opposite with respect 
to TB{k)- It is easy to see that the last part of the property (a) implies that = if 
and only if [S2,S2] = 0. 

3.6.2. Theorem. We assume that (5) holds, that G is split, adjoint, that I = 5'(1, n), and 
that r = (1 • • -n). We also assume that I(M, gip, G) — I(M, G). Then there exists an 
element h G (k) such that we have W^{g) <Siw{k) k =^ (n^^^Ua;). Moreover the reduced 

scheme Si (g) of the normalizer (g) k ofW^{g)^\Y(k)k inGi^k, is the parabolic subgroup 

Proof: We check that if Si (g) = ^(n^^^P^), then h G P^,{k). The group ''{n^^gPx) 
contains a Borel subgroup of P-qn cf. Lemma 3.4.17. Let h G Pni{k) be such that 
Bi,k ^ '^^n^egPx). JVVe have n^^f^^ = '^H^xes^-)^ cf. property 2.3.1 (b). Thus 
hh G (n^^^Pa;)(/c) ^ Prf^ik). Therefore h G Pni{k). Thus, once we show the existence 
of /i, to check the last statement of the Theorem (on S~^[g)) we can assume that h is the 

1 It is not difficult to check that Pi{g)k is '^(n^g^Pa;), except when p=2 and X = Bi. 
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identity element. As I(M, g(p^ G) = I(M, cp, G), we have rk^t^^/,) {W^ (g)) = rk|y(/j) (l^xef^a;) 
(cf. Subsections 3.4.12 and 3.4.13). Thus we also have rkiy(fc)(W{*"(^)) = Tk^f^j^^^n^^^Ux) , 
cf. Subsection 3.4.14. We consider four Cases. 

Case 1: S = {x}. Thus iji = x. We have rkw(^k-j{W^ (g)) — rkvi/(fc)(Ua;). Therefore 
Wi{g) <^w{k) k = (cf. Lemma 3.4.15) and thus the element h exists and we have 
Px ^ Si{g) ^ P^{g)k- We have S^{g){k) = Px{k), cf. Lemma 2.3.4 applied over k. 
Thus st{g) = Px. 

Case 2: £ = {x,y}. We have rk^(;,)(W^j^(^)) = rkvK(A;)(Uy nUa). There exists an element 

h e Gi{k) such that W^{g) ®vK(fc) k is included in a Gi(fc)-conjugate of '^riy (Irix (see 
beginning of Subsection 3.5). If X ^ Eq, then by reasons of ranks we can assume that 
Wi (g) ®w{k) k is '^nyHnx and that h is a, Weyl element such that '^py flp^ contains the Lie 
algebra of a Borel subgroup of Gi^k (cf. Theorem 3.5.2). Up to Pa;(A;) -conjugation we can 
assume that this Borcl subgroup is Bi^k and thus we have '^py = py (cf. property 2.3.1 (b) 
and Proposition 2.3.3); as h is a Wcyl element, we also get that '^nyHnx = nyHnx- Thus we 
have W^{g) ®vK(fe) k — {rix H n^) for some element h~ G Gi{k). This last property also 
holds for X = Eq, cf. end of Subsection 3.5.3. The pairs {PQ{g(f)k n Gi,fc, W^{g) ®w{k) 
k) and {PQ{g(p)k n Gi^k-,W^ (g) ®w{k) k) are quasi-opposite, cf. Lemma 3.4.18. The 
pairs {Py n Px,Uy fl Ua;) and {Qy fl Qxi^y ^ fia;) are opposite with respect to Ti^^. As 
W^{g) <Siw{k) k = ^ (rix n%), there exists an element h := h'^ E G\{k) such that we have 
W^{g) ®w{k) k =^ (u^ nuy) (cf. Subsection 2.3.8 (h)). 

We are left to show that the reduced normalizer Px^y of Ux flUy in Gi^fc is Px^Py To 
fix the ideas, we can assume that x < y. As Px and Py normalize Ux and Uy (respectively), 
we have Px H Py ^ Px,y Thus Px,y is a parabolic subgroup of Gi,a;. Prom the structure 
of parabolic subgroups of G^^-j^ (see [Bo, Ch. IV, Prop. 14.22 (ii)]), we get that the only 

parabolic subgroups of Gi jt that contain Px H Py are Px H P^, P^, Py: and Gi^k- 

We show that the assumption Px,y 7^ Px H Py leads to a contradiction. This as- 
sumption implies that lAe^Px^y) contains either Lie(Pa;) or Lie(Py) and thus it contains 
Q-ao: where ckq G {ax, ay}. If X = and £ = {£ - !,£}, let ax,y = + ae-i + Oif, 
otherwise, let ax,y ■= Yll=x'^'s- have Q^^ y ^ "^x HUy. Let /3 := ax,y — ao E 
We have Qp ^ Ux Ci Uy. From the property 3.6.1 (b) we get that [q^^ ^,g_^^^] = Qp. The 
last two sentences imply that Lie{Px,y) does not normalize Ua; HUy. Contradiction. Thus 
P = "p n P 

x,y X ' ' -'■ y 

Case 3: |^| > 3 and X = Ai. This Case follows from Case 2, cf. Step 3 of Subsection 
3.5.4. 

Case 4: |£^| = 3 and X = Dg. Based on Step 3 of Subsection 3.5.4, as in Case 2 we argue 
that W^{g) 0w{k) k is '^(ui fl u^-i fl u^), where h G Gi{k). We are left to show that the 
reduced normalizer Pi^£-i/ of Ui fl u^_i fl in Gi^k is Pi H Pi-i fl P^. As in Case 2 we 
argue that Pi fl Pe-i n P^ ^ -Pi,^-i,^ and thus that Pi,^-i,^ is one of the following eight 
parabolic subgroups of Gi^- Pi nPf-i nP^, Pi nP^_i, Pi nP^, P^_i dPe, Pi, P^-i, Pe, 
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and We show that the assumption Pi,e-i,e 7^ Pi nP^-i nP^ leads to a contradiction. 
This assumption imphes that Lie(Pi^£_i^^) contains either Lie(Pi H Pg-i) or Lie(Pi fl Pg) 
or Lie(P^_i fl Pg). Thus Lie(Pi,^_i,^) contains g_Q,,p where ao G {ai, a^-i, a^}. Let 

C(i,e-i,i := Y^i=i as- As P := - cto e and as Qp % Ui nu^_i fl u^, as in Case 2 

we reach a contradiction. Thus Pi^^_i^£ = Pi fl P^-i n P^. □ 

We now hst two Corollaries of Theorem 3.6.2. 

3.6.3. Corollary. We assume that (5) holds, that G is split, adjoint, that I = S{l,n), 
and that T = (1 • • - n). We have 

P+{^) n Gi = n^^esPx and P+{^) n d = n^^^P^. 

Thus the nilpotent classes ofUQ{(p) and Uq{(p) are \£\ and \£\ (respectively). Moreover 

PJ(^)nG'i = n^gfQ^ and PJ(^) n Gi = n^^^Q^ 

and the nilpotent classes ofUQ{ip) and Uq{lp) are \S\ and \S\ (respectively). 

Proof: We will check here only the + part, as the — part will implicitly follow from the 
+ part via oppositions with respect to Ti and T. From (7) we get the following identity 
Lie{P^{(p)nGi) = n^cespx- Thus Lie{P^{ip)nGi) = LieiDxesPx)- Therefore the identity 
Pq{<p) n Gi = r\x££Px follows from Lemma 2.3.6. 

From Theorem 3.6.2 applied with g = 1m and h = 1m /pM-, we get that the special 
fibres of Pq{<p) n Gi and n^g^Pj coincide. As these two parabolic subgroup schemes of 
Gi contain Ti, they coincide (cf. Subsection 2.3.8 (c)). 

For the part on nilpotent classes, it is enough (cf. property 3.4.2 (a)) to compute the 
nilpotent classes of the Lie algebras of the unipotent radicals and Ug of the intersections 
n^esPx and n^^gPj; (respectively). But Lie{U£) (resp. Lie(C/^)) is the direct sum of those 
Qa that correspond to roots a e that contain at least one of the roots ax with x E £ 
(resp. with a; e ^) in their expressions. Thus the nilpotent class of Lie{U£) (resp. of 
Lie{Ug)) is \E\ (resp. as one can easily check based on the property 3.6.1 (a). □ 

3.6.4. Corollary. We assume that (5) holds, that G is split, adjoint, that I = 
S{l,n), and that T = (l---n). Then for each elem,ent i E I the reduced normalizer of 
{W{-5){Q,^p)®w{k) /c) n Lie(Gi,fe) mGi^h is PQ{^p)kr\Gi^k■ 
Proof: We have {W{—5){q, if) ®w{k) k) fl Lie(Gi^A;) = n^ef ttx. Thus by interchanging in 
the proof of Theorem 3.6.2 the roles of positive and negative Newton polygon slopes, we 
get that the reduced normalizer of (VF(— 5)(0, ®w(k) k) fl Lie(G'i,fc) in Gi^k is HxesQx- 
From this and the expression of Pq{^) H Gi in Corollary 3.6.3, we get that the Corollary 
holds for z = 1. Let a^p be as in the second paragraph of Section 3.5. As ct^ normalizes 
both W{—5){g,(p) ®w(k) k and (cf. end of Subsection 3.4.2) Lie{PQ {(p) k) , the normalizer 
of {W(-S)(q, (f) 0w{k) k) n Lie(Gi,fc) in Gi^k is a'-^{PQ{(p)k n Gi^kP^-'. We know that 
o'^~"'^(Pq (<^)fe nGi^fc)^^"* and Pq {<p)k(^Gi^k have equal Lie algebras (cf. last paragraph of 
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Subsection 3.4.2) and thus from Proposition 2.3.3 we get that cr^ ^{Pq i'P)k * = 

pQ{(p)k n Gi^k- The Corollary follows from the last two sentences. □ 

3.7. The proof of the property 3.3 (b) 

We come back to Section 3.3. Thus the reductive group scheme G is quasi-split but 
it is not necessarily split or adjoint. Moreover, the permutation F does not necessarily act 
transitively on /. The proof of the property 3.3 (b) requires first a Theorem. 

3.7.1. Theorem. We recall that (5) holds. Let g e PQ{(f)(W{k)). We write g = ur, 
where u e tjQ{(f){W{k)) and r e Uq{(p){W {k)) . Then the following six properties hold: 

(a) The triples {M, (p, Lq{lp)) and {M,r(p, LQ{ip)) are Shimura p- divisible objects. 

(b) The group scheme Uq{lp) is a closed subgroup scheme of UQ{g(p). 

(c) There exists an element u e lJQ{(p){W{k)) such that we have ug(pu~^ = r(f. 

(d) WehaveP+{g^)^P+{ip). 

(e) We have I(M, gip, G) = I(M, if, G) . 

(f) The triple (M, gip, G) is Sh-ordinary if and only if (M, np, Lq{(p)) is Sh-ordinary. 

Proof: As (/? normalizes Lie{PQ{ip)B{k)) and t, it also normalizes Lie(L^((/?))[i]. Therefore 
(a) is implied by the fact that the Hodge cocharacter /j, : — > G of (M, G) factors 
through T and thus also through Lq{(p). 

To prove (b), (d), and (e) we can assume that G is split, adjoint, that / = S{l,n), 
and that T = (l---n). As Uq{ip) is a unipotent, smooth group scheme, there exist a 
non-negative integer v and a unique ideal filtration 

= io Cii C ... Ci„ =Lie(C/^((^)) 

of Lie{UQ {(fi)) such that by induction on j G S{0,v — 1) we have that the ideal ij+i of is 
maximal with the properties that it is normalized by Uq{(p), that it contains ij, and that 
moreover Uq{(p) acts trivially on i^+i/ij. As i„ is normalized by Pq{ip) and left invariant 
by (f>, this ideal filtration is also normalized by Pq{lp) and left invariant by Thus this 
filtration is also left invariant by gLp. To check (b) it suffices to show that i„ C Lie(?7^((7(/?)), 
cf. Lemma 2.3.6. But we have i„ C Lie(t/Q ((/f^)) if and only if all Newton polygon 
slopes of (i^,gK/?) are positive, cf. formula for Lie(t/^((7(/7)) in Subsection 2.6.2. As for 
j e 5(0, V — 1), the natural actions of g(p and r(p on coincide, to check (b) we can 

assume that g = r e LQ{(p){W{k)) (and accordingly we can forget about the mentioned 
ideal filtration). As g = r e ((/?)( VF(A;)), it normalizes W{—5){g,(p) = W-s{Qt^) 
(cf. Subsection 2.6.6). Thus ^rvE' is a cr-linear automorphism of W{—6){Q,<f). Therefore 
W{-5){Q,gip) = W{0){Q,g'^) 3 W{0){q,'^) = W{-5){Q,ip) and thus from the property 
3.3 (a) we get by reasons of ranks that in fact 

W{-6){Q,g<p) = W{0){Q,g^) = W{0){q,^) = W{-6){Q,<f). 

Thus 1{M, gip.G) = I(M, (/?, G), cf. Subsection 3.4.12. We consider a split maximal torus 
ToB{k) of -^£0 c \{g'P)B{k) (as g = r, this group makes sense due to (a)). As we have 
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W{-S){Q,g(p) = W{-6){q,(p), we get (via formula (3b) applied with (i), HB(k),TB{k)) = 
iQ[^],GBik),ToB{k)) and with e (^}) that we also have W^(5)(0, 5r(^)[^] = W{S){Q,(fi)[^] 

Thus WiS){Q,gif) = Wi5){Q,if) and therefore P+igip) = P+{^). Thus U^{g^) = U+{^) 
is a closed subgroup scheme of the unipotent radical UQ{gip) (resp. ((/?)) of the parabolic 
subgroup scheme P^" (resp. P^^ ((/?)) of G contained in PQ{gip) = Pq{lp)^ cf. Proposi- 
tion 2.3.3 applied over B{k). Thus (b) holds; moreover, (d) and (e) also hold if g = r. 

We check that (c) holds without any additional assumption on either G or g. Let 
ui := u. For s e N we inductively define (cf. Lemma 2.4.6) 

Us+i := {r<fi)us{r(fi)-^ e G{B{k)). 

We have Uq{<p) ^ Uq{(p) ^ P^ (¥') ^ P (see Subsection 3.4.3 for the last inclusion). 

We check by induction on s e N that we have Ua e U^((p)(W(k)) ^ P{W(k)) ^ L. 
The case s = 1 is obvious and the passage from s — 1 > ltos>2 goes as follows. 
As Uq{lp) is a closed subgroup scheme of P and as Lie(C/Q ((/?)) [^] is normalized by r(fi 

, from Subsection 2.4.7 applied with np instead of (/? we get that ripUQ{(p)B{k){fv)~'^ = 
UG{^)B{k)- Thus, as Us-i G U^{<f){B{k)) we have Us G U^{<f){B{k)) ^ P{B{k)). But as 
Us-i e L, we have e G{W{k)) (cf. Fact 3.L6). Thus Us G U^{ip){W{k)) ^ P{W{k)) ^ 
L. This ends the induction. 

All Newton polygon slopes of (Lie([/^ (</?)), r(/?) are positive, cf. proof of (b). Thus 
the sequence (us)seN converges to 1m in the p-adic topology of UQ{ip){W{k)). Therefore 
the element u := (HseN '"s)""'^ ^ UQ{(p){W{k)) is well defined. We compute 

(19) ug(fu~^ {rip)~^ = • • ■ u^^ u^^ u^^ u{rip)uiU2U^ ■ ■ ■ {r(p)~^ 

XXI 1 X XXX 

= • • - tt^ U2 u{rip)u\{rip)~ {rip)u2{rip)~ {r(p)u3 •■■ = •■ ■u'^ tt^ U1U2U3 ■ • ■ = 1m- 

Thus (c) holds. To check (d) and (e), we can assume that g — r (cf. (c)) and this case was 
already checked above. Therefore (d) and (e) also hold. 

To prove (f) we can assume that g = r (cf. (c)) and that k = k (cf. Fact 3.2.1 
(a)). In this paragraph we check the "only if" part; thus {M,r(p,G) is Sh-ordinary. As 
Uq{(P) is a Levi subgroup scheme of Pq{(p) (see end of Subsection 3.2.3), it is the cen- 
tralizer of Z''^(Lq((/?)) in G (see Subsection 2.3.13). As T ^ Lq{lp) (see end of Subsection 
3.2.3), we also have Z^{L'l^{<f)) ^ T. Thus (/? normalizes Lie(Z°(L^(<y?))) and therefore 
all Newton polygon slopes of (Lie(Z°(L^((^))), r(^) are 0. Thus every Hodge cocharacter 
of {M,r(fi,G) that fixes all endomorphisms of {M,rcp,G), commutes with Z°(Lq (</?)) and 
therefore it is also a Hodge cocharacter of (M, np, Lq{ip)). Let (P^ (-^))ieS(o,6) be the Sh- 
canonical lift of {M,r<p,G). Each endomorphism of {M,r(p,G) is also an endomorphism 
of (M, (P^(M))j£5(a r(/?, G) (cf. either Subsection 1.3.7 or Subsection 3.1.8) and thus 
it is fixed by the inverse of the canonical split cocharacter of (M, {F^{M))i^s{a,b):fV^) (cf- 
the functorial aspects of [Wi, p. 513]). Thus this last Hodge cocharacter is also a Hodge 
cocharacter of (M, r(p, Lq{ip)). Thus (M, {F^{M))i^s{a,b)iT^^, LPq{^)) is a Shimura filtered 
p-divisible object. As P^g s{r(f) ^ Pq (r<^) and as P^(r</7) normalizes {F^{M))i^s{a,b)i we 
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get that (M, {F^{M))i^s{a,b),r(fi, L%{(f)) is an Sh-canonical lift. Therefore {M,r(f,L%{(f)) 
is Sh-ordinary. 

In this paragraph we check the "if" part; thus (M, r*/?, (</?)) is Sh-ordinary. Let 
(F;(M))ieS(a,6) be the Sh-canonical lift of (M, rv?, L^lv?))- Let /q G L n L%{ip){W{k)) 
be such that we have {F^{M))i^s{a,b) = (^o(-^*(-^)))i6S(a,6)5 cf. Corollary 3.1.4 applied 
to (M, r(/7, L^((/7)). As Uq{lp) is a subgroup scheme of P normalized by /q, it normalizes 
(F^(M))jg5(-„ 5). The group scheme P(J(r(/?) is contained in Pq(lp) (cf. (d)) and contains 
U+{^) (cf. (b)). Thus P^{r^) is generated by U(^{^) and by = L^cif) ^ 

P+(r(/p); therefore P+{rif) normalizes (F;(M)),eS(a,b)- Thus {M, {F^{M)),^s{a,b).rif,G) 
is an Sh-canonical lift. Therefore (M, ri/?, G) is Sh-ordinary. Thus (f) holds. □ 

3.7.2. End of the proof of 3.3 (b). To check the "if part of the property 3.3 (b) 
we can assume that g e L'^{(p){W{k)) and thus we have I(M,g(p,G) = I(M,^,G), cf. 
Theorem 3.7.1 (e). 

We check the "only if part of the property 3.3 (b). Let g e G{W{k)) be such that 
we have I(M, G) = I(M, g(f, G). In this paragraph we assume that G is split, adjoint, 
that / = S{l,n), and that F ~ (1 ■ • - n) and we use the notations of Section 3.4. From 
Theorem 3.6.2 (applied after shifting from the element 1 G /i to an arbitrary element of 
Ii) and from Corollary 3.6.3, we get that there exists an element gi G P{k) such that for 
all numbers z G /i we have 'gi~^{P^{g(p)k H Gi^k)'gT = -Pg (¥')fc H Prom the property 
3.4.2 (c) we get that for all numbers z G /, the groups pQ^gtpjk H Gi^k and i^" ((/?)/£ H Gi^k 
are Gi(/c)-conjugate. If i G I \ Ii, then Gi{k) ^ P{k). From the last three sentences we 
get that we can assume that the element 'gi G P{k) is such that for all numbers z G / we 
have g]:~^{PGi9<f)k n Gi^k)gT = (¥')fc n Gi^k- Therefore gT~^PGi9^)kgT = (v)fc- 

The formation of Pq{*) group schemes behaves well with respect to passages to adjoint 
group schemes (see Subsection 2.4.5), to extensions to a finite field extension ki of k, and 
to cyclic decompositions of F. Thus 'gi exists after extension to a suitable ki and therefore 
it always exists (cf. property 2.3.1 (c)) regardless of what G and F are. Let gi & hhe such 
that it lifts 'gT and we have gi^{PQ {gip))gi = P^{ip), cf. Subsection 2.3.8 (e). We write 
gi^g^gi = rip, where r G G{W{k)) (cf. Fact 3.1.6). As (p and np normalize Lie(P(i"((/?))[i], 
r also normalizes Lie(PQ ((/?)) [i]. Thus r normalizes P(^((/?), cf. Lemma 2.3.6; therefore we 
have r G P^{^){W{k)). Up to an inner isomorphism (i.e., up to a replacement of gi with 
giui, where ui G C/^(VF(/c)) ^ L) we can assume that r G Lq((/7)(VF(/c)), cf. Theorem 
3.7.1 (c). Thus g(p = ginpg^^. This ends the proof of the property 3.3 (b). 

3.8. End of the proofs of Theorems 1.4.1 and 1.4.2 

In Subsections 3.8.1 to 3.8.4 we deal with the different implications required to prove 
Theorems 1.4.1 and 1.4.2. Until Subsection 3.8.5 we will work in the context in which G 
is quasi-split, T, and B are as in Subsection 3.2.2, and (5) holds. 

3.8.1. Proof of 1.4.1 (a) ^ 1.4.1 (c). We show that 1.4.1 (a) ^ 1.4.1 (c). 
Let g G G{W{k)) be such that {M,g(p,G) is Sh-ordinary. We have to check that 
I{M, g(p,G) = I{M,(p,G), cf. property 3.3 (a). For this we can assume that G is 
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split, adjoint, that / = S{l,n), that F = (l---n), and (see Subsection 2.4.5) that 
M = Q. We can also assume that [M, {F^[M))i^s(^a,b)i 9fiG) is an Sh-canonical lift. 
Therefore P^{gip) < P. Thus we can choose B in Subsection 3.2.3 to be included in 
PQ^gLp). As Lp and g^p leave invariant Lie(i?) and Lie(P^(5r(^)) (respectively), we have 
g^{Ue{BB{k)) = Lie(^Si3(fc)^-i) C Ue{P^{g^)B{k))- Thus gBB{k)g~^ ^ ^G(^¥')B(fc) 
(of. Lemma 2.3.6) and therefore gBg~^ ^ PQ{g(p). The parabolic subgroups PQ{g<p)B{k) 
and g~^PQ{g^)B{k)9 of Gs^k) contain B^Qt) and therefore (cf. property 2.3.1 (b)) they 
coincide. Thus PQ{g(p) = gPQ{g(p)g~^ and therefore g e P(i"((7(/?)(M^(/c)). Thus the New- 
ton polygons of {M,g(f) and (M, </?) coincide, cf. Lemma 3.3.1. Therefore I{M, g(f,G) = 
I(M, G), cf. Subsection 3.4.13 and the identity M = g. Thus 1.4.1 (a) =^ 1.4.1 (c). □ 

3.8.2. Proof of 1.4.1 (6) 1.4.1 (a), part I: a specialization argument. In this 
and the next Subsection we will prove by induction on dim(Gfe) that 1.4.1 (6) 1.4.1 (a). 
This equivalence holds if dim(Gfc) = 1, cf. Subsection 3.3.2. Let d e N. We assume that 
1.4.1 (6) ^ 1.4.1 (a) provided dim(Gfe) < d. We show that 1.4.1 (b) ^ 1.4.1 (a) even if 
dim(Gfc) = d. Let ¥?(-a) := (p'^'Im)^ : M ^ M. The pair {M,ip{-a)) is an F-crystal. 

The estimates of [Ka2, 1.4.3 or 1.5] imply that there exists a positive integer s that 
depends only on a, 6, and dM and such that for all elements h G G{W{k)) the Newton 
polygon of (M, hip{—a)) is uniquely determined by the Hodge polygons of (M, (/i(/?(— a))*)'s, 
with i e 5'(1, s). Let m := s{h — a + 1) G N. From the property 1.3.2 (a) we get that 
p^^" M C hip{—a){M). This implies that for each number i e S{l,s), the Hodge polygon 
of (M, {h(f{—a)y) depends only on h modulo p"^. To prove that 1.4.1 (b) 1.4.1 (a) we 
can make extensions to an arbitrary perfect field ki that contains k, cf. Fact 3.2.1 (a) 
and the fact that (M, (p, G) is Sh-ordinary. Thus until Subsection 3.8.4 we can assume 
that k = k and that there exists an element gi e G{W{k)) with the property that the 
Newton polygon 91 of (M, giip) is not strictly above any other Newton polygon of the 
form (M ®w{k) W{k),g^.{(p cr^)), where A; is a perfect field that contains k and where 
g~, e G{WCk)). 

Let Y be an open, affine subscheme of G through which gi factors and such that there 
exists an etale morphism ey '■ Y ^ A^™^^'"'* between affine VF( A;) -schemes. We write 
Yk = Spec(5'). As Gk is a reductive group, S is an integral fc-algebra. The existence of ey 
implies that there exists a morphism hy : Spec{Wm{S^^^^)) ^w^(fc) of VFrn (^)-schemes 
that lifts the canonical morphism Spec(S'P*"^^) — > Spec(S') of fc-schemes and such that there 
exists a Teichmiiller lift Tg^-rn '■ Spec(VFm.(A:)) Spec(VF^(S'P'^''^)) whose composite with 
hy is gi modulo p"^. We identify hy e y(VF'^(5P^=^0) ^ G{Wm{SP'''^)) with a Wm{SP^'^)- 
linear automorphism of M ®w{k) WmiS"^^^^). Let 

€y,m := (M ^w{k) W"„(-5P^''^), hyicfi-a) ® $5P-f )), 

where we denote also by ipi—a) $5porf its reduction modulo p"^. We denote by Tg^-m : 
Spec{Wm{k)) — > Spec{Wm{S^'^'^^)) every Teichmiiller lift with the property that hy oTg^-m 
is the reduction modulo p"^ of an (a priori given) element g2 G Y{W{k)) C G{W{k)). 

The Newton and Hodge polygons go up under specializations. From this and the above 
part referring to [Ka2] , we get that there exists an open, Zariski dense subscheme Yj^ of the 
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integral scheme Yfe such that a TeichmiiUer hft Tg^.^ '■ ^P^(^{Wm{k)) Spec{Wm{S'^^'^^)) 
Ufts a /c-valucd point of 5'^'^'^^ that maps (resp. that does not map) to Yi^(k) if and only if 
the Newton polygon of (M, (729?) is (resp. is strictly above D^); to be compared with [Ka2, 
2.3.1 and 2.3.2] (loc. cit. is stated in terms of F-crystals but its proof does not use the 
existence of suitable integrable, nilpotent modulo p connections). Thus for an arbitrary 
element g e G{W{k)), we can choose gi and Y such that we have g e Y{W{k)) and 
moreover g is not congruent to gi modulo p. Based on the Chinese Remainder Theorem 
and on the existence of ey, we can also choose hy such that the TeichmiiUer lift Tg-^ : 
Spec{Wm{k)) — > Spec{Wm{S^'^^'^)) does make sense. As Y^ is an integral scheme, Yj^ 
specializes to g modulo p and thus the Newton polygon of (M, g(p) is above 9T. 

Let Go be a factor of G^^ such that the simple factors of Lie(Go,B(fe)) ^^re permuted 
transitively by (p. The restriction to Lie(Go,B(fc)) of the trace form on EndB(fe)(M[^]) is 
non-dcgcncratc, cf. [Boul, Ch. I, §6, Prop. 1]. Thus we can speak about the perpendicular 
Lie(G'o,B(fc))"'" of Lie(Go,B(A:)) in End^^fc) (M[^]) with respect to this trace form. Repeating 
the specialization process of the previous two paragraphs, we get that we can assume there 
exists giQ G G{W{k)) (resp. gr^ G G{W{k))) such that for each element g G G{W{k)) the 
Newton polygon of (Lie(Go,B(fe))) ^¥') (resp. of (Lie{Go^B{k))'^ ■, 9V)) is above the Newton 
polygon of {Uc{Go^B(k)),9io<p) (resp. of {Uc{Go,B(k))-^ , 9w^))- Wc can assume that gi, 
gio, and g^Q modulo p define distinct /c- valued points of Y (cf. the Zariski density in Gk 
of Y^ and of its analogues obtained working with gio and g^Q instead of with gi). We can 
choose hy (cf. Chinese Remainder Theorem) such that the TeichmiiUer lifts Tg-^^-rn and 
T ± are also well defined. This implies that we can choose our gi G G{W{k)) such that 

the Newton polygon of {Ue{Go,B{k)), 9i<fi) (resp. of {Ue{Go,B{k))^,9i<p)) is the Newton 
polygon of (Ue(Go^B{k)),9io^) (resp. of (Lie(G'o,B(fe))^, ^i-o<^))- 

3.8.3. Proof of 1.4.1 (6) <^ 1.4.1 (a), part II: end of the argument. Let now 

g G G{W{k)) be such that the Newton polygon of (M.gip) is D^T. Thus the New- 
ton polygons of {End\Y(k){M), g(p) and {End\y(^k){M), gi^p) coincide. But the New- 
ton polygon of {End\Y{k)iM)[^], gip) is formed by "putting together" the Newton poly- 
gons of (Lie(Go,B(fe))5 fi'V^) arid (Lie(Go,B(fe))"'") 5"^)- Based on this and the last para- 
graph of Subsection 3.8.2, we conclude that the Newton polygons of (Lie(Go,B(fc)); fi'i¥') 
and {Lie{GQ^B{k))'^j 9if) coincide with the Newton polygons of (Lie(Go,B(fe)); fl'y') and 
(Lie{Go^B(k))~^ 1 9'P) (respectively). Thus the Newton polygon of (Lie{GQ^B(k))i 9'P) is be- 
low the Newton polygon of (Lic(Go._B(/t)), f)- Thus from Fact 3.4.11 and Subsection 3.4.13 
we get that l{Lie{Go), ip, Gq) < l{Lie{Go), gp, Gq). As Gq is an arbitrary factor of G^"^ 
with the property that the simple factors of Lie(Go,B(fe)) are permuted transitively by p, 
(from the very definition of FSHW invariants) we get that I(M, G) < 1{M, gip,G). 
From this and the property 3.3 (a) we get that I(M, (p, G) = I{M,g(p, G). Thus up to an 
inner isomorphism we can assume that g G L^Q{(p){(p){W{k)), cf. property 3.3 (b). Let 
ri G L^((/7)(VF(/c)). The Newton polygon of {M.rip) is above the Newton polygon 91 of 
(M, gip). We check that we have a strict inequality dim(L^((/?)fe) < d. To check this we can 
assume that the hypotheses of Corollary 3.6.3 hold and in this case the strict inequality 
dim(L^((^)fc) < d is a consequence of the fact (see Corollary 3.6.3) that Pq{<p) 7^ G. By 
our induction on dim(G/,) we get that {M,gp, Lq{(p)) is Sh-ordinary and that the Newton 
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polygon or of (M, g(p, L%{(f)) is the Newton polygon of (M, (p, L^{(p)). Thus (M, gip, G) is 
Sh-ordinary (cf. Theorem 3.7.1 (f)) and the Newton polygon of (M, G) is 01. 

Let now g e be such that (M, 5f(/9, G) is Sh-ordinary. We show that the New- 

ton polygon of (M, gip) is 01. Not to introduce extra notations, (up to inner isomorphisms) 
we can assume that {F^{M))i^s{a,b) is also the Sh-canonical lift of {M, gip,G). Thus we 
have PQ^gif) ^ P and we recall (cf. Subsection 3.2.3) that 5 is a Borel subgroup scheme 
of P. Let g2 e P{W{k)) be such that we have B ^ g2^PGi9^)92, cf. Subsection 2.3.8 (d). 
By replacing gip with g2^9V92 we can assume that g2 = 1m- Let B2 be the Borel subgroup 
scheme of PQ^gtp) whose Lie algebra contains g(fi{lAe[B)) (to be compared with Subsection 
3.2.3). Let h2 e PQ{g(fi){W{k)) be such that we have /i2-B2/i2 ^ = B. We get that h2g(p 
leaves invariant Lie(S). Thus 62 := h2g G G{W{k)) normalizes Lie(i?)[^] and therefore 
(cf. Lemma 2.3.6) it also normalizes Bs^k): thus we have 62 G B{W{k)) ^ Pq {ip){W{k)). 
We have P^(62<^) = Pg{9'P)i cf. Lemma 3.3.1. Similarly, as -Pq((^) ^ P (see sentence 
before Subsection 3.4.4) and as 62 e P^(<^)(VF(A;)), we have P^(62</7) = (v?). Therefore 
Pq{9^P) = -Pg ('Z')- using this, as for 62 we argue that g e P^{<f){W{k)) ^ P^{(f){W{k)). 
Even more, up to an inner isomorphism defined by an element of U~^{(f){W{k)) we can 
assume that g G L%{(f){W{k)) (cf. Theorem 3.7.1 (b) and (c)). Thus (M, ^v?, L^((/?)) is 
Sh-ordinary, cf. Theorem 3.7.1 (f). As dim(Lg((/?)fc) < d (see previous paragraph), by in- 
duction we get that the Newton polygon of (M, g(p) is the same as of (M, (p) and therefore 
it is or, cf. the end of the previous paragraph. 

We conclude that 1.4.1 (a) 44> 1.4.1 (b) if G quasi-split. □ 

3.8.4. Proof of Theorem 1.4.2. We check that if -Pft (v?) = (v')' ^^^^ l-^-l (c) =^ 
1.4.1 (a)^ Let G G{W{k)) be such that we have I{M,(p,G) = l{M,g(f,G). Let fifi G L 
and r G L^(^)(W^(A;)) ^ P;t{ip){W{k)) = P^(^)(M^(A;)) be as in the property 3.3 (b); thus 
gif = giripg^^. As ^fi G L , {gi{F'{M)))i^s{a,h) is a lift of {M,gip,G) (cf. Lemma 3.1.2). 
We have P^{np) = P^{(p), cf. Lemma 3.3.1. Thus P^{g^) = giP^{^)g^^ ^ 9iP9i^- 
Therefore {gi{F'{M)))i^s{a,h) is an Sh-canonical lift of {M,g^,G). Thus {M,gip,G) is 
Sh-ordinary. Therefore 1.4.1 (c) =^1.4.1 (a). 

In this and the next paragraph we check that if Pq{<p) 7^ (</?), then the statement 
1.4.1 (c) does not imply the statement 1.4.1 (a). As Poiv) Pg('P)i -^oif) i^ ^ 
subgroup scheme of ^^(99). Thus not all Newton polygon slopes of (Lie(L^ (</?)), (/?) are 
non-negative and therefore Uq{ip) is not a subgroup scheme of P. Thus P H ^^(v?) ^ 
L^((/7) and moreover L^((/7) is not a torus (i.e., it is not T). As P fl L^j{f) 7^ L^^Lp), 
we can assume that P fl L^{ip) n Gi 7^ L'ci.f) ^ Gi. For every direct factor L^((y9)o of 
L^(<^)*'^ such that permutes transitively the simple factors of Lie(LQ((^)o)[^], we have 

I(Lie(L^(v7)o), L^((y5)o) > (cf. Subsection 3.2.2 as weU as Subsections 3.4.12 and 3.4.13 

applied to (Liej^L^((/?)o), P^(v9)o))- Let w G Lq((/7)(VF(/c)) be such that it normalizes 
T and w{B fl L^{(p))w~^ is the opposite of P fl L^^ip) with respect to T, cf. property 
2.3.8 (d). We check that the fa,ct that P Q L%{ip) ^ L%{ip) implies that {M,wip,L%{ip)) 
is not Sh-ordinary. We choose Lq((/?)o such that it contains a simple factor of Uq^lp)^'^ in 
which ji has a non-trivial image. It is easy to see that the choices of w and Uq{(p)q imply 
that I(Lie(LQ((^)o), iu<^, Lq((^)o) = 0. Not to introduce extra notations, we will detail here 
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the analogue of this last equality for the context of (M, w^p^ G) itself; thus wBw~^ is the 
opposite of B with respect to T. We can assume that G is split, adjoint, that / = 5'(1, n), 
that r = (1 ■ ■ ■ n), and (to fix notations) that n has a non-trivial image in [Gi □^^(99)0)]'^'^. 
The choice of w implies that that we have C pgi + bi, cf. formulas (6a) and 

(6b) and the equality {w'^)'^ — p'^^{w(f)'^ (see Subsection 3.4.13; see also Subsection 3.4.3 
for our standard notations). Thus {w^)'^^^{gi) C pg2 and this implies {w^)'^'^{q) C pg. 
Therefore I(M, wip, G) = 0. 

As l{Ue{L%{^)o),wp,l%{^)Q) = 0^< I(Lie(L^((/7)o), L^((/7)o) and as 1.4.1 (a) ^ 
1.4.1 (c), the triple {lAe{L^{(p)Q)^w(fi,L^{{p)Q) is not Sh-ordinary; therefore the triple 
(Lie(L^((/?)'''^), w</?, L^((/p)'''^) is also not Sh-ordinary. Thus (M, L^((/p)) is not Sh- 
ordinary, cf. Corollary 3.1.5. Therefore {M,w(f,G) is not Sh-ordinary (cf. Theorem 3.7.1 
(f)) but we have I{M,wip,G) = I{M,ip,G) (cf. Theorem 3.7.1 (e)). Thus 1.4.1 (c) does 
not imply 1.4.1 (a) if P+{<f) ^ P+{<fi). 

To end the proof of Theorem 1.4.2 we only have to show that we have Pq{(p) = Pg{'-p) 
if and only if for each element i E I such that the simple factors of G- are 

PGL^_i_i group schemes with £ > 3 and for every element ho G G{W{k)) such that 
(M ®vK(fc) W{k), ho{ip '^k)^ '^w(k)^ Sh-ordinary, the image of the unipotent radical 
of P^ _ (ho(ip (J-r)) in G ^Jr(-j-^ is of nilpotent class at most 2. To prove this equivalence 

we can assume that G is split, adjoint (cf. Corollary 3.1.5), that / = S{l,n), and that 
r = (l---n). 

We first check the "if part. Thus we first assume that the long statement on an at 
most 2 nilpotent class holds. By taking ho = 1m, from the nilpotent class part of Corollary 
3.6.3 we get that in the ) (of Subsection 3.4.6) we have \S\ < 2. Thus for all cases (of 

Subsection 3.4.6) we have S = S. Therefore P^{ip)nGi = P+{ip)nGi, cf. Corollary 3.6.3. 
Thus Pq{^) = Pq{^p), cf. property 3.4.2 (b) (applied with g = 1m)- To check the "only 
if part we can assume that k = k. We assume that Pq{'p) — Pq{(p). Let ho E G{W{k)) 
be such that (M, ho^p, G) is Sh-ordinary. Based on the implication 1.4.1 (a) =^ 1.4.1 (c) 
and on the property 3.3 (a), we have I{M,ho(p,G) = I{M,(p,G). Thus up to an inner 
isomorphism we can assume that ho e P^{Lp){W{k)) = P^{ip){W{k)), cf. property 3.3 
(b). Therefore P^{ho(p) — Pq{(p) — PQ{ip) (cf. Lemma 3.3.1 for the first equality) and 
thus the long statement on an at most 2 nilpotent class follows from Corollary 3.6.3 and 
the definitions of E and £ in Subsection 3.4.8. This ends the proof of Theorem 1.4.2. □ 

3.8.5. The non quasi-split case. We know that Theorem 1.4.1 holds if G is quasi-split, 
cf. Subsections 3.8.1 and 3.8.3. We now show that Theorem 1.4.1 holds even if G is not 
quasi-split. Thus Gk is not quasi-split (cf. Subsection 2.3.8 (a)) and therefore the field k 
is infinite (cf. [Bo, Ch. V, Prop. 16.6]). Let ki be a Galois extension of k such that Gk^ 
is split. As Theorem 1.4.1 holds in the context of (M ®vK(fc) ^^(^i), h{ip ® cTfci), (jvK(fci))'s 
with h e G{W{ki)), to prove Theorem 1.4.1 we only have to show that there exists an 
element g e G{W{k)) such that (M, gip, G) is Sh-ordinary. As in Subsection 3.8.2, we 
check this by induction on dlm^^Gj^). 

The case dim.{Gk) = 1 is trivial (cf. Subsection 3.3.2) and the inductive step goes as 
follows. As the perfect field k is infinite, the set G{k) is Zariski dense in (cf. [Bo, Ch. V, 
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Cor. 18.3]). Thus there exists an element gi E G{W{k)) that maps to a fc-valued point of 
the open, Zariski dense subscheme Z of G^^ introduced in Fact 3.2.1 (b). Therefore for each 
element §2 e G{W{ki)) we have I{M ^w{k) W{ki), g2{^ ® akj, Gw{k-,)) < ^M,gnp,G), 
cf. Fact 3.2.1 (b). An L-conjugate of jj, factors through a Levi subgroup scheme L^{gi) of 
cf. Lemma 3.1.11. In the remaining part of this paragraph we will check that 
every such Levi subgroup scheme L^{gi)' of PQ{gi^p) is L fl (5ri<^)(l^(A;))-conjugate 
to L°(^i). The argument for this goes as follows. We can assume jik factors through 
both L^{gi)k and L^{gi)'i^. Let Ct be the centralizer of /ik in Gk- Thus Ck is a reduc- 
tive subgroup (cf. Subsection 2.3.13) of Pk- Moreover the intersections L^{gi)k H Ck 
and L^(5fi)Jj n Ck are Levi subgroups of the parabolic subgroup P^((/?)fc fl Ck of Ck- 
Therefore these two intersections are (P^(v?)fc n Cfc)(/c)-conjugate, cf. [Bo, Ch. V, Prop. 
20.5]. Thus, as (Pq (v?)^ fl Ck){k) ^ P{k), we can assume that L^{gi)k and L^igiYk 
have a common maximal torus. Therefore we have L^{g\)k = L^{gi)'ki cf- the unique- 
ness part of Subsection 2.3.8 (c). As in Subsection 2.3.8 (d) we argue that a suitable 
¥,.ei{PQ {giip)(W {k)) — > ((7i(/?)(/c))-conjugate of a maximal torus of LP{gi) is a maximal 
torus oii^igi)'. Thus a suitable Ker(P+(^i^)(M/(/c)) ^ P^(t/i(^)(/c))-conjugate oiL^{gi) 
is L^{gi)\ cf. Subsection 2.3.8 (c). 

Not to introduce extra notations, we will assume that n itself factors through L^[gi). 
This implies that the intersection giip{ljie{L^ {gi))[^]) nLie(PQ ((/iv?)) is the Lie algebra of 

a Levi subgroup scheme of PQ{gi(f) which (cf. Subsection 2.3.8 (f)) is JjQ{gi(f){W{k))- 
conjugate to L^{gi). Thus there exists an element u e UQ{gi(p){W{k)) such that ugi(p 
normalizes Lie(L°(^i))[^]. Therefore (M, ugi(p, L^{gi)) is a Shimura p-divisible object. We 

have dim(L°(fifi)fc) < dim(G;5) (as otherwise statements 3.2.2 (a) to (d) would hold). By 
induction we know that we can choose u such that (M, ugiLp, L^{gi)) is Sh-ordinary (here 
we might have to replace u by a L^(gfi)(VF(/c))-conjugate of it and to replace gi by a right 
-^°(fi'i)(^(^))-translate of it). Let g := ugi. We claim that (M, g(f, G) is Sh-ordinary. 

After extensions to ki (cf. Fact 3.2.1 (a)) and up to inner isomorphisms, to check 
this claim we can assume that (5) holds, that (cf. property 3.3 (a) and the choice of ^ri) 
I(M, V?, G) = I{M,gi(f, G), and (cf. property 3.3 (b) and Theorem 3.7.1 (d)) that P^{(fi) = 
PQ{gi(p). From the last equality and the above part on L n PQ"((7i(/?)(VF(/c))-conjugation, 
we get that up to inner isomorphisms we can also assume that Pq((/') = L^idi)- Thus the 
fact that (M, gip, G) is Sh-ordinary follows from Theorem 3.7.1 (f). This ends the proof of 
Theorem 1.4.1. 

3.9. On Hasse— Witt invariants 

We consider the case when a = 0. We refer to the multiplicity of the Newton polygon 
slope of {M,g(p) as the Hasse-Witt invariant HW{M,g(f) of (M.gip). 

In many cases the fact that (M, g(f, G) is Sh-ordinary or not depends only on the 
value of HW{M, g(p) e N U {0} (we emphasize that for this, one often might have to 
perform first a shift as in Subsection 1.3.4). For instance, this applies if 6 = 1 (resp. 
if 6 = 2) and we have a direct sum decomposition M = ©jg/M^, where Mj is a free 
W^(A;)-module of rank 2£ (resp. 2£ + 1), such that Mj[i]'s are permuted transitively by (p 
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and G = n^gj GSp(Mj, i/^j) (resp. and G = JJ^^j GSO(Mj, V^^)), where V'i is a perfect 
alternating (resp. perfect symmetric) bilinear form on Mj. 

If 6 = 2 we do not know if the reduction modulo p of (f can be used to define some 
type of truncation modulo p of (M, G) which could substitute the FSHW map of 
{M, gip, G). This, the fact that (i) and (ii) below exclude about half of the cases covered 
by Theorem 1.4.2 (i.e., of the cases when 1.4.1 (a) <^ 1.4.1 (c)), and the need of full 
generality and of entirely intrinsic and practical methods, arc the main reasons why in this 
monograph we always work (mainly) in an adjoint context. To reach a context in which we 
can use HW{Mj g(fi) to decide if (M, g^p, G) is Sh-ordinary or not, we often have to pass 
first to an adjoint context and then to "lift" the things to contexts modeled on the two 
examples of the previous paragraph; thus it seems that it is more practical to avoid these 
"lifts" . With the notations of Subsections 3.4.6 and 3.4.8, the adjoint contexts to which 
such "lifts" are possible are divided into two types: 

(i) we are in cases (a), (b), (c), or (d) and we have \£\ = 1; 

(ii) we are in the case (d) and we have £ = {£ — !,£}. 
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4 Abstract theory, II: proofs of Theorems 1.4.3 and 1.4.4 



We recall that we use the notations listed in Section 2.1. In Sections 4.1 and 4.2 we 
prove Theorems 1.4.3 and 1.4.4 (respectively). In Section 4.3 we include five complements. 

4.1. Proof of Theorem 1.4.3 

See Subsection 3.1.8 for the implication 1.4.3 (a) =^ 1.4.3 (6). Obviously 1.4.3 (b) =^ 
1.4.3 (a). Thus 1.4.3 (a) 1.4.3 (b). We now deal with the other implications required to 
prove Theorem 1.4.3. 

4.1.1. Proof of 1.4.3 (6) 1.4.3 (c). We assume that the statement 1.4.3 (6) holds 
and we prove that the statement 1.4.3 (c) holds. For this we can assume that k = k, 
that for all i e S(a,b) we have Fq(M) = F^(M), and that : G is the inverse 

of the canonical split cocharacter of (M, {F'^{M))i^s{a,b)j f)- Thus HB{k) factors through 
Z(LQ{(f) B{k)), cf Subsection 3.1.8. Let a^p and Mz^ be as in Section 2.4. See Example 

2.4.2 for the reductive, closed subgroup scheme Gz^ of GLmz^- each non-negative 

integer m let (y^{ii) be the cocharacter of G that is the cr^-conjugate of Let T^^^ 
be the smallest subtorus of G through which all (t^(|u)'s factor, cf Corollary 3.1.9. We 

have T^^l^ ^ Z\L%{if)Bik)) and the triple (M, <f, T^^)) is a Shimura p-divisible object, cf. 
Corollary 3.1.9. We have a direct sum decomposition M = ©^eQVF(7)(M, </?), cf Lemma 

2.6.3 applied to (M, (p, T^^^). Thus Lq{(p) is a Levi subgroup scheme of Pq{(p), cf Lemma 
2.6.3. As (p normalizes Lie(T(°^), from Lemma 2.4.1 we get the existence of a torus 

j.(0) 

of GLmzp whose extensions to W{k) is T^^\ Obviously T^^ is a torus of Gz^- 

Let q be the smallest positive integer such that : Gm T^'^^ is the extension to 
W{k) of a cocharacter of T^|p Let ko :— Fpq. We get that (j]^{iJi) is the extension 

to W{k) of a cocharacter of T^|^^^ to be denoted also by a1^{n). We have cr^iiJ-) = /i. 

For each pair G S{l,q)x G 5'(a,6), let ^F^ be the maximal free VF(/co)-submodule of 
Mzp ®Zp W{ko) on which acts via the —j power of the identity character of G^. 

For each function / : 5(1, — > S{a, b), let 

Fj:= Pi ^F^W. 

i&S{l,q) 
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Let L be the set of such functions / for which we have F-j ^ 0. As (T^(/i)'s commute, 
we have a direct sum decomposition Mz^, (8)Zp W{kQ) = ®-j^-^Fj. Let S : C^C be the 
bijection defined by the rule S{f){i) := f{i — 1), where /(O) := f{q). We have: 

(20) ^(F;^)=/(0)i.__. 

Let := {/ G = /}. Let S = H^e/-'^^ written as a product of disjoint 

cyclic permutations. Wc allow trivial cyclic permutations i.e., we take the index set I-g to 
contain I^. Each function f G /-^ is said to be associated to S-f. Let /-i- := I—. If 
I G /i, then each function f E C such that we have Si{f) ^ f is said to be associated 

to Si. As 5^ = l^, the order of Si divides q. As cr^(/x) ^ if s G 5(1, g — 1) and as 
cr^ilJ.) — IJ,, we have g = Z. cm. {g^jZ G I-^}. For each element I & 1-^ we pick up an element 
fiEJC associated to Si. We have 

(^^'(Fy^)=pT^(7.)^_^ ^here ^(J^) := /^(l) + 7^(2) + • • • + /^(g). 

Moreover (/j'^' acts on Fj^ as p^^'^^^a'^ does, cf. (20). Let pFj^ := {x G Fjja^'(a:) = x}; 
it is a free W{Fpii )-submodule of F-j^ of the same rank as F-j^ (the rank part follows from 
[Bo, Ch. AG, Sect. 14.2, Prop.] applied over B{¥pn) to -^jj^])- From this and the fact 
that a'^{Fj^) — Fj^, we get that Fj^ = pFj^ ®w{Y^qi) W^(^o)- For I E Ig we choose a 
W{Fp'3i )-basis {£s\s E Ji) for pF-j and we also view it as a W(/co) -basis for F-j . If / G /i-, 
then for each function f E C associated to Si but different from let j G N be the 
smallest number such that we have / = S\fi). We get a VF(A;o)-basis {p'^'^-' {£s)\s G J7;} 

for Fj, where Uj^i :— '^j^i fi{q + l — i). This expression of Uj^i is a consequence of either 
formula (20) or of the following formula 

j j 

m=l m=l 

Let / G and let / be associated to Si. As qi is the order of Si, the function 
9i : Z/qiZ S{a,b) that takes [j] G Z/g^Z to f{j) is not periodic. 

Let Bq = {e^i \ . . . , ^'^^ VF(/co)-basis for Mz^ W{ko) obtained by putting 

together the chosen VF(/co) -bases for Fj, with f E C. We view Bq also as a VF(A;)-basis 
for M. Let tt be the permutation of S{ljdM) such that for each number j G 5(1, c/m) 
we have </'(ej°-') = p'^^e^^^jy where Uj G S{a,b) is such that e^-^-* G F'^i{M). We conclude 
that {M,ip) has the desired cyclic form with respect to Bo- Moreover Im(/i) normalizes 
W^(/e)ef^ for all numbers j G 5(1, c/m)- 

Let iJ,o : Gm G, ttq : 5(1, c^m)— ^5(1, c^m), and {ei,...,ed^} C M be as in the 
statement 1.4.3 (c). We check that /iq = Let T^^^ he the maximal torus of GLm 
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that normahzes W{k)ej for all numbers j e 5(1, cJm)- We have (p{Ue{T^'^)) = Ue{T^'^), 
cf. proof of Lemma 2.8.2. As hq : G^, G factors through T^^^ we have an inclusion 
Im(d;Uo,B(fc)) ^ Lie(Tj^'^^^pnLie(GB(fc)) C lj\e{L%^{ip)B{k))- Thus ^uq factors through L%{ip) 
(cf. end of Subsection 2.3.8 (b)) and therefore it commutes with Z'(Lq((/7)) as well as with 
/X. Thus Ho — jj, (cf. Lemma 3.1.1) and therefore the implication 1.4.3 (6) =^ 1.4.3 (c) 
holds. □ 

4.1.2. Proofs of 1.4.3 (c) ^ 1.4.3 (d) and 1.4.3 {d) ^ 1.4.3 (6). Due to the uniqueness 
parts of statements 1.4.3 (6) and 1.4.3 (d) and due to the existence of descent for lifts (see 
Lemma 3.1.13), to prove the two implications 1.4.3 (c) ^ 1.4.3 (d) and 1.4.3 (d) =^ 1.4.3 (b) 

we can assume that k = k. We first show that the statement 1.4.3 (c) implies the statement 
1.4.3 (d). We use the notations of the statement 1.4.3 (c). Let {FQ{M))iQS{a,b) be the lift of 
(M, (fi, G) defined by /xq. Let tq := (ji • • ■ jq) be a cycle of ttq, where q, ji, . . . , jq e S{1, du)- 
The F-crystal over k 



(M(To),p-» := {®U^W{k)e^^,p--^) 

has only one Newton polygon slope. As {M,p~"'ip) is a direct sum of such F-crystals 
(M(ro),p~"</5), it is a direct sum ©^gQ(M-),,p~°'(/?) as in the statement 1.4.3 {d) with 
:= l^(7)(M,p~"<^). As each W{k)ej is normalized by Im(//o)5 for each element i e 
S'(a, 6) there exists a subset Ji of S{1, du) such that we have Fq{M) = (BjeJiW{k)ej. This 
implies that for each element i e S{a,b) we have Fq{M) = ®j^qFq{M) n My. 

Let now (i^|(iVf ))jg5(^(j be another lift of {M,{p,G) such that for each element 
i e S{a,b) we have F{(M)' = ©^gQFf(M) n M^. Let : ^ G be the (factor- 

ization of the) inverse of the canonical split cocharacter of (M, (F{(M))j£5((j </?), cf. 
Subsection 3.1.7. It normalizes for all 7 e Q, cf. the functorial aspects of [Wi, 
p. 513]. As W^(0)(EndB(fc)(M[^]),(^) = ©^eQEndB(fe)(M^[^]) and as Ue{L%{cp)B(k)) = 
VF(0)(Ends(fc)(M[i]), (p)nQ[^], the image of d/i^^Bik) belongs to Ue{L%{(p)B(k)) and thus 
(cf. end of Subsection 2.3.8 (b)) //i factors through Lq{(p). Also /iq factors through Lq{(p), 
cf. end of Subsection 4.1.1. 

Let L^'^ be the simply connected semisimple group over Qp whose semisimple Lie al- 
gebra over Qp is {x e Lie{LQ{ifi)'^^j^^)\ifi{x) = x}. The adjoint group of -^q^*^ is the identity 
component of the group of Lie automorphisms of {x G Lie(LQ((^)^Yfc)) Iv(^) = This 
implies that L^b^^) simply connected semisimple group cover of L^{ip)'^J^^y Thus we 

can speak about the image Im(LQ^'^(Qp) — * L^((/?)B(fc)(-B(/c))). Let h G Im(LQ^'^(Qp) — >• 
Vq{(P) B{k){B{k))) n L; we have h^p = (ph. The Zariski closure of such /I's in L^G{^)'B{k) 
is L^((/7)^Yfc) itself. Due to the uniqueness of we have hnQh~^ = no- Thus Ho,B{k) 
is a cocharacter of VQ{ip)B{k) that commutes with LQ{(p)'^^j^y Therefore Ho^B{k) factors 
through Z°(Lq((/7)s(/j)). Thus Hq and are two cocharacters of L^[ip) that commute 
and therefore (cf. Lemma 3.1.1) they coincide. Thus for each number i G S{a, b) we have 
Fq{M) = F|(M). This proves the existence (cf. first paragraph of Subsection 4.1.2) and 
the uniqueness (cf. this paragraph) of a lift {Fl{M))i^s{a,b) of {M,(p,G) such that for 
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each number i e S{a, h) we have a direct sum decomposition Fl{M) = ®^^ciFl{M) fl M^. 
Therefore 1.4.3 (c) ^ 1.4.3 {d). 

We show that 1.4.3 {d) ^ 1.4.3 {h). As the statement 1.4.3 {d) holds, L^(<^) is a Levi 
subgroup scheme of (cf. Lemma 2.6.3). Let : Gm G he the (factorization 

of the) inverse of the canonical split cocharacter of (M, [Fl[M))i^s{a,b)-, v), cf. Subsection 
3.1.7. As the statement 1.4.3 (d) holds, from its uniqueness part we get that every inner au- 
tomorphism of (M, (p, G) defined by an element h e Im(LQ^'^(Qp) — > L^Q{ip)B{k){B{k)))f\'L 

normalizes {Fl[M))i^s{a,b)- Thus we have hiJ,ih~^ = /Ui. As in the previous paragraph, 
we argue that the identities hfiih~^ = fii imply that fi factors through Z^{Lq{{p)). There- 
fore Vq{(p) centralizes Im(|Ui) and thus it normalizes the filtration (F|^(M))jg5(a 5) of 
M. Therefore {Fl{M))i^s{a,h) is a U-canonical lift. Thus 1.4.3 (d) ^ 1.4.3 (a).' As 
1.4.3 (a) ^ 1.4.3 (6), we get that 1.4.3 {d) 1.4.3 (b). □ 

4.1.3. End of the proof of Theorem 1.4.3. The four statements of Theorem 1.4.3 are 
equivalent, cf. Section 4.1 and Subsections 4.1.1 and 4.1.2. As //q = A*i (cf- Subsection 
4.1.2), for each number i e S{a, b) we have F^{M) = Fi{M). 

We consider the case when k = k and for all numbers j e 5(1, c^m) we have Cj — e"^\ 
Thus TTo = TT. For each cycle Tq = {ji ■ • • jq) of ttq = tt, the function /(tq) : Z/gZ S{a, b) 
that takes [s] G Z/gZ to the number nj^ G S{a, b) of the statement 1.4.3 (c), is not periodic 
(cf. the non-periodicity of the functions ^^'s introduced in Subsection 4.1.1). Thus the triple 
(M(ro), (F^(M)nM(To))ieS(a,6), ^) is circular indecomposable. As (M, {F'{M)),^s{a,b).^) 
is the direct sum of (M(ro), (F*(M) n M(To))ies(o,6), <^)'s, it is cyclic. □ 

We point out that Lemma 2.8.3 implies that this type of direct sum decomposition of 
(M, {F^{M))i(zs(a,b)i^) can not be refined. 

4.1.4. Canonical cocharacters. Let {M, {F'^{M))i^sia,b)T G) be a U-canonical lift. 
As pointed out in Subsection 4.1.1, iv^((/?) is a Levi subgroup scheme of Pq{(p). As the 
natural homomorphism L^^ip) — > Pq{(p)/Uq{(p) is an isomorphism (cf. Lemma 2.3.9), 
Lq{(p) is also a Levi subgroup scheme of Pq {(p). 

We take fu. : G to be the inverse of the canonical split cocharacter of 

(M, (-F*(M))jg5(-a (/?). We refer to such a /U as the canonical cocharacter of (M, G). Its 
generic fibre factors through Z'^{LQ{(p)B(k))j cf. Subsection 3.1.8. Thus n factors through 
Z°(L^ ((/;)). The cocharacter /x^^-^^ : G^ G^vF(fc) /^o • ^™ ^ ^VK(fc) statement 
1.4.3 (c), cf. end of Subsection 4.1.1. 

4.1.5. Automorphisms. Let (M, (/?, G) be a Shimura p-divisible object over k. By 
an automorphism (resp. an inner automorphism) of it we mean an automorphism h : 
(M, (p)^{M, (p) that takes G onto G (resp. that is defined by an element h G G{W{k))). 

If {M,(p,G) is U-ordinary and (F*(M))j£5(a,b) is its U-canonical lift, then each such 
h normalizes {F^{M))i^s{a,b) (cf- the uniqueness part of 1.4.3 (b)). Conversely we have: 

4.1.6. Lemma. We assume that k — k. If there exists a lift {F'^{M))i_^s{a,b) of 
(M, (fi, G) that is normalized by every inner automorphism of (M, (p, G), then the quadruple 
{M,{F'^{M))i^S{a,b)jfjG) is a U-canonical lift. 
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Proof: We take : — > G to be the canonical split cocharacter of the triple 
{M, {F%M))ii^s{a,b),^)- Let L^(£^ be as in Subsection 4.1.2. Each element h of the in- 
tersection lm{L^^{Qp) L^{ip) B{k){B{k))) n L is an inner automorphism of (M, 99, G). 

Thus the lift (F*(M))i£5(„ of (M, G) is normalized by such an h and therefore (due 
to the functorial property of canonical split cocharactcrs) wc have an identity hiJ,h~^ = fj,. 
As in Subsection 4.1.2 we argue that the identities h^h^^ = fi imply that iJ,B{k) fcic- 
tors through Z^{LQ{(f)B(k))- Using this, as in the end of Subsection 4.1.2 we get that 
(M, {F^{M))i^s{a,b), <fi, G) is a U-canonical lift. □ 

4.1.7. Automorphisms as Zp-valued points. We consider the case when k — k and 
(M, v?, G) is U-ordinary. Let fi : ^ G, a^, Mz^, Gz^, T^^\ and T^^ be as in Subsection 
4.1.1. Let fiQ : Gm — > G be as in the statement 1.4.3 (c). We have no — ji, cf. Subsection 
4.1.4. Let Ci^Zp (resp. Go,Zp) be the centralizer of T^^ in GLmzj, (resp. in Gz^)'-, it is a 
reductive group scheme over Zp (cf. Subsection 2.3.13). If /i is an automorphism (resp. 
an inner automorphism) of (M, G), then from the uniqueness property of /Uq in 1-4.3 (c) 
we get that hfioh~^ = hfih~^ = fio = ^. Thus h is fixed by a^p = ffJ^{p) and therefore we 
have h G GLMzp(Zp). As T^'^^ is generated by (t^(/u)'s with m G N U {0}, wc also get 

that h is fixed by T^^\ Thus h is defined by an element of Gi,Zp(Zp) (resp. of Go,Zp(Zp)). 
The converse of this holds as well and therefore Gi^Zp(Zp) (resp. Go,Zp(Zp)) is the group 
of automorphisms (resp. of inner automorphisms) of {M,(p,G). 

As (p fixes each element of Lie(Go,Qp), we have Lie(Go,B(A;)) C Lie{LQ{(p)B(k))- As 
-^B(fc) ^ '^°(-^g('^)-B(A;))) the group LQ{(p)B(k) commutes with 2^4°^) and therefore we have 
Ue{L'^{(f)B{k)) ^ Lie(Go,B(fe)). Thus Ue{L%{(f)B{k)) = Lie(Go,B(A;)). As both groups 
Lo{^)B(k) and Go,B(fc) are connected, we get L^(v7)s(A;) = Go,B(fc) (cf. Lemma 2.3.6). 
Therefore LQ{(fi) = Go^vf(A;) is the centralizer of T^^^ in G. 

4.2. Proofs of Theorem 1.4.4 and Corollary 1.4.5 

Until Subsection 4.2.1 we assume that k — k. To prove Theorem 1.4.4 we can assume 
that {M,{F'{M))i^s{a,b),'^,G) is an Sh-canonical lift. Let n : Gm G, a^, Mz^, Gz^, 

T(0), and T^°) be as in Subsection 4.1.1. We fix a family {ta)aej of tensors of T(Mzp) 
as in Subsection 3.1.7; we think of it as a family of tensors of T(M) fixed by G and 
(p and given to us before considering Mz^,. As Lie{PQ {(p) B{k)) is normalized by /j, and 
(fi, it is also normalized by Uy,. Thus normalizes Lie(P^(<^)) = Lie{PQ {(p) B{k)) ^ g 
and therefore Pq{<p) is the extension to W{k) of a subgroup scheme P^^ of GLmz^) cf. 

Lemma 2.4.1. Obviously P^^ is a parabolic subgroup scheme of Gz^ that contains . 
The centralizer Go,Zp of T^^ in Gz^ is a Levi subgroup of P^^ (over W{k), this follows from 
Subsection 4.1.7). Thus there exists a Borel subgroup scheme Bz^ of P^^ that contains 
T^^ . Let Tzp be a maximal torus of the Borel subgroup scheme Bz^ fl Go,Zp of Go,Zp, cf. 
Subsection 2.3.8 (b); it is a maximal torus of Bz^ that contains Let T := T|y(/j) and 
B := SvK(A;)- The notations match with Subsection 3.2.3 i.e., (p normalizes t := Lie(T) and 
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leaves invariant the Lie subalgebra b := Lie{B) of Lie(P). But the cocharacter : G 
is uniquely determined by its G'(VF(A;))-conjugacy class [//] and by the facts that: (i) it 
factors through T, and (ii) it acts via inner conjugation on b through non-positive powers 
of the identity character of Gm (this makes sense as b C Lie(Lie(PQ (</?))) C Lie(P)). 
Thus, as (fi — aipiJ,{^), the inner isomorphism class of (M, G) is uniquely determined by 
[ji] and by the quintuple 

(22) (Mz,, Gz„ Bz„ Tz,, {ta)aej)- 

Obviously the statement 1.4.4 (a) implies both statements 1.4.1 (a) and 1.4.4 (b). We 
check that 1.4.1 (a) =4> 1.4.4 (a). Let (Mi,Zp, Gi^Zp, -Bi,Zp, 7i,Zp, itc)aej) be the quintuple 
similar to (22) but obtained starting from another Sh-canonical lift (M, (Fj(M))j£5(„ b)? 9fj G) 
and from the canonical cocharacter Hg : Gm G oi {M, g(p, G). As /x is also a Hodge 
cocharacter of {M, g(^,G), we have [//] = [ng] (cf. Lemma 3.1.3). Thus to prove that 
(M, G) and (M, 5r(^, G) are inner isomorphic, it suffices to show there exists an isomor- 
phism 6 : (Mzp, {ta)aej)^{M\,Zp-, {ta)aej) that takes Bz^, onto Si,Zp and takes Tz^ onto 
Ti^Zp- But the pairs iT,B) and (Ti -Bi,iy(fc)) are G(VF(A;))-conjugate (cf. Subsection 
2.3.8 (d)) and thus such an isomorphism & exists after tensorization with W{k) and there- 
fore (cf. a standard application of Artin's approximation theorem) also after tensorization 
with the ring of Witt vectors with coefficients in some finite field kg of characteristic p. 
Therefore the existence of & is measured by a class in H^{Gdl(W {kg) /'Lp),Tz )■ But 
each such class is trivial, cf. Lang theorem of [Se2, Ch. Ill, §2, case 2.3 a)] and the 
fact that Zp is henselian. Thus 6 exists. Therefore 1.4.1 (a) =^ 1.4.4 (a) and thus also 
1.4.1 (a) 1.4.4 (6). 

We check by induction on dim(G/;) that 1.4.4 (6) ^ 1.4.1 (a) (the argument extends 
until Subsection 4.2.1). We can assume that G is adjoint and that the cocharacter : 
Gm, — > G is non-trivial, cf. Corollary 3.1.5 and Subsection 3.3.2. We can also assume 
that / = S{l,n) and F = (1 ■ ■ - n). Let be the closed subgroup scheme of G defined 
before Lemma 3.1.1. We recall that a^{N) is the commutative, connected, unipotent, 
smooth, closed subgroup scheme of G whose Lie algebra is cT<^(Lie(A)) = ^'(Lic(A)), cf. 
Subsections 2.4.7 and 2.5.5. Let g G G{k) be g modulo p. Let h G G{k) be such that we have 
hg^ = jmi. Thus 7i normalizes Ker(l^") = Ker(^^^"). We have Ker('*) = ®i^IJAe{Pk(^Gi^k) 
(see (10a) and see Subsection 3.4.7 for the subset /i of /). Thus for each element i G /i, 
the component of h in Gi^k{k) belongs to {Pk r\Gi^k){k) (cf. Lemma 2.3.4). Thus we have 
h G P{k). By replacing g(p with hg(ph~^, where h G P{W{k)) lifts h, we can assume 
g^ = Thus l{M,g(p,G) = I{M,(f,G) = dim(X), where T := Im((^*)^''"(^'=)) = 

Im(*'^'"'^^'Y If 5 := then we have T = W(-5)(Q,(p) ®w{k) k (cf. Subsections 3.4.12 
and 3.4.13 applied with g — 1m)- Thus the reduced scheme of the normalizer of I in G^ 
is PQ{ip)k, cf. Corollary 3.6.4 (see Subsections 2.6.5 and 2.6.6 for P^{ip), Pq{lp), PQ{g(p), 
and PQ^gifi)). As PQ{g(fi)k also normalizes X, we have PQ{g(f)k ^ PQ{Lp)k- We check that 
the groups PQ{(p)k, PQ{(p)k, PG{gv^)k, and PQ{g(p)k have equal dimensions. Based on the 
ranks part of Subsection 2.7.1, it suffices to show that dim.{PQ {(f) k) = dim.{PQ{g(f)k). To 
check this last equality, up to an inner isomorphism we can assume that g G Pai^p) (cf. 
property 3.3 (b)), and thus the last equality follows from Theorem 3.7.1 (d). 
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By reasons of dimensions we get that PQ{g(p)k = PQ{(p)k- Thus by replacing g(p 
with gig^Qi^, where gi G Ker(G(VF(fc)) — >• G{k)), we can assume that PQ{gip) = Pq{^) 
(cf. Subsection 2.3.8 (e)). We reached the foUowing context: g e and g 

centraUzes Im(\l/). 

In this paragraph wc check that the fact that ^ centraHzes Im(\l/) impHes that we have 
'g G a^{N){k). If i G /i (resp. if i G / \ /i), then the component of g in Gi+i{k) centralizes 
the Lie algebra of a non-trivial and commutative unipotent radical (T^{N)k n Gi+i,fe of a 
parabolic subgroup of Gi+i^k (resp. centralizes Lie(Gi+i,fc)); thus this component belongs 
to {(7^{N)k n Gi+i^k){k) (resp. is the identity element), cf. Lemma 2.3.5 (resp. cf. the 
fact that Gi^i^k is adjoint). Here we identify the indices n + 1 = 1. 

As N and cr^{N) are products of Go group schemes (cf. Subsection 2.5.5 for N), we 
can identify them with the vector group schemes defined by their Lie algebras. Thus, as 
g G a^{N){k), there exists an element x G Lie(Ar) such that under the last identification 
the element g corresponds to the reduction modulo p of '^{x) G Lie(cr<^(A'")); in other words 

we have exp(^'(a;)) := 1m + Z^oi ^ ^(^(^)) ^^'^ reduction modulo p is g (to 

be compared with Subsection 2.5.4). Let gi G Kei{N{W{k)) N{k)) ^ 
be such that under the last identifications we have gi = exp(— pa;) := 1m + X]i>i ^~^]^^ • 
As (fgi^(p~^ = exp(\l/(a;)) G G{W{k)) modulo p is 'g, by replacing gip with gigipg^^, 
we can assume 'g is the identity element. Let Lq{{p) and Uq{ip) be as in Section 2.6. 
We write g — ur, where u G C/J (<y?)(VF(/c)) and r G LQ[(p){W{k)) are congruent to 
1m modulo p. We consider a filtration M°'+ C M^'+ C ... C M*'+ = M of M 
by direct summands that is normalized by Pq{<p) and such that Uq{<p) acts trivially 
on all the factors M^+'^'+/M^'+ (here s G N U {0} and j G S{l,s - 1)). There- 
fore we have {M^~^^'~^ /M^'~^ , gip) = (M-^+^'+/M'^'+, rc/?) and thus the Newton polygons 
of {M^+'^'+/M^'+,gLp) and {M^+'^'+ /M^'+ ,r(p) are equal. Therefore the Newton poly- 
gons of {M,g(p) and (M^rif) are also equal. Thus, as 1.4.1 (a) 4^ 1.4.1 (6), to prove 
that 1.4.4 (b) =^ 1.4.1 (a) we can assume that g = r. As g = r and 1m are con- 
gruent modulo p, the FSHW maps of (M, <y?, ((/?)) and {M,gip,LQ{(f)) coincide. As 
dim(L^((/?)A;) < dim(GA;) (see first paragraph of Subsection 3.8.3), by induction we get 
that {M, gifi, Lq^ip)) is Sh-ordinary. Therefore {M, g(fi, G) is Sh-ordinary, cf. Theorem 
3.7.1 (f). This ends the induction. Thus 1.4.4 (b) =^1.4.1 (a). 

This ends the proof of Theorem 1.4.4. 

4.2.1. Proof of 1.4.5. To prove Corollary 1.4.5 we can assume that G is adjoint, cf. 
Corollary 3.1.5. We first assume that k = k. Let Y and be as in Subsection 3.8.2. As 
1.4.1 (a) 4^ 1.4.4 (b), the fact that (M, gcp, G) is Sh-ordinary depends only on ^ = g^^; the 
analogue of this holds for the (7^'s of Corollary 1.4.5. Thus, as 1.4.1 (a) -v^^ 1.4.1 (6), we 
can take the open subscheme U of Gk = G^'^ to be defined by the property that for each 
affine, open subscheme y of G as in Subsection 3.8.2, we have U nY^ = Yj^. 

We come back to the general case when k is not necessarily k. As exists, it is 
automatically invariant under the action of Gal(/c) on G^ — G^^. Thus we have a canonical 
Galois descent datum on the open subscheme of U-^ of G^. It is effective (cf. [BLR, Ch. 
6, Sect. 6.1, Thm. 6]) and thus is the natural pull back of a unique open subscheme U 
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of Gk- Prom Fact 3.2.1 (a) we get that U has the desired property. This proves Corollary 
1.4.5. □ 



4.2.2. Remark. The fact that 1.4.1 (a) =^ 1.4.1 [h) follows also from the existence of 
the quintuple (22) and from [RR, Thm. 4.2]. Also the fact that 1.4.1 (6) 1.4.1 (c) 
can be obtained by combining loc. cit. with Subsections 3.2.3 and 3.4.11. But Theorem 
1.4.2 and the implications 1.4.1 (6) ^ 1.4.1 (a) and 1.4.4 (6) ^ 1.4.4 (a) do not follow 
from [RR]. Also, we think that the elementary arguments of Subsections 3.8.1 to 3.8.3, are 
simpler than the ones of [RR] that led to the proof of [RR, Thm. 4.2]. Moreover, the part 
of Subsection 3.8.2 that involves the existence of a smallest Newton polygon works in 
the general context of an arbitrary triple (M, ip, G) for which the property 1.3.2 (c) holds, 
where G is a smooth, closed subgroup scheme of GLm whose special fibre Gk is connected. 

4.3. Complements 

We end this Chapter with five complements. 
4.3.1. Proposition. Let (M, (F*(M))jgg(-a 5), G) he an Sh- canonical lift. 

(a) WehaveUe{P+{^)) C F'^ig) = F^{q)®F^{q) andUe{PQ{^)) C F^{q)®F-^{q). 
Thus Pq{^) ^ P and Pq{^) ^ Q, where P and Q are as in Subsections 2.5.3 and 2.5.5. 

(b) Let h e G{B{k)) he such that the quadruple {h{M), {h{F\M)))i(.s{a,h), V, G{h)) is 
a Shimura filtered p-divisihle ohject, where G{h) is the Zariski closure of GB{k) ^^h{M)- 
Then {h{M), {F\M)[^] n h{M))i^s{a,h), 9^, G{h)) is an Sh-canonical lift. 

Proof: To prove (a) we can assume that k — k, that G is adjoint, that / = S{l,n), and 
that r = (1 ■ ■ -n). Based on the first paragraph of Section 4.2, we can also assume that 
(5) holds. Thus the first part (a) follows from the end of Subsection 3.4.3. The second 
part follows from the first part and from Lemma 2.3.6. 

We now prove (b). Let g := h~^Lphip~^ G G{B{k)), cf. Lemma 2.4.6. The element 
defines an isomorphism (/i(M), (/i(F^(M))),es(a,6), G{h))^{M, {F\M)),^s{a,h), QV, G)- 
Thus we have if~^{M) = {gip)-^{M) (cf. property 1.3.2 (a)) and therefore g{M) = M. 
Thus g G G{W{k)). Moreover (M, and {M,g(p) have the same Newton polygon and 
therefore (cf. Theorem 1.4.1) {M,g(^,G) is Sh-ordinary. Let and jJLh be the canonical 
cocharacters of (M, G) and {h{M),^p,G{h)) (respectively). Let {Fl{M))i^s{a,h) be the 
Sh-canonical lift of {h{M), ip, G{h)). Wc know that h~^fihh is G(VF(A;))-conjugatc to /i (cf. 
Lemma 3.1.3) and thus the cocharacters of G^^ — G{h)^^ defined by fj, and ///j coincide. 

Let Ph,B{k) be the normalizer of {Fl{M)[^])i^s{a,b) in GB{k)- The groups Ph,B{k) and 
Psik) are G(i?(/c))-conjugate (as Hh,B{k) and HB{k) are G(i?(A;))-conjugate) and contain 
PQ{p)B{k) (cf- the very definition of Sh-ordinariness); thus we have Ph,B{k) = PB{k) (cf. 
property 2.3.1 (b)). As iJ,B{k) and iJ.h,B{k) are two cocharacters of Z'^{LQ{(f)B{k)) (cf. 
Subsection 4.1.4), they commute and are cocharacters of PB{k) = Ph,B{k)- Moreover, they 
act as the inverse of the identity character of Gm on -F^(0)[^] (i.e., on the Lie algebra of 
the unipotent radical of Ph,B(k) = PB{k)) and act trivially on F^{q)[^]/ F^{q)[^]. Thus 
the cocharacters of ^^^(fc) defined by iJLB{k) and fih,B{k) coincide. From this and the above 
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part pertaining to G^^ = G{h)''^^ , wc get that //^(fc) = l^h,B{k)- This imphes that for all 
i e S{a, b) we have F^(M)[^] = F^(M)[i] and therefore also F^(M) = F'{M)[^]r)h{M)n 

4.3.2. Inheritance properties. We consider the case when k = k and (M, (/p, G) is 
Sh-ordinary (resp. U-ordinary). Let Gzp and T^^ be as in Subsection 4.1.1. Let Gzp 

be a reductive, closed subgroup scheme of Gz^ that contains Let G := Gvi/(fc)- 

As P^{(p) (resp. L^((/?)) is contained in Pq{(p) (resp. in Lq{(p)), the quadruple 
(M, (F*(M))i£5(a (/?, (5) is an Sh-canonical (resp. a U-canonical) lift. Due to the unique- 
ness part of 1.4.3 (c), the canonical cocharacters of {M,(p,G) and {M,(p,G) coincide (i.e., 
define the same cocharacter of G). 

Let Tz be a maximal torus of the centralizer of Ti°^ in Gz , cf. Subsections 
2.3.13 and 2.3.8 (b). Similarly, let T^p be a maximal torus of the centralizer of Tzp 
in GLmzj,- Thus T^^^ is a maximal torus of GLmz^ that contains Tzp. Let T := T^(;j-) 
and Tbig := T^^^^y, we have T ^ T^^g ^ GLm- The quadruples (M, {F'{M))i^s{a,b), f, T) 
and (M, {F\M))i^s{a,b),^,T'°'^) are Sh-canonical lifts. 

4.3.3. U-ordinariness via Sh-ordinariness. We assume that (Af, {F''{M))i^s{a,b)^ '^i G) 
is an Sh-canonical lift. Let G' be a reductive, closed subgroup scheme of GLm that con- 
tains G and such that (M, 99, G') is a Shimura p-divisible object. As we have a direct sum 
decomposition M = ©^£qVF(7)(M, (cf. statement 1.4.3 (d)), from Lemma 2.6.3 we get 
that L%, (v?) is a Levi subgroup scheme of Pq, (99). 

In this paragraph we check that if Z°(L^((/?)) is a subtorus of Z°(L^, (</?)) (e.g., this 
holds if L^((/?)d^=^ = L^,((/?)^^''), then (M, (F^(M))ieS(a,b), V', G') is a U-canonical hft. The 
canonical split cocharacter /j, of (M, G) factors through Z°(Lq (</?)) (cf. Subsection 4.1.4) 
and therefore also through Z°(L^, (</?)). Thus Lq,{lp) commutes with Im(^) and therefore 
it normalizes (F*(M))j£5(„^(,). Thus (M, (F*(M))jg5(„ 5), G') is a U-canonical Uft. 

Example: if Lq,{(p) is a torus, then (M, {F'^ {M))i^s{a,b)i 'Pi G') is a U-canonical lift. 

4.3.4. Finiteness of U-ordinary classes. We consider the case when k = k and 
(M, (f, G) is U-ordinary. Referring to Subsection 4.3.2, we choose the group scheme Gzp 
to be a maximal torus Tzp of Gzp- Up to an inner isomorphism, we can assume G = T;4/(fc) 
is a fixed maximal torus T of G whose special fibre Tk is a subgroup of Pk- As in Subsection 
3.2.3 we argue that there exists an element wq G G{W{k)) that normalizes T and such 
that {M,wo(p,G) is Sh-ordinary. If t e T(W{k)), then {M,(p,T) and (M,t(p,T) are inner 
isomorphic (cf. Theorem 1.4.4) and therefore also {M,(p,G) and {M,t(pjG) are inner 
isomorphic. Thus the number Njj of inner isomorphism classes of U-ordinary Shimura 
p-divisible objects of the form [M, gip.G), where g e G{W{k)), is at most equal to the 
order \Wg\ of the Weyl group scheme Wq of G. 

4.3.5. Example for Njj. In this Subsection we assume that G is split, adjoint and 
we use the notations of Section 3.4. We also assume that k = k, that / = S{l,n), that 
r = (1 • • - n), that X = Bi = Ai, that h = I, and that (M, (F*(M))jeS(a,6), V, G) is an 
Sh-canonical lift. Let T be a maximal torus of G whose Lie algebra is normalized by 
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cf. Subsection 4.3.2. As X = Bi = Ai and as Ii = /, the normalizer P of (i^*(-^))ie5(a,6) 
in G is a Borel subgroup scheme of G: moreover G is isomorphic to PGL2. Let N 
be the normahzer of T in G. The Weyl group scheme Wq := N/T is (Z/2Z)"^. For 
w e WG{W{k)), we denote also by w an arbitrary element of N{W{k)) that lifts w. 
The triple (M, T) is Sh-ordinary and (see Subsection 4.3.4) its isomorphism class 
does not depend on the choice of the lift (of w). We have a direct sum decomposition 
M = ©-ygQVF(7)(M, w(f) (cf. statement 1.4.3 (d)) and therefore from Lemma 2.6.3 we get 
that L^{wip) is a Levi subgroup scheme of Pq{wip). As wip normalizes Lie(T), we have 
Lie(T) ^ Vr(O)(0, = Uc{L%{wip)). Thus T ^ L%{wip), cf. Lemma 2.3.6. 

From the property 3.4.2 (a) we get that either Pq{wlp) = G or for each element i E I 
the intersection Pq{w(p) n is a Borel subgroup scheme of Gj. If Pq{w(p) = G, then all 
Newton polygon slopes of {g[^],w(p) are and thus we have Lq{w(p) = G ^ P; therefore 

(M, wcj), G) is not U-ordinary. If each intersection PQ{wLp)r\Gi is a Borel subgroup scheme 
of Gi, then L^(w(/7) is a maximal torus of G and thus it is T; therefore (M, w(f), G) is U- 
ordinary. Let Nu be the number of elements w G VFg such that (M, G) is U-ordinary. 

We check that if n is odd (resp. is even), then Nu = 2"~^ (resp. Nu = 2"-"-^ — i^Z^))- 

2 

Let Nz :— 2'^ — Nu- Based on the previous paragraph, it suffices to show that there exist 
precisely Nz = 2*^"^ (resp. Nz = 2""^ + C^^^)) elements w e Wq such that {Q[-],wip) 
has all Newton polygon slopes 0. Let Qai be the Lie algebra of the unipotent radical of 
PnGi and let Q-ai be its opposite with respect to T (see Subsections 3.4.3 to 3.4.7). We 
write w = H^Li '^^i^ where Wi e {N n G^){W{k)). 

We assume that n is odd. If {wip)'^{QaA^]) is flaj^] (resp. is 0_„j[^]), then t 
VF(O)(0, WLp) (resp. then all Newton polygon slopes of (0[^], are 0). Thus, if w^, • • • , Wn 
are fixed, then there exists a unique choice for w\ in order that all Newton polygon slopes 
of (0[i], io(/?) are 0. Therefore we have Nz = 2""-^ = Nu- 

We assume that n is even. If {w(p)'^{Qai [^]) = S-ai [^], then all Newton polygon slopes 
of {q[^], wif) are 0. As in the previous paragraph we argue that for precisely 2^~^ elements 
w of Wg we have (tO(/?)"(0Q,^ [^]) = Q-a-^ [^]. We now count the number of elements w e Wq 
such that {vcup)'^ {Qo^x [^]) = 0ai [^] and all Newton polygon slopes of (0[^], vcup) are 0. For i e 

5(1, n-\-l) let 6'(t(;)j e {—1, 1} be defined inductively by the rule: p^j=i {wipY^Qai) 
is a direct summand of Q. This makes sense as I = /i. We always have 6'(i(;)i = 1. The set 
NG{W{k)) is in bijection to the set of n+l-tuples {e{w)i, . . . ,d{w)n+i) Q {-1, 1}"+^ that 
satisfy 9{w)i = 1. We have {w(p)'^{Qai) = 5ai and all Newton polygon slopes of {q[^],w(p) 
are if and only if 6{w)n+i = 1 and Yl7=i — 0- The number of n + 1-tuples 

{6{w)i, . . . , e{w)^+i) e {-1, 1}'^+^ such that ^^^^ e{w)^ = and e{w)i = e{w)^+i = 1 is 
equal to the number of n — 1-tuples {9{w)2, • • • , 9{w)n) G {—1, 1}"^"^ that contain precisely 
f entries -1 and thus it is (^^^). We conclude that Nz = 2"-^ + C"^^). 

Let w be w modulo p. For i e / we have Ker((t(J\E')^) fl Lie(Gi,fc) = Lie(Gj,fe) if and 
only if Wi+i is not the identity element (here Wn+i '■= wi). This implies that the inner 
isomorphism class of (M, w(p, G) is uniquely determined by w. Thus the number Nu we 
have computed is exactly the number Nu introduced in Subsection 4.3.4. 
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5 Abstract theory, III: formal Lie groups 



In this Chapter we assume (M, {F^{M))i^s{a,b)i'PiG) is an Sh-canonical hft. Except 
for Lemma 5.3.3, in this Chapter we also assume that k = k. We emphasize that in this 
Chapter we take 

*€{-,+} 

and non — * means no n- negative if * = + and non-positive if * = — ; thus the upper index 
* will not refer to duals of modules or to pull backs of morphisms. 

We recall that we use the notations listed in Section 2.1. In particular, we have 
g = Lie(G'). Following the pattern of the p-divisible groups D^^'^\ D^^j^y D~^^\ and 

^w{k) Subsection 1.2.4, in Section 5.1 we introduce sign p-divisible groups of (M, (p, G). 
In Section 5.2 we get minimal decompositions for some of them. In Sections 5.3 and 5.4 
we introduce the first and the second formal Lie groups of (M, G). 

5.1. Sign p-divisible groups 

Let n : Gm G, = {pii{p), Mz^, Cz^,, T^'^\ and T^^ be as in Subsection 4.1.1. 
Let -Bzp, Tzp, B = and T = Ti^(fc) be as in the first paragraph of Section 4.2. 

Thus Tzp is a maximal torus of a Borel subgroup scheme i?Zp of Gz^ , we have T^'^ ^ Tz^ , 
and the Lie algebras of T and B are normalized and left invariant (respectively) by ip. We 
recall that we view as a cocharacter of T*^°) = r^^^^, that the group schemes Pq{(p) 

and Lq{(p) were defined in Section 2.6, that Uq{(p) is the unipotent radical of Pq{'p), and 
(cf. Subsection 4.1.4) that LQ{(fi) is a Levi subgroup scheme of Pq{(p). Let 5'^(<^) be the 
solvable, smooth, closed subgroup scheme of Pq{^) generated by Uq{lp) and T^^^; as T^°^ 
normalizes Uq{(p) we have a short exact sequence 1 Uq{(p) SQ{ip) T^^^ 1. Let 

t(°) := Lie(T(°)), u* := Ue{U^{^)), ands* := t(°) © u* = Ue{S^{^)). 

Let (p{—) be the cr-linear endomorphism of q that takes x E g to p(p{x). Let 9?(+) := ^p- 
We know that t*^^-* is normalized by (p and (being fixed by n) is contained in F'^{g). From 
Proposition 4.3.1 (a) and the equivalence of statements 2.3.3 (b) and (d), we get that 
F*^{g) C u* C F*^{g) © F^{g)- Prom the last two sentences we get that the triples 
(s+, F^{q), (p{+)) and {s~,s~ fl F'^{g), (p{—)) are filtered Dieudonne modules. 

5.1.1. Definitions. We call the p-divisible group 
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over k whose Dieudonne module is 

(^%^(*)), 

as the standard non — * p-divisible group of (M,(p,G). If t*^°^ is replaced by an arbitrary 
direct summand i?*-*^-* of Lie(L^ normalized by (p{*), we get the notion of a non — * 
p-divisible group D*^{E^^'^) of (M, v?, G); its Dieudonne module is (E^") ©u*, </?(*)). If E^") 
has rank 1 (resp. if E^^^ is Lie(L^((/7))), then we refer to D*^{E^^^) as a minimal (resp. as 
the maximal) non — * p-divisible group of (M, (/?, G). 

By the positive (resp. the negative) p-divisible group 

Dw(k) (^esp. D-(fc)) 

over W{k) of (M, (/p, G) we mean the p-divisible group over W{k) whose filtered Dieudonne 
module is 

{u+,F\g),cp) (resp. is (u", n FO(0), (^(-))). 

The uniqueness of -D^^-^-j follows from properties 1.2.1 (b) and (c) once we recall that: (i) 

all Newton polygon slopes of (u"*", <^(+)) are positive (see formula for u+ = Lie(C/^(<^)) in 
Subsection 2.6.2) and thus belong to the interval (0, 1], and (ii) all Newton polygon slopes 
of {u~,(f) belong to the interval [—1,0) (cf. the oppositions of Section 2.7) and therefore 
all Newton polygon slopes of (u~, belong to the interval [0, 1). 

5.1.2. Lemma. The W{k)-submodule u~ of g is the smallest direct summand of q that 
contains F~^{q) and is left invariant by ^p{—)- We have u~ = F~^{q) if and only if all 
Newton polygon slopes of (g, ^p) are integral. 

Proof: We can assume that G is adjoint, that / = S{1, n), and that F — {1 ■ ■ - n). Based 
on the first paragraph of Section 4.2 (or on the equivalence 1.4.1 (a) 1.4.4 (a)), we can 
use the notations of Section 3.4. Thus the first part follows from (7). With the notations 
of Subsection 3.4.7, both statements of the second part of the Lemma are equivalent to 
the identity {h, \S\) = (/, 1) (cf. (7)). □ 



5.1.3. Lemma. 



The p-divisible group -D^^^-j is cyclic. 



Proof: As L^q{}p) is the centralizer of T^^^ in G (cf. Subsection 4.1.7), the inner conjugation 
representation T^^) — > GLu* has a trivial kernel. Thus we can identify T(°) with a torus 
of GLu*. The quadruples {u' .u' n ^"(b), v7(-), T^) and (u+, ^^(fl), ^, T^) arc Sh- 
canonical lifts. Thus {u^ , F^ [q) , ip) and (u~,u~ H F^{q),^p{—)) are cyclic, cf. end of 
Theorem 1.4.3. Thus D^^^^^^-^ is cycHc, cf. Fact 2.8.1 (b). □ 

5.1.4. Groups of automorphisms. Each automorphism of (M, G) normalizes 
{F'^[M))i^S{a,h) and u* and therefore it defines naturally automorphisms of both triples 
(u+, F^(0), (/?) and (u~,u~ fl F'^(g), </?(—)) and therefore also (cf. properties 1.2.1 (b) and 
(c)) of both -D^j^^^ and D^^^^^y Let Sl^ (resp. SIq) be the image of the group of auto- 
morphisms (resp. of inner automorphisms) of {M,(p,G) in the group := Aut(L>^(^^^). 
For i e {0, 1} we refer to 21* as the i-th group of automorphisms of -D^^^^ with respect to 
(M, (p, G). We have 
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5.2. Minimal decompositions 

Until Section 5.4 we will assume that G is adjoint, that / = 5(1, n), and that F = 
{l---n). We use the notations of Section 3.4 introduced before Subsection 3.4.11. In 
particular, e G {1,2,3} (see Subsection 3.4.4), i is the rank of the Lie type X of every 
simple factor Gi of G, for each i G /i C / = 6'(1, en) we have a semisimplc clement li G Qi 
(see Section 3.4 and Subsection 3.4.4), for each i E I the Lie algebra of := Gi D T 
is denoted as t,, for each z G / we have a root decomposition Qi — ti ©a€^>i 0i(ct) (see 
Subsection 3.4.3), and for each z G / we have a standard base Aj = {ai{i), . . . , q;^(z)} of 
$j (see Subsection 3.4.5). Among the possible values of the pair {X, e), we single out the 
set of exceptional cases 

€:={{Ai,2)\ee2N}. 
5.2.1. Proposition. There exists a unique direct sum decomposition 

(23) (u*,^(*)) = ©,-ej(u*,(^(*)) 

such that the following six properties hold: 

(i) if {X,e) ^ then for all elements j E J the direct summand u* o/u* is the Lie 
algebra of a closed subgroup scheme Uj ofUQ{ip) that is a product ofGa subgroup schemes 
of G normalized by T; if {X, e) G (£, then for all j & J the direct sum u* © [u*, u*] is the 
Lie algebra of a unipotent, smooth, closed subgroup scheme Uj of Uq{(p) normalized by T 
and of nilpotent class at most 2 and moreover, if this class is 2 (i.e., z/[u^,u^] ^ Oj, then 
there exists an element j' G J with the property that u*, = [u*, u*]; 

(ii) for all elements ji, j2 G J with the property that [u^^jU^a] ^' there exists a 
unique element js E J \ {ji, J2} such that we have [^'jj^^'^'j^] ^ ^jg/ 

(iii) all Newton polygon slopes of (u*, v'(*)) o-i^^ equal and belong to the interval (0, 1] 
if * — + and to the interval [0, 1) if * = —; 

(iv) for each element j E J there exists an element tj G Lie(T2'^'') whose action on 
every intersection u* fl gi with i E I, has only one eigenvalue that belongs to Gm{W{k)); 

if e = 1, then there exists a 7ip-basis for Lie(T2*^'*) formed by elements whose actions on 
every u* fl Qi have only one eigenvalue, for all pairs (j, i) E J x I; 

(v) there exists a total ordering (to be denoted as <) on the set J of indices, with 
the property that for each element j\ G J the direct sum ffij<jiU* is the Lie algebra of a 
connected, smooth, unipotent, normal, closed subgroup scheme ofUQ{(p); 

(vi) if (u*,<^(*)) = ©j/gj/(u*,, <^(*)) is another decomposition such that the above 
condition (i) holds, then for each element j' G J' there exists an element j G J such that 
we have u* C u*/. 

Proof: For each root a G ^»* we write a = * Xls=i Cs(ct)"s(05 where Ca{a) G N U {0}. Let 
$*(£:) := {a G $*|there is x E £ with c^{a) ^ 0}. 
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We have + n $i C i.e., is a closed subset of From (7) we 

get that 

To define a direct summand u* of u* that is a T-module, it is enough to describe for 
each i e / the subset (j) of such that we have 

U* n 0i = ©ae$*(j)0i(Q!). 

Let J* be the set of orbits of the permutation of Uf^i^* (S) defined via restriction by 
the permutation r$ of Subsection 3.4.3. We identify J* with the set J of orbits of the 
permutation of defined via restriction by the permutation of Subsection 3.4.4. 

The multiphcation of roots by —1 defines bijections J+A^J" and J^A-J and therefore 
for simphcity we will take J := J'^ and J := J . Let j E J he the image of an arbitrary 
element j G J under the natural bijection J^J. For j E J let ^f{j) '■= {a e ^f{£)\a e 
j}, let := and let u* := ©,e/ ®ae^*(j) 0i(a)- 

If (A',e) ^ then we have ($*(j) + $-(j)) ^ = 0. If (A", e) e then either 
($*(j) + $*(j)) n $* = or there exists an element j' G J such that we have identities 

+ n $* = $*(/) and ($*(/) + n = ($*(/) + $*(/)) n $* = 0. 

To check all these properties, we can assume that i = 1 and thus we can work only with 
u* n 01 and u*/ fl 0i; thus all these properties follow easily from [Bou2, plates I to VI]. We 
detail here only the most complicated case when [X, e) = (Ai, 2) G We will work with 
i = 1 and the set of orbits J. We recall that we drop the lateral right index (1) from the 
notation of the roots in $i, cf. Subsection 3.4.5. The orbit j has one or two elements. If 
J has only one element, then obviously ($i(j) + ^l(j)) n $i = as 2^1 n = 0. If J 
has two elements, then we can write j — {XlsLi ^^s, Xlsi^+i-i '^s}, where 1 < ii < ^2 < ^ 
and ii < £ + 1 - Z2. If 2z2 ^ i, then + n = 0. If 2^2 = ^, then 

+ n $t = {EZlt''^' as 7 we can take and obviously 

both sets (j'O + (j)) n $■ and ($• (j') + $*(/)) ^ are empty. 

At the level of Lie algebras the previous paragraph gets translated as follows. The 
direct summand of u* is a commutative Lie subalgebra if (A', e) ^ (B. If (A', e) G ^ 
and u* is not a commutative Lie subalgebra of u*, then there exists an element j' E J 
such that we have an inclusion [u*,u*] C u*,; this inclusion is a W{k)-lmear isomorphism 
(cf. Chevalley rule; see the property 3.6.1 (b) for the case z = 1). If u* is (resp. is not) 
a commutative Lie algebra, then (resp. then the union $*(j) U $*(j')) is a closed 

subset of Thus the existence of Uj follows from [DG, Vol. Ill, Exp. XXII, Cor. 5.6.5]. 
Therefore (i) holds. 

It is easy to check based on [Bou2, plates I to VI] that (ii) holds. For instance, if e = 2 
and X = Eq, then (ii) is a consequence of the fact that there exists no root a G $^ such 
that we have a + r$^(Q;) G this is so as there exists no root a G $i such that we have 
C4(ct), C2(a) G {0, 2} and 04(0;) + C2(a) > 0. 

Formula (6a) implies that all Newton polygon slopes of (u*, (p{*)) are equal. The part 
of (iii) involving intervals was already explained before Lemma 5.1.2. Thus (iii) holds. 
As T(°) is generated by the images of cr^(//)'s with m G Z, the projection of t^^^ on 
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01 has Boi := {(fi^~'^{li)\i e /i} C as a W{k)-hasis. We take tj to be fixed by (p 
and such that its component tj^i in gi is a Gm,(VF(Fpe«))-hnear combination of elements 
of Bqi. We can choose these coefficients such that (iv) holds. We detail here only the 
cases e G {1,3} as the case e = 2 is very much the same. If e = 1 we take tj^i to 

be an arbitrary element of Bqi that acts identically on u~. Every Z^-basis for Lie(T2°'') 
formed by elements whose components in Qi are Zp- linear combinations of elements of Bqi, 
satisfies the extra requirement of (iv) for e = 1. If e = 3, we take tj such that we have 
t^.^i = ch + (t'^(c)v7''(/i) + a^''{c)(p'^''{li) for some c E G^(M^(Fp3„)). We can take c = 1 
except when p G {2, 3} and /i + '^"'{h) + f'^^ih) acts on uj via the multiplication with p. 
If p = 2 we require an element c such that both c + (t"(c) and c + a^^{c) (and therefore 
implicitly also a'^{c) +cr^"(c)) belong to Gm(VF(Fp3»)). If p = 3 we require an c such that 
c + cr"'(c) + cr^"(c) e Gm(W^(Fp3«)). Obviously such elements c G Gr„(VF(Fpe«)) do exist. 

Let toi be the sum of the elements of Bqi. Let aj G N be the absolute value of the 
only eigenvalue of the action of toi on u* fl gi. This makes sense i.e., we do have only one 
such eigenvalue which is positive, as for each root a E j the sum X^^.^^ Cx{a) depends only 
on j and not on a (cf. constructions) and as the semisimple element h acts identically 
on F~^{Qi) (see paragraph before Subsection 3.4.1). We choose a total ordering of J such 
that for two elements ji, j2 G J, the strict inequality a^^ < aj^ implies ji > j2- If ji, j2, 
and j3 are as in (ii), then aj^ = aj^ +0^2- Thus for each element ji G J, the set ^j<ji^i{j) 
is a closed subset of Therefore (v) follows from [DC, Vol. Ill, Exp. XXII, Cor. 5.6.5]. 

The minimality part of (vi) is implied by the fact that for each element j G J the set 
U^^i$*(j) is permuted transitively by F^. □ 

5.2.2. Simple properties, (a) If the group scheme Uj is (resp. is not) commutative, 
then we say j is of type 1 (resp. of type 2). The element j G J is of type 2 if and only 
if {X,e) G (£ and we have j = {X]se5(ii,|) «s, Z]s6S(|+i/+i-ii) "s} some number 
ii G 5'(1, |), cf. proof of Proposition 5.2.1. If ji and j2 have the same type, then either 
[u*^,u*2] = or the element js G J as in the property 5.2.1 (ii) is of type 1. If ji and j2 
have distinct types and if [u*^,u*2] ^ 0, then the element G J as in the property 5.2.1 
(ii) can be of either type 1 or type 2. For instance, if A" = A4, e = 2, ji = {ai, 0:4}, and 
j2 = {q!2, 0:3}, then js := {ai + a2, as + 0:4}, ji is of type 1 and j2 and js are of type 2. 

(b) For i E I the image of T*^*^^ in Gi has rank \S\. To check this we can assume 
that i = 1. But this case follows from the fact that the VF(/c)-basis Bqi of the proof of 
Proposition 5.2.1 has \S\ elements. However, often the rank of T^'^'^ is less than n \S\. 

If \S\ = 1 and if t G Lie{T^^) generates a direct summand of Lie(T2'^''), then the 
action of t on u~ is a VF(/c)-linear automorphism. To check this, we first remark that 
the component of t in 0i is a G^(Zp)-multiple of li and moreover we have [li,x] — x 
if a; G u~ n 01 = F~^{q) n 0i (as |£^| = 1 this last identity follows from (7)). Thus 
[t, u~ n 0i] = u~ n 01 and therefore (as t is fixed by (p) we have [t, u~ fl 0j] = u~ n 0j for 
all i G /. 

(c) Let D^^^^^ and Z)~^^^^ be the p-divisible groups over W{k) whose filtered 
Dieudonne modules are (u+,u+ r\F^{Q),(fi) and (u~,u~ H F^{q), (p{—)) (respectively). To 
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the decomposition (23) corresponds naturaUy a product decomposition 

^w{k) = n ^iw{k)- 

jeJ 

5.2.3. Remark. The direct summands u* of u* are normahzed by every inner auto- 
morphism of {M,(p,G) defined by an element of Tzp(Zp). The torus Tz^ of Gz^ and 
therefore also the decomposition (23) is uniquely determined up to inner automorphisms 
of (M, (p, G). If e e {1, 3}, then we have a variant of Proposition 5.2.1 in which properties 
5.2.1 (i) to (v) hold and the property 5.2.1 (vi) gets replaced by the following maximal 
property: 

(vi') (u*, (/?(*)) = ©j/g J' (u*,, (/?(*)) is another decomposition such that properties 
5.2.1 (i) and (iv) hold, then for each element j' e J' there exists an element j & J such 
that we have u*, C u*. 

For e = 3 we refer to Example 5.3.6 below. If e = 1, then due to the property 5.2.1 
(iv), we can take J' to be the set of all functions c : £ — >^ {0, 1} for which there exists a 
root a e ^i'(^) such that we have c{x) = Cx{a) for all elements x E £. Accordingly, we 
can take ^f{c) := {a e ^f\ca;{a) = c{x) \/x e £}. 

Such maximal decompositions have the advantages that involve sets J with a smaller 
number of elements and that they are normalized by each inner automorphism of (M, G). 
But from the point of view of refinements and of treating all cases at once, it is more 
adequate to work with minimal decompositions instead of maximal decompositions. 

5.2.4. Duality. The non-degenerate Killing form ^ on q induces a bilinear form 

hj : u7 (8)U+ ^ W{k). 

If a, /9 G $i and a + /3 7^ 0, then we have .^(3^(0;), gi(/3)) = (cf. [Hu, Ch. II, Subsect. 
8.1, Prop.] applied over B{k)). Thus bj factors through a bilinear form 

®iei ®ae*+(j) ®wik) 0i(a) ^ W{k). 

All roots in $*(j) are permuted by Aut(^»i) and thus have equal length. Thus all roots in 
$*(j) are permuted transitively by the Weyl subgroup of Aut($i), cf. [Hu, Ch. II, Subsect. 
10.4, Lemma C]. This implies that there exists a non-negative integer Uj such that each bi- 
linear form 0i(— ci)®vK(fc)5i('^) ~^ W{k) with a G $^(j), is p"^^ times a perfect bilinear form 
(i.e., it gives birth naturally to a VF(/c)-monomorphism Qi{—a) ^ 'Hom.iY{k)i9i{'^): W{k)) 
whose image is p'^^}iom-[Y(^jf'^{gi{a),W{k))). Therefore we can write bj = p'^^bp where 
: u~ (8) — > W{k) is a perfect bilinear form. Let : u.'j^'Hom.-[Y(^k^{u~,W{k)) and 
s~ : u~A-Homvy(/c)(u^, VF(A;)) be the isomorphisms defined naturally by 6°. 

For all elements a; G u~ and y G we have 6^ ((/?(—) (x), (p{y)) — pa{b^{x, y)). Thus, as 
^ is fixed by G and therefore by Im(/i), the perfect bilinear morphism of filtered Dieudonne 
modules 

6° : (U-, u- n F°(0), ^{-)) ® (u+, u+ n F\q), ^) ^ {W{k), W{k),pa) 
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defines naturally (via Sj ) an isomorphism between (D^^^^^* and vk(A;)" 

5.2.5. Commutating maps. Let 

J3 ■■= {(ji,j2,j3) e ^^|0 [u7,,u7J C UT}. 

We can have an element (ii,ii,i3) G J3 if and only if (X^e) G C For (ii,i2,i3) G -^^s we 
consider the Lie bracket bilinear form u~ <^w{k) ^is' non-zero (cf. property 

3.6.1 (a)). Passing to duals and using the isomorphisms s^'s, we get a cobilinear (non-zero) 
morphism 

(24) cj,,j, : (u+,u+ nFi(s),¥') ^ (u+ , u+ n F^fl), V') (u+ , u+ n ^^(g), v?) 

of filtered Dieudonne modules. 

5.2.6. Standard reductive subgroup schemes. Let j G J. It is easy to check that 
[Ue{U+),Ue{U^)] C Lie(T). Thus the direct sum 

Lie(T) © Ue{U+) © Lie(C/-) 

is a Lie subalgebra of g which contains Lie(T) and therefore which is normalized by T. Let 
Gj be the unique reductive, closed subgroup scheme of G that contains T and whose Lie 
algebra is this last direct sum, cf. [DG, Vol. Ill, Exp. XXII, Def. 5.4.2, Thm. 5.4.7, and 
Prop. 5.10.1]. The triple 

is an Sh-ordinary p-divisible object (cf. Subsection 4.3.2). 

For j e J and i e I we have |$|(j)l < e. Moreover, if {X, e) ^ (£ (resp. if {X, e) G (£), 
then for each number i G S{l,n) the adjoint group scheme of Gj n is a PGL2' group 
scheme with Cj G 5'(l,e) (resp. is either a PGL2 or a PGL2 or a PGL3 group scheme). 
As j is an orbit of r$, the simple factors of Lie(G|'^^^-)) are permuted transitively by (p. 

For the rest of this Section we present four examples. 

5.2.7. Example. Let (ei,...,e„) be the standard ordered VF(/c)-basis for W{k)'^. We 
consider the case when S has only one element x. Thus e = 1 and we have r^{as{i)) = 
as{i + 1) for all pairs {i,s) G / x S{1,£) (see (6a) and Subsection 3.4.5). Let / : Z/nZ — >• 
{0, 1} be the function that takes the modulo n class [i] defined by z G / to 1 if and only if 
rii ^0 (i.e., if and only if rji = x). Let d E S{l,n) he such that the modulo n class [d] is the 
period of /; it is a divisor of n. Let Di be the circular p-divisible group over W{k) whose 
filtered Dieudonne module is (VF(/c)"', F^, ipn), where (pn takes to ^^^^'^ Ci+i with e^+i := 
ei and where :— (BieS{i,n), f{[i])=iW {k)ei. Let -Do be the circular indecomposable p- 
divisible group over W{k) whose filtered Dieudonne module is (VF(/c)'^, Fq , (/p^), where 
(fid takes the d-tuple (ei, . . . ,6^) to the d-tuple {p^^^^^^e2, . . . ,p^^^'^^^ei) and where Fq := 
®i€S{i,d), f{[i])=iW{k)ei. 

From (6a) we get that -D^^^^ is a direct sum of T'k-[y(^k^{F^{gi)) copies of Di. More 
precisely, each a G that contains ax in its expression defines an orbit {q!(1), . . . , a{n)} 
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of J to which corresponds uniquely one such copy of Di. Let T„ be the maximal 

torus of GL;y(fc)n that normalizes all W{k)eiS with i G S{l,n). We know that 
Fl, (fn) is a direct sum of ^ copies of {W{kY, , cf. Subsection 4.1.1 applied 
to (VF(/c)"^, Fl^ Lp^^ Tn). Thus -Di is a direct sum of ^ copies of -Do, cf. properties 1.2.1 (b) 
and (c). Thus 

If (/[I], . . . , f[(l\) is up to a cyclic permutation (0, . . . , 0, 1) (resp. (1, . . . , 1, 0)), then 
Dq is the unique circular indecomposable p-divisible group over W{k) of height d and 
Newton polygon slope ^ (resp. and Newton polygon slope and we denote it by Di 

(resp. by Dd-i). li d — A and (/[I], . . . , /[4]) is up to a cyclic permutation (1,1,0,0), 

d 

then Do is the unique circular indecomposable p-divisible group over W{k) of height 4 and 
Newton polygon slope |. 

5.2.8. Example. We consider the case when n = 1, e = 2, A" = with ^ > 4, and 
£ = {I — 1, ^}. For what follows, it is irrelevant if r/i is £ — 1 or £. The number of roots in 

that contain the sum q:^_i + Q!^ in their expressions, is i^n^K^ull , The number of roots 
in $^ that contain Q!^_i but do not contain ai in their expressions, is £ — 1. See [Bou2, 
plate IV] for the last two sentences. Thus there exist (^~^K^~^) (resp. ^ — 1) orbits of F^^ 
(i.e., elements of J — J) that have only one element (resp. have two elements). 

By the standard trace form on g we mean the form on g induced by the trace form 
on g[i] associated to a standard simple 0[i]-modulc W of dimension 2i (if = 4 we have 

three such standard simple g[^]-modules; all of them give birth to the same standard trace 

form on g). If s is an sl2 Lie subalgebra of g[^] normalized by Tg(fe), then the 5-module W 
is a direct sum of a trivial s-module of dimension 2£ — A and of two copies of the standard 
irreducible s-module of dimension 2 (to check this, one can allow the case when £ is 2 and 
can use the fact that the D2 Lie type is in fact the Ai + Ai Lie type) . This implies that 
the standard trace form on g induces a bilinear form u~ ® W{k) that is 2 times 

a perfect bilinear form. Let n^- G N U {0} be the greatest number such that divides 
£ — 2. The Killing form ^ is 2{£ — 2) times the standard trace form on g (for the analogue 
of this over C see [He, Ch. Ill, §8, (11)])- We conclude that if p > 3 (resp. if p = 2), then 
Uj = n'j (resp. nj = 2 + n'j). 

Let Di be as in the end of Example 5.2.7. We have a direct sum decomposition 

(i-2)(£-l) ^ ^ 

where to each j E J with |j| = 1 (resp. \j\ — 2) corresponds a copy of /x^oo (resp. of Di). 

5.2.9. Example. We consider the case when e = 1, X = Ag, ^ > 3, and S = S{l,i). 
Thus n> £. We have P^i^p) n Gi = ni^^P^ = S n d, cf. Corollary 3.6.3 for the first 
identity. As e = 1, each set $*(i) has only one root. Thus the derived group scheme of the 
intersection GjdGi is an SL2 group scheme, for all j E J and alH G S{l,n). The standard 
trace form on g induces a perfect bilinear form u~ (8) — > W{k). Moreover, the Killing 
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form ^ is 2{£ + 1) times the standard trace form on q (for the anafogue of this over C see 
[He, Ch. Ill, §8, (5)]). Thus the number e N U {0} of Subsection 5.2.4, is the greatest 
number such that p"^^ |2(£ + 1). The number of positive roots in $i is ^^^^^'^ and therefore 
the height of D^^j^^ is Hii^ill^ xhe dimension of D'^ is the rank of F^{g) and therefore 
depends on the values of 771, . . . , ry^ computed with multipHcities. If n = £ > 4, then the 
isomorphism class of D^^^^^ depends on the ry-type (ryi, . . . , ?7n) of {M,ip,G). Thus for 
simplicity we will consider here only the cases when n = £e{3,4}. To fix the notations, 
we can assume that 7/1 = 1. 

We first consider the case when n = £ = 3. Thus \J\ = | J| = rk^(;.-)(u* fl 0i) = 6. 
If p = 2, then nj = 3. If p > 2, then nj = 0. We have two possibilities for the ?7-type: 
(1, 2, 3) and (1, 3, 2) (the first one relates to Example 1.4.6). 

See end of Example 5.2.7 for Di and D2. We have a direct sum decomposition 

(and therefore the dimension of is 10). This decomposition corresponds to the following 
direct sum decomposition 

U"*" n 01 = (^Qoii+a2+Oi3) ® {Qcei+a2 ® 0a2+a3) ® (Sai © 0a2 ® flas ) 

left invariant by (f^. 

Wc now consider the case when n = £ = A. Thus | J| = | J| = rk^(/5)(u* fl gi) = 10. If 
p divides 10, then nj = 1. If p > 5 or if p = 3, then Uj = 0. We have six possibilities for the 
?7-type {rji, 772, 773, 774) = (1, 771, 773, 774) of (M, (p, G). We have a direct sum decomposition 

Dw{k) = 4^ ®Dl® D^l ® DT ® D\ , 

where mi, m,2 G {0,1,2,3,4} and where -D2,4, and Ds are as in the end of 

Example 5.2.7. If (771, . . . , 774) is (1,2,3,4) or (1,4,3,2), then (mi, 7712) = (3,0) and the 
)+ 

W{k) 



-D2,4 factor of D^^^^ corresponds to the elements {cti + 02}, {a2 + C13}, {as + a4} J. 
If (771,..., 774) is (1,2,4,3) or (1,3,4,2), then (mi,m2) = (2,2), the Dl^^ factor of D+,^^^ 
corresponds to the elements {ai + q;2}, {^s + 014} G J, and the D\ factor of D'^^j^^ 

corresponds to the element {0^2 + 0:3} G J. If (771, ... , 774) is (1, 3, 2, 4) or (1, 4, 2, 3), then 
(1711,1712) = (1,4), the il>2,4 factor of D^^j^-^ corresponds to the element {a2 + as} G J, 
and the D\ factor of -D^j-^^ corresponds to the elements {cti + q;2}, {^3 + 0:4} G J. The 
dimension of -D^ is 20. 

5.2.10. Example. We consider the case when 7i = 1, e = 2, and X = A2. Thus 
is a PGU3 group scheme. Let j G J = J. Thus j is either {q;i,q;2} or {ol\ + ct2}. We 
can assume that the //-type of {M,(p,G) is (1,2). Thus (p takes Qan 0a2; and fla^+aa to 
Pda2J dan pQai+a2 (respectively). Thus we have a direct sum decomposition -D^^^^ = 
fipoo ® Di. Moreover if j = {cti, 0:2}, then = G is a PGL3 group scheme. 
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5.3. Formal Lie groups: the adjoint, cyclic case 

Let (resp. dyi) be the category of abstract abelian (resp. of abstract nilpotent) 
groups. Let €q be the category of sets. Let I^i : (ta -^9t • ^OT ~^ ^& be the 

functors that forget the group structures. Let Art{W (k)) be the category of local, artinian 
VF(/c)-schemes that have k as their residue fields. We denote by Z an arbitrary object of 
Art{W (k)) . We will use the setting of Section 5.2. We emphasize that in what follows all 
products indexed by elements j & J are ordered in accordance with the ordering of J of 
the property 5.2.1 (v). 

5.3.1. The first formal Lie group. By the first formal Lie group J^i of {M,(p,G) 
we mean the formal Lie group over Spf(l^(A;)) of D^^^^y Thus the contravariant functor 
defined by J^i (and denoted also by J^i) 

J^i : Art{W{k)) % 

is such that we have J^i{Z) := Ume'N^om.ziZ, D'^[p'^]). The dimension of is the 
dimension of and therefore it is the rank of F^{q). 

For j E J let J-'ij be the formal Lie group over Spf(VF(/c)) of the p-divisible group 
-^/vK(fe) property 5.2.2 (c). We have a product decomposition 

If U~ is (resp. is not) commutative, then J-'ij (resp. J-'ij x J-^ij' with j' as in the property 
5.2.1 (i)) is the first formal Lie group of (Lie(G'^^), G^^). 

5.3.2. Bilinear morphisms. Let (ji, j2,j3) G Js- It is known that to (24) corresponds 
naturally a (non-zero) bilinear commutating morphism 

As we do not know a reference for this result, for the rest of this paragraph we will present 
the very essence of its proof. Let cj^^j^ be the morphism of F-crystals over k defined 
naturally by (24) by forgetting the filtrations. For s e '5(1,3) and m e N, we write 
w{k)\p"^1 ~ Spec(i?j^). Let Ij^ be the ideal of Rj^ that defines the identity section 

-^jt,VK(fe)b"']- consider the homomorphism hj^^rn ■ Z/p'^Z ^/,,vt^(fe) [^"'li?,! /pi?,, 
over Spec (i?j,/pi?j J defined naturally by Ir^_^/pR-_^- By composing the extension of (24) 
(viewed without filtrations but with Verschiebung maps and connections) to Rj^/p^Rj^ 
with D(/i,-, ^) (g) D(ln+ r ™i , ), we get a morphism 

^h,h,3z,m ■ ^i.D^^,w{k)\P^\R3jpRii) ~^ ^(^h,w{k)\P'^'iRji/pRji)- 

As all Newton polygon slopes of the special fibre of ^^^^ are positive, the finite fiat 
group scheme w{k)\P^^k is connected. From this and [Wa, 14.4] we get that Rj^/pRj^ is 
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a A;-algebra of the form k[xi, . . . , Xuj^]/{x^^''^ , . . . , Xu^'^ '^^), where Uj^ , ni , . . . , Uuj^ ji e 
Nu{0}. Thus the Dieudonne functor D is fuUy faithful on finite, fiat, commutative group 
schemes over Spec{Rjj^ / pRj^) = w{k)\P^1''^ l^^^ 4.3.2 (i)]. Therefore we can 
write 

where Cj^j^j^^rn 

• ^t2,W{k)[P'^]RjJpRji ~^ ^i!^,w(fc)b"']fiii/pfln is ^ homomorphism over 
Spec{Rj^/pRj-^). It is defined naturaUy by a /c-homomorphism Rj^/pRj^ — > Rj^/pRj^ (g)/. 
Rj^/pRj^ which in fact also defines the special fibre of 

As /j^ modulo p is a nilpotent ideal of Rj^/pRj^, the natural divided power structure of 
the ideal plj^ of Rj^ is nilpotent modulo p^. Thus the Grothendieck-Messing deformation 
theory (applied in the context of Cj-^j2,j3,m) allows us to construct the fibre of Cj^j^lp'^] 
over Wm{k). By taking m — > oo we get Cj^^j^. 

We denote also by Cj^^j^ : x ^ijs the bilinear morphism of formal Lie 

groups over Spi{W{k)) that corresponds naturally to (25). 

5.3.3. Lemma. For this Lemma only, we will take k to be an arbitrary perfect field 
of characteristic p. Let -DvK(fc) be an arbitrary p-divisible group over W{k) whose special 
fibre D does not have slope 0. Let r be the rank of D. Let d be the dimension of D. Let 
^Dw(k) '■ Art{W (k)) — >• be the functor that takes Z G Art{W{k)) to the abelian group 
of isomorphism classes of extensions ofQp/Zp (over Z) through Dz (i.e., of isomorphism 
classes of short exact sequences of the form — > Dz D ^ (^p/T^p — > Oj. Then Sd^^^i^^ is 
represented by the formal Lie group Toy^ih) Dw{k) (i.e., there exists a natural equivalence 
^Dw(k) '■ '^Dw(k) ~^ ^Dw(k)) ^'^^ therefore it has dimension d. 

Proof: Each morphism mz '■ Z — > -Dvf(a;) over W{k) defines naturally a homomor- 
phism nz '■ "Zip Dz over Z. By pushing forward the short exact sequence 
Tip — >■ Qp — >■ Qp/Zp (viewed over Z) via nz, we get a short exact sequence 
— > Dz — > -D ^ Qp/Zp — i> over Z to be denoted as /i^^^^^^ (Z')(m^). The associa- 
tion mz hDw(k){^){'^z) defines a natural transformation hD^ik) '■ ^Dw(k) ^ ^Dww 
If hoyy^^k^imz) splits, then nz extends to a homomorphism oz : Qp Dz- But as 
Z G Art{W{k)), each such homomorphism oz is trivial and this implies that mz factors 
through the identity section of DvK(fc)- Thus hoy^^f.) is a monomorphism natural transfor- 
mation i.e., each homomorphism ho^i^,.-^ (Z) : T-Dy^ih) i^) ~^ ^d^^^) (Z) is a monomorphism. 

It is well known that J^D^^ik) ^ formal Lie group over Spf (VF(/c)) of dimension d. For 
the rest of this paragraph we check that So^ck) ^^^^ ^ formal Lie group over Spf{W{k)) 
of dimension d. Let V{D) : Art{W{k)) and V{D © Qp/Zp) : Art{W{k)) be 

the functors that parameterize isomorphism classes of deformations of D and D © Qp/Zp 
(respectively). Each deformation of D© Qp/Zp over Z is naturally the extension of Qp/Zp 
(over Z) through a deformation of D over Z. This gives birth naturally to an epimorphism 
natural transformation T>{D ® Qp/Zp) -» T>{D). The pull back back of this last natural 
transformation via the trivial subfunctor I>(£))triv of that defines trivial deformations 
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of D, is canonically identified with a natural transformation I^^o £]j^^^^ — > D(L>)triv The 
last two sentences imply that S.Dw{k) representable by a formal Lie group over Spf (VF(A;)). 
The dimensions of T>{D) and V{D © Q^/Zp) are d{r — d) and d{r + 1 — d) (respectively), 
cf. [II, Thm. 4.8]. Thus the dimension of Sowik) '^(^ + 1 — (i) — d{r — d) = d. 

As /iOv^,(j.-) (Spec(/c[a;]/x^)) is an injective fc-linear map between /c-vector spaces of di- 
mension d, it is a fc-linear isomorphism. This implies that h^^^^^ is a natural equivalence. □ 

5.3.4. The second formal Lie group. Let si < S2 < ■ ■ ■ < be the elements of J 
listed increasingly. We now construct a second contravariant functor 

: Art{W{k)) ^ 

For j E J let Cj^z be the identity element of J-'ij{Z) and let Bj{Z) :— Uj^gj^ ji<j-^i,ii ('^); 
the union being disjoint. Let ^2(-^) be the quotient of the free group F{Bs^j^{Z)) on the 
set Bg^j^{Z) by the following three types of relations: 

(a) xiX2 = xs, if there exists an element j & J such that u* is commutative and xi, 
X2, X3 e J^-i_j{Z) satisfy the relation xiX2 = xs; 

(b) e|^,z = ^h,z = ej^,z for aU ji, j2 e J; 

(c) xiX2X^^X2^ = 3^3, if there exists a triple (^1,^2,^3) £ J3 such that we have 
Xi e J^lJ^{Z) for i e -5(1,3) and Cjj^j^{Z){xi,X2) = x^. 

If Z — > Z is a morphism of Art{W{k)), then the homomorphisms J^ij{Z) — > J^ij{Z) 
are compatible with the above type of relations and therefore define a homomorphism 
J-'2{Z) T2{Zi)- Let X = (xsj, . . . ,a;s|j|) e T\{Zi)^ where Xa^ e J^\^a^{Z). The map of sets 

Vz:Tx{Z)^T2{.Z) 

that takes x to Xs^x^a ■ ■ ■ j| , is a natural transformation between l^a^Tx and l^oT2 that 
in fact is an isomorphism. Thus T2 is representable by a formal Lie group over Spf(VF(A;)) 
denoted also by T2 and called the second formal Lie group of (M, 99, G). 

Let J-'2,j{Z) be the subgroup of J^2{Z) generated by Bj{Z). We get a subfunctor 

J^2,j : ^rt(I^(/c)) ^ €^ 

of JF2. As Pz(nj^<j -^iji (-^)) = ^2,j{Z), this subfunctor is defined by a formal Lie sub- 
group of JF2 to be denoted also by J^2,j- We get a filtration 

(26) ^ J^2,si ^ ^2,S2 ^ • • • ^ ^^,s\j\ = -^2 

by normal formal Lie subgroups. We have natural identifications ^2,si = ^i,si and 

^2,a,/^2,.,_i = J^l,.,, with i e S'(2, I J|). 

5.3.5. Remarks, (a) The nilpotent class of J^2{Z) is at most \S\. If \S\ > 2, then it is 
easy to see that the identities of the property 3.6.1 (b) imply that there exist objects Z of 
Art{W{k)) such that the nilpotent class of J^2{Z) is 
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(b) The filtration (26) depends on the ordering of J. The isomorphism class of the 
p-divisible group -D^j-^^ as well as of T\ and T2 depend only on the type of (M, G) as 
defined in Subsection 3.4.9. 

In the next two examples, the group law of Ti (resp. of T2) will be denoted additively 
(resp. multiplicatively). If [Uj^jU^j] = 0, let Cj^^j^ : J-i^j^ x Ti^j^ ^i,si be the zero 
bilinear morphism. 

5.3.6. Example. Let e = 3. The set J has five elements {si,...,S5}. They can be 
described via J = {si, . . . ,55} as follows: S5 := {cti, 0:3, 0:4}, S4 := {ai + Q!2, ct2 + QJs, ct2 + 
ci!4}, S3 := {cti + Q!2 + Q!3, CKi + q;2 + Q;4, 0:2 + 0:3 + 0:4}, S2 := {cKi + 0:2 + 0:3 + 04}, and 
si := {ai + 2a2 + az + a^}. The set J has four possible orderings such that the property 
5.2.1 (v) holds: they are defined by choosing which one among S4 and S5 and respectively 
among Si and S2 is greater. Thus filtration (26) is not uniquely determined. The maximal 
decomposition mentioned in Remark 5.2.3 is defined naturally by the set with four elements 

J' := {si,S2,S3,S4U S5}. 

For m e -5(1,5) let Xm, Vm e J^i,s^(^). Let := + Vm e J^i,s^(Z). Let 
^1,12 •= ^Si-^,Si^- The multiplication in J-2{Z) is defined by the rule: the product 
Pz{xi,X2, xz, X4, X5)pz{yi,y2, 2/3, y4, ^5) is 

Pzizi + C4,3(Z)(X4, 2/3) + C4,3(Z)(X4, C5,4(Z) (2:5, 2/4)), ^2 + C5,3(Z) (2:5, 2/3), Zs, Z4, Z5) . 

5.3.7. Example. We assume that l^"! = 2. Let Xj, yj G J-'ij{Z). Let Zj := Xj +yj- Let 
J(2) := {j G J|aj = 2}, where aj is as in the end of the proof of Proposition 5.2.1. We 
have J(2) = {si\i G 5(1, | J(2)|)}. The formal Lie group J^2,s|j(2)| is commutative; thus the 
rules xj^2) •■= Eiej(2) ^i' 2/J(2) := EieJ(2) and 2;j(2) := xj^2) + yj{2) define naturally 
elements of T2,s\j(2)\{^)- Let '^*j^2) ■~ ®ieJ(2)U^- As |£^| = 2, the Lie algebra u*/u}^2) is 
commutative. If p > 3, we introduce a new product formula on the set underlying J-^i{Z) 
by the rule 

(27) (a;i,a;2,...,a;|j|) x (j/i, 2/2, ■ ■ ■ , 2/| j|) = (^i, • • • , 5|j(2)|, ^i+|j(2)|, • • • , ^|j|), 
where the Zj^s are defined by the following summation property 

\J\ ^ 

jeJ(2) jGJ(2) ji, j2 = l+|J(2)| 

This new product is independent on the possible orderings of J and is preserved by inner 
automorphisms. It satisfies the relations of Subsection 5.3.4 and thus the resulting formal 
Lie group is isomorphic to JF2. Formulas similar to (27) can be established for \S\ > 2 and 
p >3. Not to make this monograph too long, they will not be included here. 

5.4. Formal Lie groups: the general case 

We do not assume any more that G is adjoint or that F is a cycle. All Subsections 
from 5.2 to 5.3.5 make sense in this generality: we only have to work with direct sums of 
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decompositions as in Proposition 5.2.1 (to each cycle of the permutation T of the set / 

corresponds a direct sum decomposition as in Proposition 5.2.1). In particular, wc speak 
also about the first and second formal Lie groups J-'i and JF2 of {M,(p,G). They depend 
only on the adjoint Shimura Lie F-crystal (Lie(G^^), ip). 

5.4.1. Punctorial aspects. Let G be a reductive, closed subgroup scheme of G obtained 
as in Subsection 4.3.2. Thus {M, {F^{M))iQS(a,b)j '^^ G) is an Sh-canonical lift. Let g, 

F^{q), F^{q), u*, D*^(k)^ and .Fi be the analogues of g, F^{g), F\g), u*, D^^^y 

and J^i (respectively) but obtained working with (M, (F*(M))j£5((j,b); V'; G') instead of 
(M, (F*(M))jg5(a,6), G). The natural inclusions 

(u-, u- n F°(0), ^{-)) ^ (u-, u- n F°(0), cp{-)) and (u+, F\g), cp) ^ (u+, F\&), cp) 

define respectively homomorphisms of p-divisible groups over W{k) (cf. properties 1.2.1 

(b) and (c)) 

Both /+ and /~ are epimorphisms and therefore their kernels are p-divisible groups over 
W{k). 

Let : > -D^^^^ be the closed embedding defined naturally by the Cartier 

dual of /~ and by the duality properties of Subsection 5.2.4. We emphasize that the 
endomorphism 

is not always an automorphism (and in particular it is not always 1a+ ). This is so 

W(k) 

as in Subsection 5.2.4 we used Killing forms to identify positive 7?-divisible groups over 
W{k) with Cartier duals of negative p-divisible groups over W{k) and the restriction of 
^ to u~ <Siw(k) can be non-perfect even if ^ and ^ are perfect. Both /~ and /"*" are 
functorial but (due to the same reason) is not functorial in general. Thus wc will not 
stop here to get general functorial properties for second formal Lie groups. To (resp. 
to f^) corresponds an epimorphism (resp. a closed monomorphism) denoted in the same 
way /+ : .Fi ^ JT^ (resp. : Ti'^ Ti). 

5.4.2. Remarks, (a) For each cyclic p-divisible group Do over W{k) there exists an 
Sh-ordinary p-divisible object (M, G) over k such that !Fi is the formal Lie group of 
Do and all simple factors of G^^ are of Bi = Ai Lie type. Using direct sums, to check 
this wc can assume that Dq is circular indecomposable. Thus we can assume Dq is as in 
Example 5.2.7. But if in Example 5.2.7 we take X = Bi = Ai and d = n, then we have 

^W{k) = ^0- 

We point out that this remark in fact classifies all possible first formal Lie groups J-i 
over Spf{W{k)) (of Sh-ordinary triples (M, (/?, G) over k), cf. Lemma 5.1.3. 

(b) We have variants of Subsections 5.2.4 and 5.4.1 where instead of Killing forms 
we work with restrictions of the trace form on Endw{k){M). The disadvantage (resp. the 
advantage) of this approach is that it depends on M and the numbers nj of Subsection 



106 



5.2.4 tend to grow and often are hard to be computed (resp. is that the endomorphism 
/+ o /+ of Dt//i.\ becomes a power of p times !„+ ). 

(c) We could have worked out Section 5.3 using the slope decomposition of (u*, <^(*)). 
The advantage of this approach is that this decomposition is normalized by all automor- 
phisms of (M, G) and the resulting ascending slope filtration of JF2 is canonical. The 
disadvantage of this approach is that we lose properties listed in properties 5.2.1 (i) and 
(iv) and Subsection 5.2.6 and it is harder to formalize Subsection 5.2.4 as it can happen 
that there exist elements ji, j2 G J such that n-,-^ 7^ rij^ but the slopes of (u|^,<^(*)) and 
(u*2,(^(*)) are equal. 

(d) If k ^ k, then in general we can not get decompositions as in Section 5.2. However, 
we can still speak about the positive and negative p-divisible groups over W{k) of (M, G) 
and about the first formal Lie group of (M, G). If all numbers Uj of Subsection 5.2.4 
are equal or if there exists a maximal torus T of G whose Lie algebra is normalized by (p, 
then we can also speak about the second formal Lie group of (M, (p, G). 
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6 Geometric theory: proofs of the Theorems 1.6.1 to 1.6.3 



We recall that p e N is an arbitrary prime. The passage from the abstract theory of 
Section 1.4 to the geometric theory of Section 1.6 will involve two extra tools. The first 
tool is Fontaine comparison theory that relates the p-adic etale context of Subsection 1.5.2 
to the crystalline context of Subsection 1.5.4 (see Section 6.1). The second tool is Faltings 
deformation theory of [Fa2, §7] that keeps track of how the Shimura filtered F-crystals 
(M, F^, ip, G) of Subsection 1.5.4 vary in terms of lifts z e J\f{W{k)) of points y e N{k) 
(see Section 6.2). Its main role is to substitute the abstract "pseudo-deformations" <tY;m 
used in Subsection 3.8.2. We also use Faltings deformation theory to show that the triple 
(M, G) of Subsection 1.5.4 depends only on y G N{k) and not on its lift z G N{W{k)) 
(see Proposition 6.2.7 (d)). In Subsection 6.2.3 we extend Faltings deformation theory to 
a more general and axiomatized context of the so called CD rings. In Subsection 6.3 we 
put together Sections 1.4, 6.1, and 6.2 to prove Theorem 1.6.1. In Section 6.4 we introduce 
the language of PD hulls in order to prove a result (see Proposition 6.4.6) on the existence 
of lifts of (M, G) attached to VF(/c)-valued lifts of y G Af{k); this result is also the very 
essence of the proof of Theorem 1.6.2. In Section 6.5 we prove Theorems 1.6.2 and 1.6.3; 
see Subsection 6.5.5 for the definition of the condition W. 

In Subsections 6.1.1 to 6.1.4 we work with a potential standard Hodge situation 
{f,L,v). From Subsection 6.1.5 until the end of the monograph we will assume that 
(/, L,v) is a standard Hodge situation in the sense of Definition 1.5.3. 

The notations / : (G'q,X) ^ (GSp(W^, V), ^), Sh(G'Q,X), £;(G'q,X), v, k{v), 0(„), 
L, L(p) = L0Z Z(p), G'z(,), Kp = GSp(L,^)(Zp), Hp = Kp n Gq(Qp) = Gz^,^{Zp), 
r eN, M, A/", {A,Aa), {va)aej, {w^)c.ej, Lp = L^p) ®Z(p) Zp = L ®z Zp, Tq, Bq, 
l^o'-Gm ^ To,w{k{v)), Mo = L; W{k{v)) = F^ © F", and Co = {Mq, <fo, Gwik{v))) 
will be as in Subsections 1.5.1 and 1.5.2. We recall that Gz(p) is a reductive group scheme 
over Z(p), cf. assumption 1.5.1 (*). 

We refer to [Me], [Kal], [De4], [BBM], [BM], and [Fa2, §7] for (principally quasi- 
polarized) filtered F-crystals over R/pR of (principally polarized) abelian schemes over 
Spec(i?). Here R is as in Subsection 2.8.4. 

6.1. Fontaine comparison theory 

Let khe a perfect field of characteristic p. We fix an algebraic closure B(k) of B{k). 

Let W{k) be the p-adic completion of the normalization of W{k) in B{k). The group 

Ga\(B(k)) := Ga\{B(k)/B{k)) acts naturally on W{kf. If p > 3 (resp. if p = 2) let 
B'^{W{k)) be the Fontaine ring used in [Fa2, §4] (resp. used in [Fa2, §8] and obtained 
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using the 2-adic completion). The reason we do not use the divided power topology for 
p = 2 is that (despite the claims of [Fa2, §8]) wc could not convince ourselves that the 
resulting Fontaine ring has a natural Frobenius lift (to be compared with [Fa2, §4, p. 
125] where the arguments refer only to odd primes). We recall that B~^{W{k)) is a local, 
integral, commutative VF(/c)-algebra, endowed with a decreasing, exhaustive, and separated 
filtration (F*(i?"'"(VF(A;))))j£Nu{o}7 with a Frobenius lift £, and with a natural Gal(-B(A;))- 
action (see also [Fo2, Ch. 2]). We also have a Gal(S(/c))-invariant Vr(A;)-epimorphism 



swik) ■■ B+{W{k)) ^ W{k) 

whose kernel has a natural divided power structure. Let y be a totally ramified discrete 
valuation ring extension of W{k). Let e N be the index of ramification of V. 

We start with a point y : Spec(/c) — > J\f. Let z : Spec{W (k)) — A/" be a lift of y. 
Let A = z*{A), Dz, (M, F^, G), and {tct)aeJ be as in Subsection 1.5.3 but for the time 
being we do not assume that conditions 1.5.3 (a) and (b) hold. Let Am (resp. Xd^) be the 
principal quasi-polarization of (M, ip) (resp. of D^) defined by \a '■— z*{Aj\_). As A has a 
level s symplectic similitude structure for all positive integers s relatively prime to p, the 
field k contains all s-th roots of unity and thus contains F. Let 

— ^lt(^B(fcy'Zp)- 

Let A^i : ®Zp — > Zp be the perfect form that is the Zp-etale realization of Xa- For 
Fontaine comparison theory we refer to [Fol] to [Fo3], [Ts], and [Fa2]. From this theory 
applied to A we get the existence of a 5+(VF(A;))-monomorphism 

iA : M B+{W{k)) ®z, B+{W{k)) 

that has the following four properties: 

(a) It respects the tensor product filtrations (the filtration of is defined by: 
F^{H^) = and F^{H^) = H^). 

(b) It respects the Galois actions (the Galois action on M^-^f^j.^ B^{W{k)) is defined 
naturally via sw{k) ^ind the fact that Ker(svK(fe)) h^is a divided power structure). 

(c) It respects the tensor product Frobenius (the Frobenius of being l/ji). 

(d) There exists an element /9o G F^{B^{W{k))) such that we have £(/3o) = pfio 
and Ia becomes an isomorphism after inverting (3q. Moreover takes Am to a 

G^(S+(W^(/c))[^])-multipleof Ahi.° 

The existence of Ia is a particular case of [Fa2, Thm. 7], cf. end of [Fa2, §8]. From 
the way [Fa2, §8] is stated, it is clear that loc. cit. also treats the prime 2. We point 
out that the ring Ry used in [Fa2, §8] for p = 2 is not definable as in [Fa2, §2] but it 
is the ring Rey of Subsection 2.8.7. As B^{W{k)) is a VF(/c)-algebra, we can define the 
crystalline cohomology group of the p-divisible group of A relative to B'^{yV{k)) using 
the site CRIS{^pec{W{k))/^pec{W{k))) (cf. end of [Fa2, §8]). Working with this site, the 
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homology and the cohomology of the p-di visible group Qp/Zp over W{k) can be computed 
as in [Fa2, §6] (modulo powers of p, this is also completely detailed in [BM, Ch. 2]). Thus 
one constructs the S"'"(14^(A;))-monomorphism as in [Fa2, §6] even for p = 2. 

We recall few complements on de Rham cycles as defined in [Bl]. For de Rham ring 
BdR{V) and the de Rham conjecture wc refer to [Fal], [Fa2], [Fo2], [Fo3], and [Bl]. In what 
follows we only use the facts that B+{W{k)) is a l^(/c)-subalgebra of the commutative, 
integral ring BdR{V) and that (3o is an invertible element of BdRiV). We have: 

6.1.1. Theorem. LetK:=V[^]. LetzeMiV). Let A := z* {A) . Then each Hodge cycle 

on Ak that involves no etale Tate twist is a de Rham cycle (i.e., under the isomorphism 
® BdR{V) of the de Rham conjecture, its de Rham component is mapped to the p- 
component of its etale component). 

Proof: Based on the refinement [Va3, Principle 5.2.16] of the Principle B of [Bl, Thm. 
(3.1)], we can assume that A^ is definable over a number field contained in K (strictly 
speaking, in [Va3, Subsect. 5.2] an odd prime is used; however the proof of [Va3, Principle 
5.2.16] applies to all primes). But in this case the Theorem is well known (for instance, 
see [Bl, Thm. (0.3)]). □ 

6.1.2. Corollary. For all a e J we have (p{ta) = ta- 

Proof: The cycle involves no etale Tate twist. Thus ^a[^] takes t^ to v^, cf. Theorem 
6.1.1. Thus, as Va is fixed by l//i ® £, the Corollary follows. □ 

6.1.3. Remark. We have (f{Lie{GB(k))) — Lie(Gs(fc)), cf. Corollary 6.1.2. As in 
Subsection 3.1.7 we argue that the inverse of the canonical split cocharacter of (M, F^,(p) 
factors through G. Thus the essence of the condition 1.5.3 (b) is that (5 is a reductive 
group scheme over W{k). 

6.1.4. The group schemes , Let Gq be the subgroup of Gq that fixes ijj. 
Let ) be the Zariski closure of Gq in Gzp- As the finite group Z'(Sp(VF®qR, V'))--*At2 
is contained in the maximal compact subtorus of the image of every homomorphism 
R-esc/RGrn — > that is an element of X, the group Gq is connected. Therefore 
Im(GQ — > Gq") is a subtorus of Gq" whose Zariski closure G^'^^^ in Gz[p) ^ torus over Z(p) 
(cf. Fact 2.3.12 applied over Zp). As G^^ ^ is the pull back of G^^^^ via the natural epimor- 
phism Gzr ^ Gt^ , we have a short exact sequence 1 G"^^^ G^ — * G^'*^^ — > 1. 
This implies that Gj,^^^ is a reductive group scheme whose abelianization is exactly G'^^\ 
We have a second short exact sequence 1 ^Z(p) ~^ ^"^(v) ~^ ~^ ^ ^"^(v) ^^^^ 
the Z(p)-span of ij) via this Gm quotient of it. Thus Czj^) is the closed subgroup scheme 
of Gz(j,) that fixes if). 

Let G^ be the closed subgroup scheme of G that fixes Am- Arguments similar to the 
ones of the previous paragraph show that if G is a reductive group scheme over W{k)., then 
G° is a reductive group scheme over W{k). 
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6.1.5. Simple facts. Until the end we assume that (/, L, v) is a standard Hodge situation. 
Thus (5 is a reductive group scheme over W{k). There exist non-canonical identifications 
= L* under which (see Subsection 1.5.1): 

~ the perfect form Xjji on is the perfect form '0* on L* (defined by ip) and for all 
a ^ J the p-component of the etale component of := ^*e(G(^ x)('^a) ^a- 

Strictly speaking this holds if there exists an 0(^)-monomorphism ew(k) '■ W{k) ^ C; 
but to define we can assume that k is of countable transcendental degree and therefore 
that e\Y{k) exists. Also Subsection 1.5.1 mentions a Gm(Zp)-multiple /3(p) of if)*; but as the 
complex 1 — > (Zp) Gzp(Zp) — G^(Zp) — 1 is exact, we can assume that = 1. 
Let 

G := Gw{k)- 

We fix a Hodge cocharacter of (M, G) to be denoted as 

'• G. 

Until Section 6.2 we assume that k — k. We know that ia ® BcmiWik)) is an isomor- 
phism that takes to Vq, (cf. Corollary 6.1.2) and that takes Am to a Gm{BdR{W{k)))- 
multiple of Ai/i = (cf. property 6.1 (d)). By composing ia ® Bdji{W{k)) with 
a BdRiW{k))-\\neax automorphism of M ®w{k) BdniWik)) defined by an element of 
Im(//)(i?dfl(W^(A;))), we get the existence of an isomorphism 

(M ®w{k) BdR{W{k)), Am, (ta)ae^)^(Mo ®w{k{v)) BdR{W{k)),i(;*, 

But the set H^{B{k),G^^^j^^) contains only the trivial class, cf. [Se2, Ch. II, §3, 3.3, c) 
and Ch. Ill, §2, case 2.3 c)]. Thus from the last two sentences we get the existence of an 
isomorphism 

P '■ (^[~]' (^a)a€^)^(^0 ®W{k{v)) B{k), {Va)aej) 

under which Am is mapped to i/j*. In what follows, it is convenient to allow p to take Am 
to some GT„(-B(A;))-multiple of ip*. 

Let Qy := p(fip~^{(fo <8) c)""*^- It is a 5(A;)-linear automorphism of Mq <S>w{k{v)) B{k) 
that fixes for all a & J. Thus we have 

~9y e G{B{k)). 

Due to the property 1.5.2 (a), the cocharacters piJ'B{k)P~^ A*o,B(fc) of Gsik) become 
G(C)-conjugate over C. As GB{k) is split, we get that pHB(k)P~^ ^ind Po^B{k) cire G{B{k))- 
conjugate. Thus by replacing p with pg, where g e G{B{k)), we can assume that we have 

(28) PIJ'B{k)P~^ = IJ'0,B{k) ■ Gm ^ GB{k)- 

Therefore we have p(-F^[^]) = -Pq ®iv(fc(?;)) B{k). 
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6.1.6. The adjoint context. Let p^^ : Lie(G^^^^)A-Lie(G^^^^) be the Lie isomorphism 

over B{k) that is defined by p. We have two hyperspecial subgroups of G{B{k)). The 
first one is pG{W{k))p~^ ^ G{B{k)) and therefore it normalizes p{M). The second one 
is G{W{k)) and therefore it normahzes Mq ^w{k{v)) W{k). They are conjugate under 
an element iy G G'^'^(S(/c)), cf. [Ti2, end of Subsect. 2.5]. Thus we have an identity 
iyP^'^{Ue{G^'^))i-^ = Lie(G'^d). Let At^fvK(fc) ' ^ and pf : ^ the 
cocharacters defined by po,w{k) and by the inner conjugate under iy of ppp~^ '■ Gm 
GLp(M) (respectively). As the generic fibres of A*o'V(A;) A*^*^ are G^'^(5(A;))-conjugate 
and as G^'^ is split, the cocharacters A*o*V(A;) '"y'^ are G^'^(VF(A;))-conjugate. Thus 
we can choose iy such that it fixes Po^B{k) i-®-, such that Pq^ = p^. The cr-linear Lie 
automorphism iyp^^(p{p^^)~^iy^ of Lie(G^'^)[^] is of the form 

where gy e G^'^{B{k)). But as Pq^ = p^, from property 1.3.2 (a) we get that we have an 
identity {gy{(po f7))-HLie(G'^'^)) = ((po (g) f7)-^(Lie(G^'^)). Thus gy normalizes Lie(G^'^). 
But G^'^{W{k)) is a maximal bounded subgroup of G^'^{B{k)) (cf. [Ti2, Subsect. 3.2]) 
which is a subgroup of the normalizer of Lie(G^'^) in G^^{B{k)). Thus G^^{W{k)) is this 
last normalizer and therefore we have 

gy e G-''{W{k)). 

6.1.7. New tensors. Until Subsection 6.1.9 we assume that the following two conditions 
hold: 

(i) there exists a maximal torus T of G such that the quadruple {M,F^ ,ip,T) is a 
Shimura filtered F-crystal, and 

(ii) either p > 3 or p = 2 and (M, (p) has no integral slopes. 

Let (ta)a6Jo t>e the family of elements of Lie(T) fixed by (/?. As /c = k, their W{k)- 
span is Lie(T) itself. Each ta is the crystalline realization of an endomorphism of (for 
instance, cf. (ii) and properties 1.2.1 (b) and (c)). For each a e Jo, let Va G Endzp(-ff^) 
be the element that corresponds to ta via Fontaine comparison theory for A (or for Dg). 

6.1.8. Lemma. Let k be the Zp-span of {fa|ct G j7o}. Then k is the Lie algebra of a 
maximal torus T^t of the reductive, closed subgroup scheme Gz^ of GL^i = GL l* . 

Proof: Let a G j7o be such that ta is a regular element of Lie(GB(fc)). Thus Va is a regular 
element of Lie(GQp). Thus k[^] is the Lie algebra of a maximal torus Tst,Qp of Gq^. Let 
T^t be the Zariski closure of T^t,Qp in Gzp- Let T^^^ be a maximal torus of GL^ that 
contains T and such that (M, F^, ip, T'^^^) is an Sh-canonical lift, cf. Subsection 4.3.2. Let 
K^^^ and T^^^ be the analogues of k and T^t but obtained working with T^^^ instead of T. 
We know that Lie(r^'s) is VF(A;)-generated by projectors of M on rank 1 direct summands 
of it. Thus using VF(A;)-linear combinations of elements of n^^^, we can "capture" the rank 
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1 direct summands of L* <SiZp W{k) that are normalized by T^f%r(k)- Thus T^^^^i^^ is a 

maximal torus of GLl*)^^ w{k) ^^nd therefore T^^^ is a torus. Thus T^t is a torus over Zp, 
cf. Fact 2.3.12. 

Obviously k C L\e{Tet)- Every clement v £ Lie(T'et) defines naturally an endomor- 
phism of Dz and therefore it of the form ta for some a e J^q. Thus Lie(T^i) C k. Therefore 
we have Lie(T^t) = n- □ 

The Zariski closure in GLji^i (resp. in GLm) of the subgroup of GL^iji] (resp. of 
GLJ^^[l]) that fixes (resp. to) for all a e := J" U Jq^ is T^t (resp. is T). 

6.1.9. Two variants, (a) If (M, F^,ip, G) is an Sh-canonical lift, then condition 6.1.7 (i) 
holds (cf. Subsection 4.3.2). Moreover, even if the condition 6.1.7 (ii) does not hold, the 
subgroup Tn Q of GLjijirii is well defined (as Grothendieck-Messing deformation theory 

implies that for p — 2 each p^ta with a E Jo is the crystalline realization of a well defined 
endomorphism of Dz) and (cf. the proof of Lemma 6.1.8) it is a torus over Qp. 

(b) Let X E X. Let be a maximal torus of Gr such that x : Resc/R Gr 
factors through T^. It is well known that is the extension of a compact torus by Gm = 
Z(GSp(I^,V')), cf. [De3, axiom (2.1.1.2)] applied to the Shimura pair (GSp(H^, •0), ^)- 
Let 7z(p) be a maximal torus of Gz(p) whose extension to R is Gq (R)-conjugate to T^;, cf. 
[Ha, Lem. 5.5.3]. Thus there exists an element xq E X such that xq factors through Tr. 
We now assume that: (i) /c = F, and (ii) z G N{W{¥)) is such that via an 0(„)-embedding 

W(¥) ^ C, it defines the complex point [,xo, 1] G M{C) = G'z(^) (Z(p))\(X x G'q(A^^^)) 

(see Subsection 1.5.1). Let T be the fiat, closed subgroup scheme of G that corresponds to 
via Fontaine comparison theory for A. The arguments of Lemma 6.1.8 can be reversed 
(i.e., we can pass from the Zp-etale context to the crystalline context instead of the other 
way round) to show that T is a torus of G. This works even for p = 2 as each element of 
Lie(Tzp) does define naturally an endomorphism of D^. 

6.2. Deformation theory 

We start with some notations that describe the concrete principally quasi-polarized 
F-crystals of the formal deformations of (A, Aa) = 2;*(^, A^^) associated naturally to M 
and M.. In Subsection 6.2.1 we introduce some abstract principally quasi-polarized F- 
crystals and then in Subsection 6.2.3 we recall a theorem of Faltings that allows us (see 
Subsection 6.2.6) to "relate" them to the concrete principally quasi-polarized F-crystals we 
have mentioned. Some conclusions are gathered in Propositions 6.2.7 to 6.2.9. For future 
references, in Subsection 6.2.3 we work in the axiomatized context of the class of the so 
called GD (good deformation) rings which "contains" the ring R of Subsection 2.8.4. 

Let 

d := dimc(-^) and e := dimc(/S'). 

We denote also by z the two closed embeddings Spec(VF(/c)) ^ -Afwik) and Spec{W (k)) > 
■M.w{k) defined naturally by z : Spec{W{k)) ^ jV". Let R (resp. i?i) be the completion 
of the local ring of the A;-valued point of Nw{k) (resp. of M.w{k)) defined by y e J\f{k). 
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We identify R (resp. with VF(A;)[[a;i, . . . , Xd\] (resp. with . . . , We\]) in such 

a way that the ideal 

I -.^ {xi, . . . ,Xd) ^ R (resp. Xi := (wi, . . . , We) C 

defines z. Let $h (resp. be the Frobenius lift of R (resp. of Ri) that is compatible 

with a and takes Xi to a;? (resp. Wi to w^) for i e 5(1, d) (resp. for i e 5(1, e)). Let 

ii : Spec(i?) — > Spec(i?i), ttir : Spec(i?) ^ J\f, and mi^^ : Spec(i?i) ^ 

be the natural morphisms. Thus mji-^ o ii is the composite of niji with the morphism 
A/" — >^ A4. Let TO^ji] : Spec(i?[^]) ^ J^E{Gci,x) be the morphism defined naturally by mji. 
Let 

Ci? = (Mi?,FA,</:'ii,Vfl,AMH) 

be the principally quasi-polarized filtered F-crystal over R/pR of m*j^{A,A_^). For each 
a e J let 

ta e T(Mh[^]) 

be de Rham component of to^[1]('J^^)- 

We recall that ipn acts naturally on (Mul^])* via the rule: if x G {Mfi[^])* and if 
y e Mi?[i], then (Pr{x) G (M^jfi])* is such that ipR{x){ipR{y)) = $ij(a;(2/)); here we denote 
also by ^r the endomorphism of R[^] defined by Also cpR acts naturally in the usual 
tensor way on T{Mr[^]). We apply Corollary 6.1.2 to the composite of a Teichmiiller lift 

Zgen ■■ Spec(W^(A;i)) ^ Spec(i?) 

with niR, where ki is an algebraically closed field and where the special fibre of Zgea is 
dominant. We get that the tensor e T{Mr[^]) is fixed by (pR. Let 

^fli = {Mr, , F^^ , (pR, , Vfli , Xmu, ) 

be the principally quasi-polarized filtered F-crystal over Ri/pRi of the pull back through 
niR-^ : Spec(J?i) ^ Ai of the universal principally polarized abelian scheme over Ai. 

6.2.1. An explicit deformation of (M, F^, f,XM, {tc)c,ej)' Let M = © F° be the 
direct sum decomposition normalized by /x. Let Ni be the unipotent radical of the maximal 
parabolic subgroup scheme of GSp(M, Am) that is the normalizer of F° in GSp(M, Am)- 
In other words, A^i is the maximal connected, unipotent, commutative, smooth, closed 
subgroup scheme of GSp(M, Am) such that the composite cocharacter p : ^ G 
GSp(M, Am) acts on Lie(A'^i) via the identity character of Gm- The relative dimension of 
Ni is e and Ni acts trivially on both and M/F^. The intersection 

Nq ■.= Nir\G 
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is the unipotent radical of the parabolic subgroup scheme Q of G that is the normalizer of 
in G (see Subsection 2.5.5). We identify the spectrum of the local ring of the completion 
of A'^i along its identity section with Spec(i?i) in such a way that the spectrum of the local 
ring of the completion of A^o along its identity section becomes the closed subscheme 

Spec(i?o) 

of Spec(-Ri) defined by the ideal {wd+i, • • • , Wq); we also identify Rq with . . . , Wd]]- 

Let 

lo := {wi, ...,Wd)CRo = W{k)[[wi, . . . , Wd]]. 

Let be the Frobenius lift of Rq defined by (via passage to quotients or via 
restriction to Rq viewed as a VF(A;)-subalgebra of for i e S{1, d) we have ^>ijg {wi) = . 

Following [Fa2, §7], let 

Ci := (M ®w{k) Ri, ^w{k) Ri, 9Ri if ), Vi, Am) 

be the principally quasi-polarized filtered F-crystal over Ri/pRi defined by the natural 
universal morphism g^^ : Spec(i?i) — > Ni (that identifies Spec(i?i) with the spectrum of 
the local ring of the completion of A^i along its identity section). The connection Vi on 
M^w(k)Ri is uniquely determined (cf. Fact 2.8.5) by the requirement that (7fj^((/7(8>$i?i) is 
horizontal with respect to Vi (in the sense of Subsection 2.8.4) and this explains why indeed 
Am defines a principal quasi-polarization of (M <^iY{k) Rii -^^ ®VK(fc) -^i; ORii'^'^^Ri): Vi). 
We recall that the existence of Vi is guaranteed by [Fa2, Thm. 10]. Let 

Co := (M <»w{k) Ro,F^ <^w{k) Ro, QRoi^^ ^Ro)^'^oAm) 

be the pull back of €i to Rq/pRq. Thus gn^^ : Spec(i?o) is the natural universal 

morphism (that identifies Spec(i?o) with the spectrum of the local ring of the completion of 
A^o along its identity section). We denote also by Vo the connection on T(M(g)^(fc) -Ro[^]) 
induced naturally by Vq- 

6.2.2. Proposition. The following three things hold: 

(a) for each element a & J we have Vo(ta) = 0; 

(b) each tensor ta belongs to the -filtration of T{M <^w{k) Ro[p]) defined by 
F^ ^w{k) Ro[^]; 

(c) the Kodaira-Spencer map 

ICo : i^f^^R^ydwi)* ^RomR^{F^®wiF)R4),{M/F^)®w{F)Ro) ^iiomwik){F\F^)(^wiF)Ro 

o/Vo is injective and its image is the direct summand o/HomvK(A;)(-^"^) -^°) ®iv(f) Rq that 
is (naturally identified with) the Ro-module Lie(A^o) ®VK(fc) -^o- 

Proof: The tensor t^ £ T(M <Siw{k) Ro[^]) is fixed by gii^ and (p (8) and thus also 
by gRoi^P «) ^Ro)- Therefore we have Vo(ta) = (gRoi'P « ^Ro) ® d^R^){Wo{ta))- As 



115 



d^jii^{dwi) — pw^ ^dwi, by induction on g G N we get that the following belongness 
relation Vo(ta) G {M iSiw{k) Ro[^]) ®_R„[i] ®i=i^o[p]^^i holds. As Rq is complete with 
respect to the Jo-topology, we get that Vo(ta) = 0. Thus (a) holds. Part (b) is obvious. 

Wc check (c). Let the flat connection V^"^ on M®vk(k) Rq be as in Subsection 2.8.4. 
As $j{„(Xo) C Xq, the connection Vo is modulo Xq~^ of the form V^"^ — g]^^dgRf^. Thus, 
as QRf^ is a universal morphism, we get that ICq modulo Xq is injcctivc. As for all a G 
we have Vo(ta) — 0, Im(/Co) is included in the image of Lie(G) ^w(k) Ro in 

Hom^(fc)(F\F°) ^w{F) Ro = {Endwik){M)/F°{Endw(k){M))) ^w{k) Ro, 

where F°(Endvi/(A:)(^'^)) := ^ End^(fc)(M)|x(F^) C F^}. As we have a direct sum 
decomposition Lie(G') = Lie(iVo) © F^\Endw(k){M)) n Lie(G') (cf. property 1.3.2 (b)), 
Im(/Co) is included in the direct summand of HomvK(fe)(i^^, F'^) ®w{f) Rq that is (naturally 
identified with) the i?o-niodule Lie(A^o) '^w{k) Ro- As JCq modulo Xq is injective, by reasons 
of ranks we get that Im(/Co) is in fact the last mentioned direct summand. Thus (c) holds. □ 

6.2.3. GD rings. By a GD ring over W{k) we mean a triple 

(C,$C,(/g)qGN), 

where C is a commutative VF(A;)-algebra, is a Frobenius lift of C, and {Iq)q^Tss is a 
decreasing filtration of C by ideals such that the following four axioms hold: 

(a) we have C = proj.lim.q^^C//g and C / Ii = W{k); 

(b) for all positive integers q we have ^c'i^q) U C Iq+i; 

(c) for all positive integers q the VF(/c)-modulc Iq/Iqj^i is either or torsion free; 

(d) all VF(/c)-algebras C and C/IqS are p-adically complete; here q is an arbitrary 
positive integer. 

Above GD stands for good deformation and this terminology is justified by Theorem 
6.2.4 below. We consider a pair (€c, (^a)aeJ')7 where — {Mc, Fq,(pc,^c, ^c) and 
where {t^)aeJ is a family of tensors of T{Mc[^]), such that the following five things hold: 

(i) Mc is a free C-module of finite rank, Vc is a connection on Mc, Fq is a direct 
summand of Mq, is a $c'-linear endomorphism of Mq with the property that Mc is 
C-generated by (pc{Mc + ^-^c); and Ac is a perfect alternating form on Mq with the 
property that for all elements x,y & Mc we have Xc{<ficix) <S> <Pc{y)) = P^ciXc{x,y)); 

(ii) each tensor is fixed by the ^c-hnear endomorphism of T(Mc[^]) defined by 
(fic and belongs to the F°-filtration of T{Mc[^]) defined by F^[i]; 

(iii) the reduction modulo h of (Mc, F^l, (pc, Ac, {ta)aej) is (M, F\ ip, Am, {ta)aej); 

(iv) the quadruple (Mc, v^c, Vc, Ac) is the evaluation at the thickening associated 
naturally to the closed embedding Spec{C/pC) ^ Spec(C) of a principally quasi-polarized 
F-crystal over C/pC. 
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Let {^c/w{k))^ be as in Subsection 2.8.4. We recall that (iv) implies that the con- 
nection V c '■ Mc — ^ Mc ®c {^c/w(k))^ is integrable, nilpotent modulo p and that $(7 
is horizontal with respect to Vc (in the sense of Subsection 2.8.4). We now include a 
refinement of a weaker version of a result of Faltings (see [Fa2, §7]: in [Fa2, §7] it is consid- 
ered the particular case when one has Iq = Cf and C^R, with R as in Subsection 2.8.4; 
moreover loc. cit. also proves the existence and the uniqueness of Vc)- 

6.2.4. Theorem. Let the triple (C, (-fq)qGN) be a GD ring. Let the pair (Cc, {t^)a£j) 
he such that conditions 6.2.3 (i) to (iv) hold. Then there exists a unique morphism ec '■ 
Spec(C) Spec(i?o) of W (k) -schemes that has the following two properties: 

(a) at the level of rings, the ideal Xq is mapped to Ii; 

(b) there exists an isomorphism e^(£o, {ta)aej)~^i^Ci {ta)a€j) which modulo I\ is 
the identity automorphism of (M, F^, Am, (ia)aej')- 

Proof: Due to axioms 6.2.3 (a) and (b), it is enough to show by induction on q G N 
that there exists a unique morphism ec,q ■ Spec(C//q) — > Spec(i?o) of VF( A;) -schemes such 
that at the level of rings Tq is mapped to Ii/Iq and the analogue of (b) holds for ec,q- 
This is so as the axiom 6.2.3 (b) implies that there exists no non-trivial automorphism 
of g{€o, {ta)a&j) which modulo Ii/Iq is defined by 1m- Obviously e^i exists and is 
unique. The inductive passage from q to q + 1 goes as follows. We can assume that 
Iq 7^ Iq+i- We first choose ec,q+i ■ Spec(C//q+i) Spec(J?o) to be an arbitrary lift of 
ec,q. Let Jq :— Iq/Iq^i; it is a torsion free VF(/c)-module (cf. axiom 6.2.3 (c)). We have 
Jg = 0, cf. axiom 6.2.3 (b). We endow Jq with the trivial divided power structure; thus 

jI^^ = 0. It is known that (M <^w{k) Ro, ®M/(fc) Ro, QRoiv ® ^Ro), Vq) is the filtered F- 
crystal of a p-divisible group over Spf (i?o) that lifts the p-divisible group over Spf{W{k)) 
defined by (sec [Fa2, Thm. 10]). Thus, as the ideals X^/Jo+^ with n G N are 
equipped naturally with the trivial nilpotent divided power structure, from Grothendieck- 
Messing deformation theory we get that £0 is the principally quasi-polarized filtered F- 
crystal of a principally quasi-polarized p-divisible group over Spf(i?o) which modulo Iq 
is the principally quasi-polarized p-divisible group over Spf(VF(/c)) defined by {Dz,Xd^)- 
Therefore from the property 6.2.3 (iv) and from Grothendieck-Messing deformation theory 
we get that e^ q^.]^(€o) is naturally identified with 

{Mc/Iq+iMc, ^c, Vc, Ac), 

where wc denote also by (v^c, Vc,Ac) its reduction modulo Iq+i and where F^,.^_^-^ is a 
direct summand of Mc/Iq+iMc which modulo Jq is F^/IgF^. Let Gq+i, iVo.g_|_i, and 
Ni-q+i be the closed subgroup schemes of GliMc/iq+iMc ^^at correspond to G ■, 
Nq tjq/x^+i, and r^/x'^^^ (respectively) through this last identification Jg+i. Let ta^g+i 
be the reduction modulo Jg+i of t^. Under Jg+i, the tensor '■— (ec,q+i)*(^a) is 

^a,q+i 6^<^b a & J. This is so as (cf. the inclusion ^c{Iq) Q Iq+i of the axiom 6.2.3 
(b)) we have: 

ta,,+l - = <Pc{ta,q+l - t^q+l) G ^C (/,Mc [^j //,+lMc[^] ) = 0. 
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As and Fq / Iq+iF^; are maximal isotropic C//g+i-submodules of Mc/Iq-^Mc 

with respect to Ac that are congruent modulo Jg, there exists a unique element 

h e Ker(iVi;,+i(C//,+i) ^ iVi;,+i(C//,)) 

such that we have = Fc/Iq+'i-Fc- We check using purely group theoretical 

properties that in fact we have 

(29) h e Ker(iVo;g+i(C//g+i) ^ No;,+i{C/ 1,))- 

Let T{M) — ®ie7.F'^{T{M)) be the direct sum decomposition such that (3 G 
Gm{W{k)) acts on F"(T(M)) via as the multiplication with Let F'{T{Mc / Iq+iMc)) 
be the direct summand of T {Mc / Iq+iMc) that corresponds naturally to F'^{T{M)) via 
J,+i. As e FO(T(M))[i], we have G FO(T(Mc//,+iMc))[i]. For each 

ct G JT" the tensor ta,g+i belongs to the F°-filtration of T{Mc/Iq+iMc[-]) defined by 
F^//,+iF^[i], cf. the property 6.2.3 (i). As h-\F}./ I^+^F^) = F^.^^^, we get that 

h-\to,,q+i) G ©i>oF^(Mc//,+iMc)[i]. 
As /i~^(ta,q+i) has a zero component in F~^(T(Mc//q+iMc))[^], the element 
/i"' - 1mc/7,+iMc e Lie(iVi;g+i) C F-\r{Mc/Iq+iMc)) 

annihilates ta,g+i £ -^°(^(-^c/-fg+i-^c))[^] for all a e J; this implies that we have 

— iMc/iq+iMc ^ Lie(7Vi;g+i) n Lie(Gg+i) and thus (as Jq is a torsion free VF(fc)- 
module) that — iMc/iq+iMc ^ -'^?(Lie(A^i;g+i) H Lie(G'g+i)). As A^o = -^i ^ G*, we also 
have ^o;g+i = A'i;g+i HG^+i. This implies that Lie(iVo;g+i) = Lie(iVi.q_|_i) nLie(Gg_|_i) and 
therefore that JqLie(iV'o;g+i) = Jg(Lie(iVi.g_|_i) fl Lie((jg_|_i)). Thus we have the relation 

— iMc/iq+iMc ^ -^gLie(A'o;g+i). This implies that property (29) holds. 

From the description of Im(/Co) (see Proposition 6.2.2 (c)), we get that for each el- 
ement h G Ker(iVo;q+i(C//g_|_i) — > iVo;q+i(C//g)), there exists a unique lift ^_|_-,^ ^ : 

Spec(C//g+i) — > Spec(i?o) of ec,q such that the role of h gets replaced by the one of hh. 
Thus our searched for lift ec,q+i is ec,q+i,h-^ and it is unique. This ends the induction 
and therefore also the proof. □ 

6.2.5. Complements to 6.2.3 and 6.2.4. (a) If Iq/Iq^i is a free VF(/c)-module of finite 
rank, then property (29) can be also argued as in [Fa2, §7, Rm. iii), p. 136] at the level of 
strictness of filtrations between morphisms of the category AiJ-'{W{k)) of [Fal]. Moreover, 
the proof of [Fa2, Thm. 10] can be used to show that Vc is unique and that Theorem 
6.2.4 holds without assuming that the property 6.2.3 (iv) holds. 

(b) We list few standard examples of GD rings. We first remark that if (C, ^c, {Iq)qeN) 
is a GD ring, then for each positive integer I the triple {C/Ii, ^c/iv {Iq + Il/Il)q£^) is also 
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a GD ring; here ^c/ii is the Frobenius hft of C/Ii induced naturally by $c (cf. axiom 
6.2.3 (b)). Let now R, R^^ , X, and Jl^l (with / G N) be as in Subsection 2.8.6. If 
$^(J) C J2, then the triples (i'')qeN) and (^^^, ^^^c , (XM)qeN) are the most 

basic examples of GD rings. 

(c) In this monograph, without any extra comment, we will apply Theorem 6.2.4 to 
GD rings (C, {Iqjqe^) of the form (i?, (X^)q£N) but we will always mention only 

6.2.6. First applications of 6.2.4. From Theorem 6.2.4 applied to (i?, $ij,X), we get 
the existence of a unique morphism 

Co : Spec(i?) Spec(i?o) 

of -schemes that has the following two properties: 

(a) At the level of rings the ideal Xq is mapped to T. 

(b) We have an isomorphism eg(Co7 {ta)oiej)~^{.'^Ri {'ta)a€j) which modulo I is the 
identity automorphism of (M, F^, (p, Am, (^a)aej')- 

A similar argument shows the existence of a unique endomorphism ei : Spec(i?i) 
Spec(-Ri) of VF(/c)-schemes that at the level of rings maps Ti to Ti and we have an iso- 
morphism el{€i)^(tjij^ which modulo Ii is the identity automorphism of (M, F^, ip, Am)- 
As the Kodaira-Spencer map of Vrj^ is injective, ei is a H^(A;)-linear automorphism. Due 
to the uniqueness part of Theorem 6.2.4, the following diagram is commutative 

Spec(i?) Spec(i?o) 

*i ioi 

Spec(i?i) ^ Spec(i?i), 

where ioi is the natural closed embedding and where ii is the natural morphism (see the 
second paragraph of Section 6.2). 

6.2.7. Proposition. The following four things hold: 

(a) the morphism, cq : Spec(i?) Spec(i?o) of W (k)- schemes is an isomorphism; 

(b) the Kodaira-Spencer map of Vr is injective; 

(c) the natural morphism ii : Spec(i?) —>■ Spec(i?i) of W{k)-schemes is a closed 

embedding; 

(d) the tensors t^ E T(M[i]) (a E J) and therefore also {M,(p,G) depend only on 
the point y E Af{k) and not on the lift z E Af{W{k)) of y. 

Proof: We recall that M is the normalization of the Zariski closure of Sh(G'Q, X)/ifp in 
7Wo(„)- The morphism M •^0(„) of 0(^)-schemes is finite, cf. [Va3, proof of Prop. 
3.4.1]. Thus Afw(k) is the normalization of the Zariski closure of {Sh.{GQ, X)/Hp)B{k) in 
■M.w(k) and the morphism Afw{k) Aliv(fc) of I^(A;)-schemes is finite. Therefore ii is a 
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finite morphism of VF(fc)-schemes and its fibre over B{k) is a closed embedding. As ei is 
an automorphism of VF( A;) -schemes and as ioi is a closed embedding, we get that eg is a 
finite morphism of -schemes and that eQ B{k) is a closed embedding. As Rq and R 
are regular local rings of equal dimension, we get that cq is a birational, finite morphism 
of W^(fc)-schemes. As Rq is normal, we conclude that in fact cq is an isomorphism of 
-schemes. Thus (a) holds. As eo is an isomorphism of W{k)-sch.emes and as the 
Kodaira-Spenccr map /Cq of Proposition 6.2.2 (c) is injective, we get that (b) holds. As 
ioi is a closed embedding and as ii = e^^ o igi o eo, we get that ii is a closed embedding. 
Thus (c) holds. 

As Co is an isomorphism of VF(A;) -schemes and due to the property 6.2.6 (b), the 
pull back of {€r, {t^)aej) via each W{k)-valued point z of Spec(i?) is of the form 
(M, F^,(fi, Am, ita)a&j)- Thus (d) also holds. □ 

Let (Mgen,i^gen,¥'gen, AMgen, (C")ae:r) := Z*^n{MR, F}^, (fR, Xmu, (ta) cxEj) , whcrC 

the TeichmuUer lift Zgen '■ Spec{W{ki)) — > Spec(i?) is as in Subsection 6.2.3. See Sub- 
section 6.1.4 for the reductive, closed subgroup scheme G° of G. 

6.2.8. Proposition. We assume that k = k. Let y\ e H{k) he such that it factors through 

the same connected component of Mk{v) as y & M{k) does. Let zi G Af{W{k)) be a lift ofyi. 

We consider the analogue {Mi, , Lpi, Gi, Xm^, {ti,a)aej) of {M, F'^.Lp.G, XM,{ta)a€j) 
obtained by working with zi instead of z. Then there exists an isomorphism 

jz,zi '■ {M, Xm, {ta)aej)-^{Mi, Xmt_, {tl,a)aej) 

that takes F^ onto Fl . In particular, we can identify naturally: 

(i) G = Gi, uniquely up to G{W (k)) -conjugation, and 

(ii) {Mi,(pi,Gi,XMi,{ti,a)aej) = {M,gi(p,G,XM,{ta)a€j) for some element gi e 
G'^iWik)). 

Proof: There exists an isomorphism 

j, : {M®w(k) W{ki),XM,{ta)a€j)^{Mgen,XM,,^,{tf'')aej) 

that takes F^ ®vK(fc) W{ki) onto -Fgen? cf. the definition of <to and the property 6.2.6 (b). 
Working with zi, let zi,gen, (Mi,gen, i^i,gen: ^i,gen, AMi,ge„: itT,a)<^ej), and 

j^^ : (Ml (»w{k) W{ki),XMi, (tl,a)aGJ^)^(Mi,gen,AMi,gen> itl^a)a€j) 

be the analogues of Zgen, (Mgen, -Fgen, V^gen, AMgcn5 it^^)aej^ -^Mgen)^ and jz (respectively). 
We choose Zg^n and -2i,gen such that their special fibres coincide. Thus we have a natural 

isomorphism Jgen : (Afgen, <^gen, ,gen, Vljgen, 

also Proposition 6.2.7 (d). Thus F^^j^ and i^n(^i,gen) are two lifts of the Shimura F-crystal 
(Mge„,<^ge„,G'ge„), where Ggen := jzGw{ki)jz^ ^ GLMgen- Thus F^^^ and j~i{Fl^^J 
are Ggen(W^(A;i))-conjugate (see Lemma 3.1.3) and therefore also Gggn(W^(^i))-conjugate, 
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where Ggg„ is the reductive, closed subgroup scheme of Ggen that fixes AMgen- Thus we 
can choose jgen such that Fg^j^ = jgen(-^i,gen)- Thus we have an isomorphism 

°jsenojz ■■ (M ®w{k) Am, {ta)aej)^{Mi 0w{k) W^(A;i), Ami, iti,a)aej) 

that takes (8)vK(fc) W{ki) onto 'S)w{k) W{ki). Therefore j^^^i exists in the faithfully- 
flat topology of W{k). 

By multiplying each v^t with with a G N and a >> 0, we can assume that we have 
tec £ T{M) and ti ^, G T(Mi) for all a E J . Let *p be the W {k) -scheme that parameterizes 
isomorphisms between (M, Am, (^a)aeJ') ^-^^d (Mi, Ami, (^i,a)a6j') that take F^ onto Fj'^. 
The normalizer of F^ in is a parabolic subgroup scheme of & and thus it has 
connected fibres. The group scheme P° acts from the left naturally on the Zariski closure 
of ^B{k) in Prom the last sentence of the previous paragraph, we get that is a 
right torsor of P°. As k = k, this torsor is trivial and therefore has VF(A;)-valued points. 

Thus jz,zi exists. As jz,zi is unique up to its left composites with elements of 
P^{W{k)), we get that (i) holds. As jz,zAF^) = Fl, gi := j~X^iJz,zi<P~^ is an ele- 
ment of GIjM{W{k)). But gi fixes ta for all a E J . Therefore we have g\ G 
Moreover, as Am and Ami are principal quasi-polarizations of (M, and (Mi,(/7i) (re- 
spectively) and as jz.zx takes Am to Ami, we get that g\ fixes Am- Thus g\ G (5°(VF(/c)) 
and therefore (ii) holds. □ 

6.2.9. Proposition. We assume that the Newton polygon of (M, </?) is the same as the 
Newton polygon of (Mgen, <^gen)- Then (M, G) is Sh-ordinary. 

Proof: To prove this, we can assume that k = k (cf. Fact 3.2.1 (a)). Due to the existence 
of jz (see proof of Proposition 6.2.8), we can identify (Mgen, V'gen, Ggen) with (M ®w{k) 
W^(^i),5'gen(<^® ('■fci), Gy^f^j.^)) for somc element ^gen £ GiW{ki)). To show that (M, G) 
is Sh-ordinary it suffices to show that (Mgen, ^^gen, Ggen) is Sh-ordinary, cf. the equivalence 
1.4.1 (a) -v^ 1.4.1 (6) (see Theorem 1.4.1). Let d be the relative dimension of the reductive 
group scheme . Let R2 be the local ring of the completion of G^ along the identity 
section. As A^o is a closed subgroup scheme of G'^, we have a natural closed embedding 
zo2 : Spec(i?o) ^ Spec(i?2). We identify R2 with 14^(/c)[[wi, . . . in such a way that 
the ideal {wd+i-, ■ ■ ■ ,w^) of R2 defines the closed subscheme Spec(i?o) of Spec(i?2)- Thus 
X2 '■— {wi, . . . ,w£) is the ideal of R2 that defines the identity section of we have 
R2/T2 = W{k). Let $ij2 be the Frobenius lift of R2 that is compatible with a and takes 
each Wi to for i G S{l,d). Let g^^ : Spec(-R2) G he the universal element. Let V2 
be the unique connection on M <^w{k) R2 such that 

is a principally quasi-polarized filtered F-crystal over R2/PR2 (one argues the exis- 
tence of V2 having the desired properties in the same way we argued its analogue for 
€0 in Subsection 6.2.1). From Theorem 6.2.4 applied to (i?2, ^^2,^2), we deduce the 
existence of a unique morphism 62 : Spec(i?2) — > Spec(i?o) of VF(A;)-schemes which: 
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(i) at the level of rings maps Xq to X2, and (ii) it is such that we have an isomor- 
phism e2{(toT {ta)ctej)—^{^2, {ta)aej) that modulo I2 is the identity automorphism of 
{M,F\ip,XMAtc.)c.ej)- 

Let /c2 be the algebraic closure of the field of fractions of R2/pR2- Let 'g2^'^ E G^^{k2) 
be the image in G^^{k2) of the pull back of gji^ to /c2- As ^^'^ dominates G'ff, from 
Corollary 1.4.5 we get that the pull back C2,gen of ^2 via the dominant morphism 
Spec(/c2) — > Spec(i?2/p-R2) of /c-schemes is an Sh-ordinary F-crystal; it is of the form 
{M ®w(k) W {k2) , g2{^ ® (Jki) , Gw (ks)) for some element g2 G G{W{k2)). Pulling back the 
isomorphism 62(^0, {ta)aej)~^{^2, (tajaej) via io2, we get an isomorphism 

(e2 O Z02)*(^0, ita)a€j)^'i'02i^2, ita)a€j) = (^0, (^a)aej-)- 

Thus e2ozo2 — lspec(i?o)5 cf. the uniqueness part of Theorem 6.2.4. Therefore the morphism 
Spec(i?2/p-R2) — ^ Spec{R/pR) of A;-schemes defined by 62 is dominant. This implies that 
the morphism Spec(i?2/p-R2) — ^ Spec{R/pR) of A;-schemes defined by Cq ^ o 62 is also 
dominant. From this and the fact that ^2,gen is Sh-ordinary, we get that (Mgen, <figen, Ggen) 
is also Sh-ordinary. □ 

6.3. Proof of Theorem 1.6.1 

Let N'^y^ be a connected component of A4(v)- Its field of fractions contains F (see 
Section 6.1) and therefore it is geometrically connected. Let be the maximal open 
subscheme of J^^^^ such that the Newton polygons of pull backs of A through geometric 
points of it are all equal, cf. Grothendieck-Katz specialization theorem [Ka2, 2.3.1 and 
2.3.2]. If ^ e Af{W{k)) is such that y G M{k) factors through C»° (i.e., belongs to 0^{k)), 
then (M, 97, G) is Sh-ordinary (cf. Proposition 6.2.9). To prove Theorem 1.6.1 we will need 
few additional results. 

6.3.1. Proposition. We assume that k = k and that y E M{k) belongs to 0^{k). Then 
there exists an isomorphism of adjoint Shimura Lie F-crystals 

Iy : (Lie(G^'^), (^)^(Lie(G'^'i), ipo ® ak) 

that is defined by the composite of the Lie isomorphism p**^ : Lie{G^^j^^)^Lie{G^^j^^^) (see 
Subsection 6.1.6) with an inner Lie automorphism o/Lie(G^^^^) defined by an element 

hy e G^'^{W{k))iy (see Subsection 6.1.6 for iy e G^'^{B{k))). Therefore I{M,(p,G) = 
I(Co). 

Proof: As Lie(So,vK(fe(i;))) (resp. Lic(To^vi^(fc(^,)))) is taken by ipo to (resp. onto) itself, as 
in Subsection 3.4.3 we argue that Cq ® is Sh-ordinary. Let gy G G^'^{W{k)) be as in 
Subsection 6.1.6. Both triples {UeiG""^) , gy{(fo 0a),G'"^) and (Lie(G'^^), (/?o ® cr, G^'^) are 
Sh-ordinary, cf. Proposition 6.2.9 and Corollary 3.1.5 for the first one. As 1.4.1 (a) 
1.4.4 (a) (see Theorem 1.4.4), we get that there exists jy e G'^^^^W^k)) that defines an 
inner isomorphism of the two triples. Thus we can take hy := jyiy □ 

6.3.2. Proposition. We assume that k = k and that y e Af(k) belongs to 0^(k). Then 
the Newton polygon 01 of (M, (p, G) is the same as the Newton polygon OTq of Cq. 
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Proof: Let n be a positive integer such that each Newton polygon slope of either OIq or 
% belongs to ^Z. Let Mo[^] = ©^gQW^(7)(Mo[i], (/?o) be the Newton polygon slope 
decomposition for (Mo[i], </3o)- Let : — GL^ rii be the Newton cocharacter such 
that p e Gm{B{k{v))) acts on W{^){Mo[^], ipo) by multiplication with /J'^t. As for each 
element a G JT" we have (poiva) = t'a, fixes Wq, and therefore it factors through GB{k{v))- 
We denote also by uq : Gm — * GB{k{v)) this factorization. Working with (M, G), we 
similarly define a Newton cocharacter i> : GB{k)- Let ui : — > GB{k) be pi'p~^, 

where p is as in Subsection 6.1.5. Let z^i,ad and fo,B(fc)ad be the cocharacters of G^^^^ 
defined by z^i and ^'o,b(/c)- They are G*'^(i?(/c))-conjugate (cf. the existence of I^; see 
Proposition 6.3.1) and therefore their extensions to B{k) are G(-B(A;))-conjugate. 

We check that the two cocharacters of G'^^ defined by -^jtt and z/„ -^ttt coincide. 
We first remark that they depend only on the <^*- and the </?Q-conjugates of the cocharacters 
of G^B{k) ^^B{k) defined by p, and pq (respectively), where s runs through all positive 
integers. As we have ppB{k)P~^ = l^o,B{k) P'PP~^ = dyifo ® cr) (see Subsection 6.1.5), 
for each s G N the mentioned ip^- and the (/Jg-conjugates coincide under the canonical 
isomorphism G^B{k)~^^^B{k) defined by p. Thus indeed the two cocharacters of 
defined by p-^ and coincide. 

From the last two paragraphs we get that z/^ and z^q B(fc) G(S(/c))-conjugate. 
This implies that we have an identity 01 = OTq of Newton polygons. □ 

6.3.3. Corollary. We assume that k = k and that y G Af{k) belongs to 0'^{k). We take 
p : Gm G to be the canonical cocharacter of the Sh-ordinary F -crystal {M,Lp,G). Let 
lo be the standard generator o/Lie(G^). There exists a B{k)-linear isomorphism 



: M ®w{k) B{k)^Mo 0w(k{v)) B{k) 
that takes (p^{dp{lQ)) to LpQ{dpo{lo)) for a/Z s G N U {0}. 



Proof: The homomorphism G{B{k)) — > G^'^{B{k)) is surjective and therefore there exists 
an element h'y G G{B{k)) that lifts the element hy G G'"^{B{k)) of Proposition 6.3.1. We 

now take := h'yO{p® l;^^^) : M[i] ®B{k) B{k)^Mo ®wik{v)) B{k). 

The canonical cocharacters are unique, cf. Subsection 4.1.4. The canonical cocharacter 
of Cq factors through To^vi^(fc(„)) (cf. Subsection 4.3.2 applied over W{¥)) and therefore (cf. 
Lemma 3.1.1) it is pq : G^ From the last two sentences and from Proposition 

6.3.1, we get that hz takes (p^{dp{lo)) to an element lo{s) of Lie(G'-^^) that has the same 

image in Lie(G2:^) as ipQ{dpo{lo)), for all s G N U {0}. But for s G N U {0} the images 

B{k) 

of lo{s) and (pQ{dpo{lo)) in Lie{G^:^—) coincide (cf. proof of Proposition 6.3.2). Thus wo 

B(k) 

have lo{s) = ipf^{dpQ{lo)), for aU s G N U {0}. □ 

6.3.4. Fact. The Shimura filtered F -crystal (M, F^, (p, {ta)a€j) attached to z e J\f{W{k)) 
depends only on the Gq{A^J'^)- orbit of z. Therefore the Newton polygon of (M, (f) depends 
also only on the Gq{A^J''')- orbit of z. 
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Proof: It is well known that the right translations of by elements of Gq{A^J'^) correspond 
to passages to prime to p isogenies between abelian schemes (see [Va3, Subsect. 4.1] for 
the case of complex points). Prom this the Fact follows. □ 

6.3.5. End of proof of Theorem 1.6.1. We take O to be the union of O'^'s, where 
J^j^i^y^ runs through all connected components of Mk{v)- Thus (9 is a Zariski dense, open 
subscheme of Nk{v)- From Proposition 6.3.2 we get that O is the maximal open subscheme 
of Nk{v) such that the Newton polygons of pull backs of A through geometric points of it, 

are all equal to OIq- Thus O is GQ(A^^'*)-invariant, cf. Pact 6.3.4. To prove Theorem 1.6.1 

we can assume k = k, cf. Pact 3.2.1 (a) in connection to the statement 1.6.1 (a). We already 
know that if y G 0{k), then {M,(f,G) is Sh-ordinary (see beginning of Section 6.3). If 
y e J^^y){k) and if (M, G) is Sh-ordinary, then from the equivalence 1.4.1 (a) 4^ 1.4.1 (6) 

we get that for every element gi G G{W{k)) the Newton polygon of (M, gif) is above the 
Newton polygon of (M, </?); from this and the property 6.2.8 (ii) we get that the Newton 
polygon of (M, ip) is below all Newton polygons of pulls back of A through arbitrary k- 
valued points of N'kiv) ^^^^ ^ ^ 0^{k). We conclude that for a point 

y e J^{k), its attached Shimura F-crystal (M, (p, G) is Sh-ordinary if and only if we have 
y e 0{k)QN{k). 

If y G 0{k), then the statement 1.6.1 (c) holds (cf. Proposition 6.3.1). If the statement 
1.6.1 (c) holds, then (M, G) is Sh-ordinary (as 1.4.1 (a) ^ 1.4.4 (6) and as Co ® /c is 
Sh-ordinary). If the statement 1.6.1 (c) holds, then by applying the equivalence 1.4.4 (6) 4^ 
1.4.4 (o) to the context of (Lie(G^(^-)), /i(v7o®cr), Gw{k)) "^^^^ ^ ^ idy^ ^Lie(G^ ^ 
that there exists an isomorphism ly as in Proposition 6.3.1; thus 1.6.1 (c) =^ 1.6.1 (d). If 
the statement 1.6.1 (d) holds, then by applying the equivalence 1.4.1 (a) 1.4.1 (6) to the 
same context we get that (Lie(G^(.^-j), gy{<Po®o-), ^vK(fc)) Sh-ordinary and thus (M, (p, G) 
is Sh-ordinary (cf. Corollary 3.1.5). If 3q < 2, then by applying Theorem 1.4.2 to the 
same context, we get that the statement 1.6.1 (e) holds if and only if (Lie(G^(.^-|), gyi^po ® 

cr), G^i^i^^) is Sh-ordinary (i.e., if and only if (M, G) is Sh-ordinary, cf. Corollary 3.1.5). 

Thus O has all properties required in order that the first two paragraphs of Theorem 
1.6.1 hold. The last paragraph of Theorem 1.6.1 follows from the property 6.2.8 (ii) and 
the equivalence 1.4.1 (a) 1.4.4 (a). This ends the proof of Theorem 1.6.1. □ 

6.4. The existence of geometric lifts 

We recall that z G J\f{W{k)) is a lift of y G A/'(/c) whose attached Shimura filtered F- 
crystal is (M, F^, 99, G). See Subsection 6.2.1 for the closed subgroup scheme A'^o of G. In 
this Section we use the language of PD hulls in order to prove a converse (see Proposition 
6.4.6) to the below Fact. 

6.4.1. Fact. Let y G M{k). Let zi G J\f{W{k)) be another lift of y. Let {M,F^,(f,G) 
be the Shimura filtered F-crystal attached to zi. Then there exists unique element rii G 
Ker{NQ{W{k)) No{k)) such that we have Fl = ni{F^). 

Proof: The tensor ta corresponds to Va via Fontaine comparison theory of zl{A), cf. 
Proposition 6.2.7 (d). Thus the inverse of the canonical split cocharacter /ii of (M, , (p) 
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fixes ta for all a e i7 (cf. the functorial aspects of [Wi, p. 513]); therefore ni factors 
through G. Thus ni is a Hodge cocharacter of {M,ip,G) and is a lift of {Mjip^G). 
Therefore the Fact follows from Corollary 3.1.4. □ 

6.4.2. On PD hulls. For / G N let jW (resp. J^^^) be the l-th ideal of the divided 
power filtration of R^^ (resp. of Rq^) defined by X (resp. by Iq); see Subsection 2.8.4. 
Let ^RPD be the Frobenius lift of R^^ defined by Let the fiat connection V^^^ on 
M®vK(fc) be as in Subsection 2.8.4. As the maximal ideal of R^^ has a divided power 
structure, the pull back of {Mr, (pn^V r, Xmh, {ta)a€j) to R^^ /pR^^ can be identified 
with (M(8)vK(fc) , <S> ^RPD , Xm, {ta)aej) (see [BBM] and [BM]). No element 

of Endi4/(-jt)(M) ^w(k) ^^^^ is fixed by <^ (8) ^rpd- Thus there exists a unique isomorphism 
(identification) 

Jy : {Mr^rR^^, cpR^^RPD , Vr, Xun, {ta)aej)^iM®w{k)R^^, <P^^RPD , Vt^fv'' , Am, {ta)aej) 

which modulo Xt^l is the identity automorphism of (M, Am, (^a)aeJ")- Here we denote 
also by Vr the connection on Mr (E)r R^^ that is defined naturally by V r. 

Let P^^^ be the maximal parabolic subgroup scheme of GLm that normalizes F^. See 
Section 6.2 for the direct summand of Mr. Let F^p^ := JyiF]^ ®r R^^); it is a direct 

summand of M <S>w{k) R^^ ■ The product morphism Ni x^ik) (-P^'^ n GSp(M, Am)) ^ 
GSp(M, Am) is an open embedding (cf. proof of Lemma 3.1.2). Thus, as F^ ®w{,k) R^^ 
and F^po are maximal isotropic i?^^-submodules of M ®w{k) R^^ with respect to Am 
which modulo the maximal ideal (p, Xt^l ) of R^^ coincide, there exists a unique element 
nf^ e Ni{R^^) such that we have nf^{F^ ®w{k) R^^) = ^A^"^- 

Each W^(fc)-valued point zi e N{W{k)) that lifts y, factors through the natural 
composite morphism Spec(i?-^^) — > Spec(i?) — > jV of VF(A;)-schemes; thus we also view 
zi as a T4^(/c) -valued point of Spec(i?^^). The Shimura filtered F-crystal attached to 
zi is (M, ?ii(F^ ),(/?, G), where ni := n^^ o zi & Ni{W{k)). From Fact 6.4.1 and the 
uniqueness part of Corollary 3.1.4 applied to (M, GLm), we get that in fact we have 
m e Kei{NQ{W{k)) ^ Noik)) ^ No\w{k)). As the W{k)-Y3hxed points of Spec(i?^^) 
are Zariski dense, we conclude that in fact 

nf^GiVo(i?''''). 

As for all positive numbers n the Wn(^)-algebra R^^ /p^R^^ is the inductive limit of its 
artinian local VF„(/c)-subalgebras, we get that nf ^ factors through the spectrum Spec(i?o) 
of the local ring of the completion of Nq along its identity section. This implies that nf ^ 
factors through Spec(i?Q'^) and therefore it gives birth to a morphism 

(30) ^0 : Spec(i?^^) ^ Spec(i?^^) 

of W^(A;)-schemes. We can identify i?^^/xM with R/{IP) and Rq^ /T^^ with Ro/m). As 
rii^ o z IS 1m, the VF(/c)-homomorphism Rq^ R^^ that defines ^o, takes Iq^ to I^^^. 
Thus we can speak about the dual 

5^00 : X/X^ ^Tq/Xq 
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of the VF(A;)-linear tangent map of computed at z. The composite of the VF(A;)-hnear 
isomorphism Xo/2^^X/X^ defined by cq with ^qq is naturaUy defined by g]^^ — ^MiSiw(k)Ro 
modulo Xq and thus it is a VF(/c)-hnear automorphism. Thus S^oo is a VF(/c)-linear isomor- 
phism. It is well known that for p > 3 this implies that itself is an isomorphism of 
VF( A;) -schemes. 

6.4.3. Corollary. For every positive integer I the morphism 

4, : Spec(i?^^/xW[i]) ^ Spec«^/xW[i]) 

of B{k) -schemes defined naturally by "^q, is an isomorphism. Thus "So is naturally the 
restriction of an isomorphism Spec{B{k)[[xi, Xd]])—^Spec{B{k)[[wi, ... ,Wd]]) of B{k)- 
schemes. 

Proof: We have natural identifications R^^ /X^^^ [^j = S(/c)[[a;i, . . . , x^]/ (xi, . . . , x^Y and 

RQ^/lf[^] = B{k)[[wu Wd]]/iwi, WdY- The tangent map of is a S(/c)-linear 

1 

isomorphism as ^qq : X/X^A-Xq/Xq is a VF(/c)-linear isomorphism. Thus ^ is defined by 

a i?(fc)-epimorphism Rq^ — > i?^-^/XW[i] which (by reasons of dimensions of B{k)- 
vector spaces) is in fact a S(A;)-isomorphism. By taking the projective limit for Z — > oo, 
the Corollary follows. □ 

6.4.4. On the case p = 2. We refer to Section 6.1 with p = 2. Therefore ia '■ M <Siw(k) 

B+{W{k)) ^ (8)Zj, B^{W{k)) is the B^ {W {k))-\\neax monomorphism of the Fontaine 

comparison theory for A. The kernel of svK(fe) • 

B+{W{k)) W(k) is F\B+{W{k))) 

and therefore we can identify 

:= F'^{B+{W{k)))/F\B+{W{k))) = B+ {W (k)) / F\B+ {W (k))) 

with W{kf. Thus gr^ := F\B+ (W (k))) / F'^ {B+ {W (k))) is naturally a W^AO^-module; 
it is free of rank one. Let uq be a generator of it. We choose I3q G F^ {B~^ (W (k))) 
(see property 6.1 (d)) such that its image in gr^ is 2uo times an invertible element 

of W{kf and moreover we have (3o G 2F\B+{W{k))) (cf. [Fa2, §4, p. 125] and [Fo2, 
Subsect. 2.3.4]). The fact that Coker(iyi) is annihilated by Po (cf. property 6.1 (d)) implies 
(cf. also the strictness part of [Fa2, Thm. 5] and the invertibility of z^q) the following Fact: 

6.4.5. Fact. We assume thatp = 2. Let Ja '■ F'^ 'S>w{k) 9^^ © -^^ d^^ ®Z2 Qf^ 
he the W{k) -linear map induced by iA at the level of one gradings. Then Ja is infective 
and Coker(_7^) is annihilated by 2. 

6.4.6. Proposition. LetyeAf{k). Let n e Ker{NoiW{k)) ^ No{k)). We have: 

(a) Ifp > 3, then there exists a unique lift G J\f{W{k)) ofy whose attached Shimura 
filtered F -crystal is (M, n{F'^),(p, G). 

(b) If p = 2, then the number Un of such lifts Zfi is finite; if moreover k = k (resp. if 
moreover {M,(f) has no integral slopes), then we have > 1 (resp. we have nn = 1). 
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Proof: The case p > 3 is a direct consequence of the fact that is an isomorphism of 
VF( A;) -schemes. Thus until the end of the proof we will take p — 2. Not to introduce 
extra notations, to prove that is finite we can assume that h = 1m- Let A be another 
abelian variety over W{k) that lifts Ak and whose Hodge filtration is F^. Let be the 
analogue of ia but obtained working with A instead of with A. From Grothendieck- 
Messing deformation theory we get that the 2-divisible groups of A and A are isogenous 
(for instance we have such an isogeny whose crystalline realization is the multiplication 
by 4 endomorphism of (M, F^, </;)). Via such isogenics we can identify ^^[^] with iyifjj^]- 

From this and Fact 6.4.5, we get that Hj^{A,Z2) is a Z2-lattice of such that we 

have 2H^ C H}^{A,Z2) C iifi. But the 2-divisible group of A is uniquely determined 
by -ffj^(A, Z2), cf. [Tal, Subsect. 4.2, Cor. 2]. Thus A itself is uniquely determined 
by Z2), cf. Serre-Tate deformation theory. Therefore, as the number of such Z2- 

lattices Hj^{A, Z2) of H^[^] is finite, the number ni^^ is finite. 

We check that Un > 1 if k = k. We prove by induction on Z e N that there exists a 
l^(A;)-valued point zi e Af{W{k)) that lifts y and such that its attached Shimura filtered 
F-crystal is {M, , (p, G), where and h{F^) coincide modulo 2K Wc will also show 
that we can assume that zi^i G Af{W{k)) is congruent to zi modulo 2^ The case / = 1 
is obvious. The passage from / to / + 1 goes as follows. Let zi^i be the VF; (/c)- valued 
point of Spec(i?^-'^) (resp. of Spec(i?o'^)) defined by zi (resp. by ^0 ° zi). The set of 
(A;)-valued points of Spec(i?-^^) (resp. of Spec(i?Q'^)) that lift zi^i, is parameterized 
by the A;- valued points of an affine space Tg^ , (resp. To,^, ,) isomorphic to A^, the origin 
corresponding to zi modulo 2'+^. Let 

Fzi^i '■ T^zi^i '^0,zi,l 

be the morphism of A;-schemes defined naturally by (30). We check the following two 
properties: 

(a) the fibres of F^^ ^ are finite; 

(b) we can naturally view ^ as a homomorphism of affine groups. 

Based on Proposition 6.2.7 (c), to check (a) we can assume that M = M.. Not to 
introduce extra notations, by modifying zi accordingly we can also assume that we deal 
with the fibre of , over G Tq 5^ i{k). We show that the assumption that this fibre is 
infinite leads to a contradiction. This assumption implies the existence of an infinite num- 
ber of non-isomorphic principally polarized abelian schemes over W{k) that lift {A,\A)k 
and whose principally quasi-polarized Dieudonne filtered modules are (M, n(F^), Am), 
cf. Grothendieck-Messing and Serre-Tate deformation theories. But this contradicts the 
relation G N U {0}. Thus (a) holds. 

Not to introduce extra notations, to check (b) we can assume that zi = z and 
thus that n is congruent to 1m modulo 2^ We have natural identifications T^j ^ = 
Spec(/c[a;i, . . . , x^]) = and To,^, ; = Spec(/c[wi, . . . , w^]) = A^. The M^(/c) -homomorphism 
Rq^ — > R^^ defined by ^0 takes Wi to 2'+^Si,i where Sj,/, Ui^i G R^^ and where Ui^i 

is a finite W{k)-\m.eQx combination of elements that are finite product of elements in the set 
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{-^\j e S{l,d), Uj G N}. But is always divisible by 2^ and moreover it is divisible by 

2'+i if rij ^ {2"'^ |mj G N U {0}}/Tlie W^(/c)-valued points of Spec(i?^^) that lift are 
in bijection to VF(A;)-epimorpliisms VF(A;)[[a;i, . . . , x^]] -» that map each Xi to 2'a;j^/, 

where Xi^i G Vr(fc); moreover, the /c- valued point of T^j , = Spec(A;[a:i, . . . , x^]) associated to 
such a VF(/c)-homomorphism VF(/c)[[a;i, . . . W{}i)^ is defined by the /c-epimorphism 

A;[a;i, . . . , -» A; that maps each xi to Xj,; modulo 2. From the last three sentences we 
get that the A;-homomorphism /c[wi, . . . , . . . , x^ that defines F^^ , , maps each 

Wi to a A;-linear combination of elements of the set {xf^^ \ j G ci), G Nu{0}}. This 
implies that we can naturally view F^, ; as a homomorphism of affine groups. Thus (b) 
holds. 

From (a) and (b) we get that Fl-^ , is a finite morphism between (i-dimensional varieties 
over k. Thus is surjective. Therefore there exists a VF(/c)-valued point zi^\ G 

MiyViky) which modulo 2^ is congruent to zi and whose attached Shimura filtered F- 
crystal (M, F^^ij V'^ ^) is such that Fl_^-^ and n(F^) coincide modulo 2'+^. This completes 
the induction. 

Let z G A/'(M^(/c)) be the limit VF(A;)-valucd point of f^'s. The Shimura filtered F- 
crystal attached to z is (M, fi(F^), G) and z lifts y. Thus n^^ > 1 if A; = A;. 

To end the proof we are left to show that = 1 if p = 2 and (M, has no integral 
slopes. As M{yV{ky) is the subset of A/'(VF(A:)) formed by M^(/c)-valued points fixed under 
the natural action of Aut;^(fc)(VF(/c)) on A/'(1F(A;)), to check that nn = 1 we can assume 
that k = k. As k = k, we have rin > 1. As the natural morphism ii : Spec(i?) Spec(i?i) 
of VF(/c)-schemes is a closed embedding (see Proposition 6.2.7 (c)), each lift zi G N'{W{k)) 
of y G N'{k) is uniquely determined by the lift Dz^ to W{k) of the 2-divisiblc group of Ak 
(here is the 2-divisible group of zl{A)). But Dz^ is uniquely determined by its Hodge 
filtration, cf. property 1.2.1 (a). From the last two sentences we get that n^^ < 1. Thus 
nn = l. □ 

6.5. Proofs of Theorems 1.6.2 and 1.6.3 

In Subsections 6.5.1, 6.5.3, 6.5.4, 6.5.7, and 6.5.8 we prove Theorem 1.6.2, 1.6.3 (a), 
1.6.3 (6), 1.6.3 (c), and 1.6.3 {d) (respectively). In Subsection 6.5.2 we recall few things 
on Hodge cycles to be used in Subsections 6.5.3 and 6.5.5. In Subsection 6.5.5 we define 
the condition W hinted at in Theorem 1.6.3 (c). See Examples 6.5.6 for two examples 
pertaining to the condition W. In this Section we assume that y G N'{k) is such that 
its attached Shimura F-crystal (M, (/p, G) is U-ordinary. Let (M, F^, (/p, G) be the Shimura 
filtered F-crystal attached to a lift z G N{W{k)) of y. 

6.5.1. Proof of Theorem 1.6.2. We prove Theorem 1.6.2. Thus, if p = 2, then either 
k = k or (M, If) has no integral slopes. The U-canonical lift of (M, G) is unique, cf. 
statement 1.4.3 (h). Let n G Ker(A''o(VF(A;)) No{k)) be the unique element such that 
n(F^) is the U-canonical lift of (M, 99, (5), cf. Corollary 3.1.4. If p = 2 let G N be as in 
Proposition 6.4.6 (b). If p > 3, let na :— 1 (cf. Proposition 6.4.6 (a)). We have Uy — na. 
Thus Uy e N. For the rest of this Subsection we assume that either p > 3 or p = 2 and 
{M,(p) has no integral slopes. Thus Uy = Ufi = 1, cf. Proposition 6.4.6 (b). As Uy = 1, to 
ease notations, we will assume that h = 1m- Thus F^ is the U-canonical lift of (M, (p, G). 
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Let zi e J\f{W{k)) be a lift of y such that its attached Shimura filtered F-crystal 
(M, F^, (/?, G) has the property that (M, F^, ip) is a direct sum of filtered Diuedonnc mod- 
ules that have only one slope. From the uniqueness part of the statement 1.4.3 (d) we 
get that FI — F^ and therefore (as = 1) that z — zi. From properties 1.2.1 (b) and 
(c) we get that D^^ = Dz is a direct sum of p-divisible groups over W{k) that have only 
one slope. If k = k, then (M, F^ , (f) is cyclic (cf. end of Theorem 1.4.3) and therefore 
Dz, = Dz is cyclic (cf. Fact 2.8.1 (b)). This ends the proof of Theorem 1.6.2. □ 

6.5.2. Complements on Hodge cycles. For the rest of this Chapter we will consider 
the case when /c = F and (M, F^, ip, G) is a U-canonical lift. We take : Gm — * G to be 
the canonical cocharacter of (M, G); it defines the lift F^ of (M, G). We fix an 
embedding eB{k) '■ B{k) C and therefore we will speak about Ac '■= ^_B(fc) x B{k),eB(k) ^• 

As A has level s symplectic similitude structure for all s G N with {s,p) — 1, the 
family of all Hodge cycles on Ac that involve no Tate twist is the pull back of the family 
(^0)0,^^1 of all Hodge cycles on A^^k) that involve no Tate twist (here J^^ is a set of 
indices that contains J"; thus for each element a E J' we will have Wa '■= Ze{Gq x)i'^a))- 

There exists a finite field ki such that the triple {A,Xa, {wa)aej) is the pull back of 
a triple {A, A^, {wa)aej) over W{ki). This is a consequence of the facts that: (i) Uy e N, 
and (ii) under right translations by elements of Gq{A^J'^), the U-canonical lifts are mapped 
to U-canonical lifts (cf. Fact 6.3.4). In simpler words, if H^^^ is a compact, open subgroup 
of Gq{a[^^) such that {A, A, {w'^)aej) is the pull back of an analogous triple over Af / H^p\ 
then there exists a finite field ki such that the VF(/c)-valued point of J\f/H^P^ defined by z 
factors through a 14^ (/ci)- valued point of J\f/H^P\ 

We can also assume that {wa)aeJ^ is the pull back of a family {wa)aeJ'^ of Hodge 
cycles on AB{ki) (^^^ therefore also that End(^c) = End(^B(fc^))). We recall the standard 
argument for this. Always there exists a finite field extension B{ki) of B{ki) such that 
{wa)aeJ^ is the pull back of a family of Hodge cycles on ^^(fei)' [De5, Prop. 2.9 and 
Thm. 2.11]. But for every prime / G N \ {p}, we can assume that B{ki) is included in 
the composite field of the field extensions of B{ki) that are the fields of definition of the 
points in the set UsgN^B(fci)[^*](-B(/ci)). Thus we can assume that B{ki) is unramified 
over B{ki). Thus by enlarging the finite field ki we can assume that B{ki) = B{ki). 

6.5.3. Proof of 1.6.3 (a). Let (M, F^, (f, G'vi/(A:i)) be the Shimura filtered F-crystal over 
ki attached naturally to the pair {A, {wa)aej)'i its extension to k is (M, F^, ip, G) and thus 
it is a U-canonical lift (cf. Fact 3.2.1 (a)). For a G let 4 G T(M[^]) be the de Rham 
component of Wa- We consider the classical Hodge decomposition 

(31a) M ®wik,) C = M ®wik) C = HIj,{Ac/C) = H\A{C), Q) ®q C = F^'O e F^^\ 

We have F^'° = F^ ®wik) C = F^ ®w(fei) C. Let ■ Gm GLhi(a(c),q)®qC be the 
Hodge cocharacter that defines the decomposition (31a). To ease notations, we denote by 
Ga the Mumford-Tate group of Ac (i.e., the smallest subgroup of G'Lh^(^a{C),q) with the 
property that fXAc factors through Ga,c) and we denote by Ga the subgroup of GLj^^i] 
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that fixes ta for all a e J^. The group Ga is a form of B{ki) (^^^ PeS]) and thus it is 
connected. As J C J"^, we have GA,B{k) ^ ^B(k)- 

Let Z e N be such that ki = Fpi. If p = 2 let e := 4 and if p > 3 let e := 1. Let 

TT := {^y e GL^(S(fci)). 

It is well known that tt is the crystalline realization of the Frobenius endomorphism of A^^ . 
As in Corollary 6.1.2, for each element a e J^^ we have (p{tct) — la- Thus tt G GA{B{k\)). 
Let (resp. C];!'^) be the identity component of the centralizer of tt in GB{ki) (resp. 
in GLj^^jij). The Lie algebra Lie(C]^^^) is fixed by tt and thus it is i?(/ci)-generated by 

Qp-linear combinations of endomorphisms of and therefore by elements fixed by (cf. 
[Ta2]). Thus Lie(C^ig) C Lie(L^L^ ((^)B(fci))- As Lie(C^) C Lie(C^ig), we conclude that 

Lie(C^) C Lie(G'B(fc^)) nLie(L^L^((^)B(fci)) = Lie(L^^^^^^ (^)B(fc^)). 

Thus is a subgroup of L^, {^)B{ki) (cf- Lemma 2.3.6) and therefore it normal- 
izes -^^[^]- Thus ETT is the crystalline realization of an endomorphism of A, cf. Serre- 

Tate and Grothendieck-Messing deformation theories. Therefore we have stt = ia for 
some element a G J^^. This implies that Ga is a subgroup of Cyr and therefore also of 
(<^)B(fci)- The canonical cocharacter ft : Gm — > Gw(ki) of (M, GvK(fei)) factors 

^ W (fc ]^ ) 

through Z^{L^ {(p)) and = p,w(k) factors through Z^{L^{(p)), cf. Subsection 4.1.4. 
From the functorial aspects of [Wi, p. 513], we get that fiB{ki) fixes each with a G J^^ 
and thus that UB(k-i) factors through Ga- As Ga ^ C'tt ^ {0)B(k',) ^tnd as /i factors 

through Z^(L% (0)), we conclude that: 

(a) the cocharacter jlB{ki) '■ GB{ki) factors through the centers of both groups 

Ga and Ct^. 

Thus, as iiAc factors through Ga,c, it commutes with nc = ftc- The commuting 
cocharacters iiac and nc = f^c of GL^^^^^ = GLB^(A{c),Q)igiQC act in the same way 

on F^'^ and M(S)w(ki) C/F^''^ and therefore they coincide. Thus hac '■ G Ga,c — Ga,c 

commutes with Ga,c i-e., it factors through G a, c) = Z'^{Ga,c) = Z'^{Ga)c- Therefore 
by the very definition of Ga, we have Ga = Z^{Ga) i-e., Ga is a torus. Thus the centralizer 
of Ga in EndQ(if^(yl(C), Q)) is a semisimple Q-algebra Eac that has commutative, 
semisimple Q-subalgebras of rank 2r = 2dim(Ac). But Ea^ = End(Ac) ®z Q, cf. the 
classical Riemann theorem of [De2, Thm. 4.7]. Therefore Aq has complex multiplication. 
As End(Ac) = E'n.d{AB(ki)) (cf- last paragraph of Subsection 6.5.2), all abelian schemes 
AB{k): ^1 and A have complex multiplication. Thus Theorem 1.6.3 (o) holds. □ 

6.5.4. Proof of 1.6.3 (6). We check the statement 1.6.3 (6). As cp is an endomorphism 
of {M,(p,G), it is also an endomorphism of {M, F^,(p,G) (cf. Subsection 1.3.7). Thus, if 
p = 2 and {M,(p) has no integral slopes (resp. if cp has a image in Endw{k){M / AM)) , 
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then from the property 1.2.1 (c) (resp. from Grothendieck-Messing deformation theory) 
we get that cf is the crystaUine reahzation of an endomorphism of D^- Therefore e-p lifts 
to an endomorphism of A, cf. Serre-Tate deformation theory. Thus Theorem 1.6.3 (6) 
holds. □ 

6.5.5. Condition W. We use the notations of the first paragraph of Theorem 1.6.3 (c) 
in order to define the condition W. Let K := V[-]. Let Aq :— Zq{A). Let Fq be the 

Hodge filtration of H^j^{Ao/V) defined by Aq. We will use the canonical and functorial 
K-linear isomorphism (see [BO, Thm. 1.3]) po : H}j^{Ao/V)[^]^M ®w(f) K. We recall 
how Po is constructed. Let ey G N, the closed embedding cy Spec(V) > Spec(f?ey), and 
lev ^ R^v be as in Subsection 2.8.7. Let vq G J\f{Rev) be a lift of zq G J\f{V), cf. Sub- 
section 2.8.7; thus Zq = Vq OCy. Let (Mo,fiev, ^0,i?ev' ^O.-R^v. Vo,i?ev. -^Mo.Re^ ^ (*o,a)ae:^) 

be the pull back of the pair (G^^^, {t^)aej) introduced in Section 6.2 via the morphism 
Spec{Rev) — Spec(-R) of I4^(/c)-schemes defined by vq. Thus Mo^nev is a free i?ev-module 
of rank 2r, -Fq ^ direct summand of it of rank r, etc. Let V^f^ be as in Subsection 

2.8.4. It is known that there exist isomorphisms 

Jo ■■ iMo,Rey[^],^0,Rev,Vo,Rey)^iM ^w{k) Rev[^], ^ ^ Rev ,^tti^ ) 

of F-isocrystals over Rey/pRev (to be compared with [Fa2, beginning of §6] and [BO, 
Thm. 1.3]). No element of T(M) (^wik) ^ev[^] is fixed by O ^Rey, where s e {0, 1}. 
Thus there exists a unique such isomorphism Jq whose pull back to an isomorphism of 
F-isocrystals over k is defined by 1^(1] ! moreover Jq takes XMo,Rey '^m and to, a to ta 
for all a ^ J . Let ly be the ideal of Rey that defines the closed embedding cy. The 
isomorphism po of (31b) is obtained from Jq modulo /y[^] via the canonical identification 

Mo^Rey/IyMQ^R^^ = HIj^{Aq/V)] it is canonical as the triple (Mo,Kev [^], *o,Kev, Vo,i?ev) 
depends only on the abelian scheme AQyjpy. 

We get that for every element a & J the de Rham realization to^ot of the Hodge cycle 
^0 e(Gq ) ^Q,K-i is mapped under po to ta- Thus po give birth to an isomorphism 

(to be viewed in what follows as an identification) 

(316) PO : (iyi^(^o/y)[^],(to,a)a€^)^(M0M^(F)K,(ta)c.€^)- 

In this paragraph we check that there exists an element mo G G{K) such that we have 
^0 [^] = ma{F^®w(k)K). We can redefine [Mq^r^^ , F^j^^^^^o^R^y ,W o^Rey ,\Mo,R^y A'to,oc)aej) 
as the pull back of the pair (do, {tajaej) introduced in Subsection 6.2.1 via the mor- 
phism Spec(i?ev) — > Spec(i?o) of VF(A;)-schemes defined by vq and by the isomorphism 
Co : Spec(i?)^Spec(i?o) of I1^(A;)-schemes, cf. property 6.2.6 (b). Therefore we have a 
natural isomorphism 

Jq : (M ®w{k) Rey, F^ ®w{k) Rey, Am, {ta)aej)-^iMo,ReyjFQ j^^^,XMo,R^y , {to,a)aej)- 
Thus we can take mo to be the reduction modulo /i/[^] of Joo(jQ(g)lo rii) e G(Rey[^]). 
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By enlarging the finite fields ki and ko, we can assume that ko = ki, that A^^ is as 
in Subsection 6.5.3, and that the natural number t of Theorem 1.6.3 (c) is 1. Thus we 
can use the notations of Subsection 6.5.3. As A^-^ is as in Subsection 6.5.3, the crystalline 
realization of p^H — p^II* G End(AfcJ is p^Tr. As p^H lifts to an endomorphism of Aq, the 
functorial aspect of po implies that the element 

(31c) p'tt e G{K) ^ G'Lhi^^a^iv){K) normalizes F^\^] = mo{F^ (»w{k) K). 

As End(J[feJ(8)z Q is a semisimple Q-algebra whose center contains 11 (see [Ta2, Thm. 
1]) and which acts naturally on tt is a semisimple element of GB{ki){.B{ki)). Thus 

is a reductive group over B{ki). By enlarging the finite field ki we can also assume that 
TV G Z^{CT^){B{ki)). Let T^- be a maximal torus of C^r; we have tt G TT^{B{ki)). Let K be 
a finite field extension of K such that ^ is a split torus. Let P be the normalizer of 

in G; it is a parabolic subgroup scheme of G (cf. Subsection 2.5.3). As C-,^ is centralized by 
P'B{ki) (cf. property 6.5.3 (a)), ^ normalizes A^q ^. Thus p. (and therefore also tt) 
normalizes Nq p.. From the classical Bruhat decomposition for G{K)/P{K), we get that 
we can write (cf. [Ja, Part II, 13.8]) 

mo = won'^po, 

where (po^n'o) G P{K) x No{K) and where wq G G{K) normalizes We have (cf. 

(31c)) 

(31d) 7TWonQ{F^ ®wik) K) = (p%)«;onoPo(^^ ®w(fe) K) = •u;ono(F^ ®vy(fe) ^)- 

Thus n'^^WQ^'KWQn'Q normalizes F^ ®w{k) K and therefore it belongs to P{K). Let ttq := 
Wq^-kwq G T-n-(K). As no'~''^7rono7r^''^7ro G P{K) and ttq G P{K), we get that no~''^7rono7r^''^ G 
P{K). But as ^ normalizes A^q ^, we have tIq "'^tto^IoTTq G Nq(^K). Thus the element 

n'^^TronQTTQ^ G (A^o H P){K) = {Imo^v^c/c)^-^ identity. Therefore ttq commutes with 

Uq. For M G N there exists a unique element Uq ,^ G No{K) such that rig = ng"^. Due 
to the uniqueness of Uq ^^ and the fact that ^ normalizes A^g ^® S®^ ^^^^ ''''o 

^ commute. Thus, as the centralizer of ttq in has a finite number of connected 
components, we conclude that all these elements Uq .^^ and therefore also Uq belong to 
Wq^C^ ^{K)wq. Here is the condition W for zq. 

Condition W for zq. Up to a replacement of /cq hy a finite field extension ki of it 
(and therefore also up to a corresponding replacement oft), there exists a maximal torus 
of the reductive group Gjj- over B{ki) and there exist elements si = p^n, S2, ■ ■ ■ ,Sa G 
TT^{B{ki)) (with a G for which the following two axioms hold: 

(i) each Sj with i G {1, . . . , a} is the crystalline realization of an endomorphism of Aq; 

(ii) the identity component of the centralizer 8.,^ of the semisimple elements si, . . . ,Sa 
in GB{ki)} property that Z^{Ct^) is a subgroup of the center of Wq^St^wq. 
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6.5.6. Examples, (a) We check that if wq is the identity element, then the condition 
W for zq holds. We take a = 1. The centralizer of p^n = si = ivq^siivq in GB{k^) has 
S'tt = as its identity component and therefore Z{wq^ St^wq) = Z{Ct^) contains Z'^{Ct^). 
Thus the condition W for zq holds. 

(b) If y = W{¥), then we can assume that mo G Ker(iVo(Vr(A;)) No{k)) (cf. Fact 
6.4.1) and thus we can take wq to be the identity element. Therefore the condition W 
holds for zo, cf. (a). 

6.5.7. Proof of 1.6.3 (c). We fix an embedding ck '■ K ^ C that extends the embedding 
eB(F) = ^B{k) '• B{F) = B{k) ^ C of Subsection 6.5.2. Let ^o,c := -^o,k 'XK,eK ^- We 
will use the classical Hodge decomposition for ^o,c 

(31e) M ®^(F) C = H^ji{Ao/V) (^v C = H\Ao{C), Q) ®q C = F(J'° © fS'\ 

Let ^Ao,c '■ Gm GLhi(^o(c),q)®qC = GLm®vf(f)C be the Hodge cocharacter that 
defines the decomposition (31e); let Gaq be the Mumford-Tate group of Aq^c- 

In Subsection 6.5.5 we have seen that Uq centralizes ttq = Wq^ttwq. A similar argument 
shows that Uq centralizes each WQ^SiWo with i e {2,..., a}. Thus Wq^St^wq centralizes 
Uq. Therefore Z°(C^) centralizes Uq, cf. axiom 6.5.5 (ii). As //^ = p,j^ factors through 
the center of ^ (cf. property 6.5.3 (a)), we get that Uq is fixed by //^ and thus it must 

be the identity element of No{K). From this, (31c), and (31d) we get that 
(31/) wo{F^ ®w{k) K) = ®K K. 

We have Gao,c ^ 'S'7r,c (to be compared with Subsection 6.5.3). Let : K ^ C be an 
embedding that extends ex- The cocharacter wqIjcWq^ = wq^cWq^ factors through the 
center of St^^c (cf. axiom 6.5.5 (ii)) and therefore commutes with /UAq.c- The commuting 
cocharacters wqixcWq^ = wq/J'C'Wq^ and HAo,c ^^t in the same way on Fq ®k C = Fq'° 
(cf. (31f)) and therefore also on M ®w{f) C/Fq Thus haq c — '^oP'CWq^ = wqUcWq^. 
Thus HAo,c factors through wo{Z^{Ct,:))cWq^ and therefore (cf. axiom 6.5.5 (ii)) through 
the center of St^^c- Thus ij,Ao,c factors through Z^{Gao,c)- As in the end of Subsection 
6.5.3 we argue that this implies that Gaq is a torus and that Ao,c and Aq have complex 
multiplication. From this and Example 6.5.6 (b), we get that Theorem 1.6.3 (c) holds. □ 

6.5.8. Proof of 1.6.3 (d). We prove Theorem 1.6.3 (d); thus V = W(F). We can assume 
that mo = tiq E Ker(A^o(W^(^)) ^ No{k)), cf. Fact 6.4.1. Thus wq is the identity element. 
From this and (3 If) we get that F^ — wo{F^) — Fq. Thus F^ — Fq. Therefore zq is a 
U-canonical lift. 

Next we assume that p = 2 and s = 0. Thus H* is the crystalline realization of 
an endomorphism of Zq{A). By applying this with t being replaced by positive, integral 
multiples of it, we get that the p-divisible group of Zq{A) is a direct sum of an etale 
p-divisible group Dqq and of a p-divisible group Dqi whose special fibre has only positive 
Newton polygon slopes. But the filtered Dieudonne modules of Dqq and -Dqi are cyclic 
(cf. end of Theorem 1.4.3 applied to the U-canonical lift (M, F^, (p, G)) and therefore both 
Dqo and Dqi are cyclic (cf. Fact 2.8.1 (b)). Thus D^^ is cyclic. 
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Let zi e J\f{W{k)) be another lift of y such that the p-divisible group Dg^ is cychc. 
From the uniqueness parts of 1.4.3 (c) and Fact 2.8.1 (a), we get that D^^ = This 
imphes that the composites of Zq and zi with the morphism M ^ M., give birth to the 
same VF(/c)-valued point of M.. From this and the fact that the morphism ii : Spec(-R) ^ 
Spec(i?i) of -schemes (see Section 6.2) is a closed embedding (see Proposition 6.2.7 
(c)), wc get that zq = zi & J\fiyV{k)). This ends the proof of Theorem 1.6.3 {d) and thus 
completes the proof of Theorem 1.6.3. □ 
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7 Examples and complements 



We recall that p G N is an arbitrary prime. In Chapters 7 to 9, the following notations 
/ : {Gq,X) ^ (GSp(Vl^, V),^), Sh(G'Q,X), i?(GQ,X), v, k{v), L, L(p) = L®zZ(p), 
Gz^,), i^p - GSp(L,^)(Zp), Hp = KpnGaiQp) = Gz.jZp), reN,M, AT, (AA^), 
(^'«)«6:r, {w^)c.ej: Lp = L (g)z Zp, i/'*, To, Sq, /xq : ^ 7o,vy(fe(^;)), Mq = L* 
VF(/c(f)) = Fq^ ©-^0*, and Cq = (Mq, (po, Gw{k{v))) will be as in Subsections 1.5.1 and 1.5.2. 
Until the end we will assume that (/, L, v) is a standard Hodge situation. Thus Gz(p) is a 
reductive group scheme over Z(p) and moreover the conditions 1.5.3 (a) and (b) hold. Let 
Uq := Uq^^^^ ^^{'Po)i Jo £ N U {0}, O C Afe(„), and OTq be as in the beginning of Section 
1.6. Let 

q:= [k{v):Fp]. 

Let /c be a perfect field that contains k{v). Let y G Af{k). Let z G Af{W{k)) be a lift of y. 
Let A, D;^, (M, F^, (f, G), and (ta)aej' be as in Subsection 1.5.3. Let Am : M ®w{k) M 
W{k) be the perfect alternating form that is the de Rham realization of := z*{AX)- 
Let E{G^, X^d) be the reflex field of the adjoint Shimura pair {G^, X^'^) of (Gq, X). 

In this Chapter we include examples and complements to Theorem 1.6.1 to 1.6.3. In 
Section 7.1 we include examples that pertain to the Newton polygon OTq- In Section 7.2 
we include a modulo p interpretation of Theorem 1.6.1 similar to the one of the statement 
1.4.4 (6). In Section 7.3 we present two examples on the p-ranks of pull backs of A via 
Sh-ordinary points of Af{k). In Section 7.4 we show that for p > 3 two distinct points of 
O can not map to the same point of M.k{v)- In Section 7.5 we take Sh(GQ,X) to be a 
Hilbert-Blumenthal variety of dimension 3 and we give examples of U-canonical lifts of J\f 
that are not Sh-canonical lifts. 

7.1. On the Newton polygon OIq 

For Z G N we have = (JlLi where (t^(^)(^o) : ^ Gwikiv}) 

is the cr^^^^-conjugate of jiQ : G^ Gw{k{v)) (see (21)). But cr^(^^(/io) = jJ^o- Therefore 
q times the slopes of OTq taken with multiplicities are the p-adic valuations taken with 
multiplicities of the eigenvalues of the element 

n4(.)(/^o)(^) e ToiBikiv))) ^ GLmo(S(/c(^))). 

Thus all Newton polygon slopes of OTq have as denominators divisors of q i.e., are elements 
of the set {0, ^, |, . . . , 1}. Moreover, the Newton polygon slopes of OIq are only and 
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1 if and only if for all i e S{0, q — 1) we have Cfc(-^)(A*o) = A*o i-e., if and only if //q is fixed 
by crfc(^). This is equivalent to /iq being defined over Zp and therefore to the equality q = 1 
(of. [Mi2, top of p. 504 and Cor. 4.7]). In most cases this was obtained first in [Val, Rm. 
5.4.3] (of. also [Va3, Subsect. 1.6] and [Wei]). 

7.1.1. Proposition. We assume that q = 1. If p > 3 (resp. if p = 2) and z is an 

Sh-canonical lift, then the ahelian variety Ak is ordinary and A is (resp. is isogenous to) 
the canonical lift of Ak. 

Proof: As g = 1, all Newton polygon slopes of A^ are integers. Thus A^ is ordinary 
and we have M = W(0)(M, v?) © W{1){M, ^p). We also have = n W{Q){M, ip) © 
n W{l){M,(p), cf. statement 1.4.3 (d). But as (p{F'^) C pM and (p{W{0){M, ip)) = 
W{0){M, (fi), we have n W{0){M, if) = 0. Thus F^ is a direct summand of W(1)(M, ip) 
and thus by reasons of ranks we have F^ = W{1){M, ip). Therefore we have ^{F^) = pF^ 
and thus is the Hodge filtration of the canonical lift of Ah. Therefore for p > 3 (resp. 
for p = 2) the Proposition follows from the fact that F^ determines A uniquely (resp. from 
the first paragraph of the proof of Proposition 6.4.6). □ 

7.1.2. Lemma. //Olo is a supersingular Newton polygon (i.e., if all its Newton polygon 
slopes are \), then Gq is a torus. 

Proof: The group Gq is a torus if and only if dimc(-^) = 0, cf. [De3, axiom (2.1.1.3)]. 
We have dimc(^) = if and only if the cocharacter /i^; : — > Gc factors through 
Z^{Gc) (here x E X and fij^ is as in Subsection 1.5.1). The cocharacter /ij; : G„j Gc 
factors through Z^{Gc) if and only if the cocharacter hq : Gm — ^ GvK(fc(«)) factors through 
Z'^{GiY(^k{v))) and therefore if and only if we have Pq^^^^ ))^^^'^ ~ ^w{k{v))- Thus Gq is 
a torus if and only if Pq^^^^ ))^^^'^ ~ ^W(k{v))- If ah Newton polygon slopes of are |, 
then we have -Pq^^ (ipo) — GLmq and therefore we also have Powiki ))^^^^ ~ Gw{k(v))'i 
thus Gq is a torus. □ 

7.1.3. Example. We assume that q = 2. Thus the Newton polygon slopes of belong 
to the set {0, |, 1}. Therefore DIq is uniquely determined by the Hasse-Witt invariant HWq 
of (Mo, (po)- Prom Subsection 4.1.1 (with g = 2) we get that if A; = A; and if 2; e J\f{W{k)) 
is an Sh-canonical lift, then (M, F^, cp) is a direct sum of circular indecomposable Shimura 
F-crystals whose ranks have their least common multiple equal to g = 2. This implies that 
(M, (p) is the Dieudonne module of a product of r elliptic curvGs over k , Sit YGObSt one being 
(cf. Proposition 7.1.1) supersingular. From Lemma 7.1.2 we get: if Gq is not a torus, then 
not all Newton polygon slopes of DIq are ^ and thus we have HWq > 1. 

7.2. Modulo p interpretation 

Let n e N. Let -i? : M ^ M be the Verschiebung map of (p. By the Dieudonne 
truncation modulo of (M, (p, G, Am) we mean the quintuple 

:= {M/p^M, cp, Gw^ik): Am), 
where for simplicity we denote also by (p and •& their reductions modulo p^. 
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Let {Mi,(pi,Gi,XM^,{'ti,a)a€j) be the analogue of {M,(p,G, Xm, ita)a€j) but ob- 
tained working with another point yi G J^{k) instead of with y G N'{k). Let T^(?/i) := 
(Mi/p^Mi, {pi, Gi.vK„(fe)) be the Dieudonne truncation modulo of (Mi, Gi, AmJ- 

By an inner isomorphism between Tn{y) and T^(yi) we mean a VFn(^)-linear isomor- 
phism /?, : M /p^M^Mi/p^Mi such that the following two conditions hold: 

(a) it lifts to an isomorphism jo : (M, Am, (ta)ae:7)^(A4"i, Ami, (^i,a)ae:r); 

(b) as Z/p"^Z-linear endomorphisms of M/p^M we have hip — ipih and = 'dih. 

7.2.1. Lemma, l^e assume that there exists an isomorphism 

jo '■ (MjXm, ita)aej)^{Mi, Xmi, {tl,a)a€j)- 

(a) Then T„(|/) and T^(yi) are inner isomorphic if and only if there exists an iso- 
morphism ji : {M,Xm, {ta)cej)^{Mi, Xm^, {ti^a)aej) such that we have ifVu'i = 9'^, 
where the element g G G{W{k)) is congruent to 1m modulo p^ . 

(b) //Ti(y) and Ti(j/i) are inner isomorphic, then the FSHW maps of {M,(f,G) 
and {Mi,cpi,Gi) are naturally identified via the isomorphism Lie(G*'^)^Lie(Gf'^) defined 

by ji, where ji is as in (a) but for n = 1. 

Proof: We prove (a). The "if part is trivial. We check the "only if part. Thus we can 
assume that Jq modulo p^ defines an inner isomorphism h between T„(y) and T^iyi)- Let 
g := jo^(fijo(f~^ G G{B{k)). As h is an isomorphism, Jq^Jq^ : Gm — Gi is a Hodge 
cocharacter of {Mi,cpi,Gi). This implies that {g(f)-\M) = (f-'^{g{M)) is (f~^{M) 
\ I -\- ^F^. Thus g normalizes M and therefore we have g G G{W{k)). 

Let M = © F° and A^o be as in Subsection 6.2.1. Let := (pfi{p). Let go := 
{<7ip)~^9(^ifi', it is a (T-linear isomorphism of M. We have go G G{W{k)), cf. Lemma 2.4.6. 
As h is an inner isomorphism between T^(y) and T^(yi), the cr-linear (resp. (j~^-linear) 
endomorphisms ip = a^n{^) and g(f = ga^fi{^) = (J^gofi{^) (resp. i} = plMKp)cr~^ and 

■dg-^ ^ plMiJi{p)a~^g~^ ^ plMlJ'{p)go^cr~^) coincide modulo p'^. Let go,n e G{Wn{k)) be 
the reduction modulo of ^o- We have: 

(i) the element go,n fixes /p^F^ and it is congruent to 1m/p"M modulo p'^^-'^; 

(ii) there exists an inclusion (1m/p"M ~ 9o)i)i^^ /p^^^) C p'^~^ F^ / p'^ F^ . 

Property (i) follows from the congruence modulo p"^ of the mentioned cr-linear en- 
domorphisms of M. Property (ii) follows from (i) and the congruence of plM^ip) and 
plMl^{p)go^ modulo p'^. From (i) and (ii) we get that go^n G Ker(Ao(Wri,(^)) — 
No{Wn-i{k))). Thus up to Ker {Gw{k){W{k)) G'vK(fc)(W^n(A;)))-multiples of cpi and 
g, we can assume that go G No{W{k)). Thus we can write = 1m + p^~^u, where 
u G Lie(Ao). Let g := 1m +p'^u G No{W{k)). We compute 

9 = (^>p9o(^^^ = <fl^{p){^M +p'^"^w)/x(^)(/p"^ = (/?(1m +p"w)</'~^ = '^g'^~^- 

Thus g(f = gg(fg~^. As g and 1m are congruent modulo p", we can take ji := jog~^ (with 
g viewed as a VF(A;)-linear automorphism of M). Therefore ji exists. Thus (a) holds. 
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To check (b), we can assume that n — 1 and that (cf. (a)) g is congruent to 1m modulo 
p. Thus the FSHW maps of (M, ip, G) and (M, gcp, G) coincide. Therefore the FSHW 
maps of (M, G) and (Mi,(/7i,Gi) can be identified naturally via the Lie isomorphism 
Lie(G'^^)-^Lie(G'f ) defined by ji. □ 

7.2.2. Corollary. We assume that k = k and that (M, G) is Sh-ordinary. Let M^^^ 
he the connected component of Afk(v) through which y factors. Then a point yi e ■^k{v)(^) 
is Sh-ordinary if and only ifTi{yi) is inner isomorphic to Ti{y). 

Proof: There exist isomorphisms {M, Xm, ita)aej)~^{Mi, XMiAti,a)oiej)j cf. prop- 
erty 6.2.8 (ii). Thus, as 1.6.1 (a) 4^ 1.6.1 (c), the "if part follows from Lemma 
7.2.1 (b). We now check the "only if part. We will prove even more that in fact 
there exists an isomorphism ji : {M,(p,G,XM,i'ta)a€j)^{Mi,(pi,Gi,XMi,{ti,a)a€j)- 
From the last part of Theorem 1.6.1 we get that there exists an isomorphism jo : 
{M,ip, (to,)o,ej)^{Mi,(pi, {ti^a)aej)- The inverse image of Ami via jo, is a perfect al- 
ternating form on M. 

As there exist isomorphisms between (Mq ^w{k{v)) B{k),il:* ,{va)aej) both 
{M[^],XM,{ioc)aej) and (Mi [i], Ami, (ti,a)a€:^) (see Subsection 6.1.5 applied to y and 
j/i), we get that A^ is a Gm(-B(fc))-niultiple of Am- As Am and A^ are both principal quasi- 
polarizations of (M, ip), we get that in fact A^ is a Gr„(Zp)-multiple 5o of Am- Let Co,Zp be 
the Zp form of L^{(p) such that Co,Zp (Zp) is the group of inner automorphisms of (M, ip, G), 
cf. Subsections 4.1.4 and 4.1.7. The group Co,Zp acts on the Zp-span of Am via a surjective 
character xo '■ Co,Zp G^. As in Subsection 6.1.4 we argue that Ker(xo) is a reductive 
subgroup scheme of G^. This implies that the homomorphism xo(Zp) : C'o,Zp(Zp) —>■ 
Gm(Zp) is surjective. Let cq G Co,Zp(Zp) be such that xo(Zp)(co) = So- Let ji := joco; it 
defines an isomorphism {M,(p,G,Xm, {ta)a€j)^{Mi,(pi,Gi, Xm^, {ti,a)a€j)- ^ 

7.3. Examples on p-ranks 

7.3.1. Example. We assume that there exists a simple factor Go of G^ such that the 
image of no Gm Gw{k{v)) in each simple factor of Go,w{k{v)) is non-trivial. Then 
(Lie(Go,B(A;(u))), <^o) has Newton polygon slope —1 with positive multiplicity, cf. Fact 
3.4.11. Thus Dto has the Newton polygon slopes and 1 with positive multiplicities. 
Therefore ii k = k and y e 0{k), then the p-rank of y*{A) is positive (cf. statement 
1.6.1 (b)). 

7.3.2. Example. For the rest of this Section, we will assume that the Gc-niodule W^qC 
is simple. From this assumption and the existence of Hodge cocharacters /i^ : G^ Gc 
that define Hodge Q-structures on W of type {(—1, 0), (0, —1)} (see Subsection 1.5.1), we 
get that G^ has only one simple, non-compact factor. Let n be the number of simple 
factors of G^. It is known that Gq is a simple Q-group, cf. [Pi, Prop. 5.12]. This, 
the existence (of the inverses) of the cocharacters /U^, and the fact that the Gq-module 
W is simple, are expressed in [Pi, Def. 4.1] by: the pair (Gq.Gq GL^v^) is a strong 
Mumford-Tate pair over Q of weights {0, 1}. Thus n is odd and 2r is an n-th power of a 
natural number, cf. [Pi, Props. 4.6 and 4.7]. Let Go be the unique simple factor of G^ 
such that the cocharacter fioo '■ Gm Go,w{k{v)) defined naturally by /lo is non-trivial. 
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Let £ N be such that Gq.f has qo simple factors. Thus Go,Fp is the ResFp<,o/Fp of an 
absolutely simple, adjoint group Goo.Fpgo over Fp</o (cf. [Til, Subsubsect. 3.1.2]) and Gq 
is the Resv^(F qo)/Zp of an absolutely simple, adjoint group scheme Gqq over VF(Fp<jo) (cf. 
[DG, Vol. III,''exp. XXIV, Prop. 1.21]). As = G^, we have EiG'^^X--"^) = Q. Thus 
E{G^,X'"^) = E{Gq,X), cf. [De2, Subsect. 3.7 and Prop. 3.8]. Therefore from [Mi2, 
Prop. 4.6 and Cor. 4.7] we get that B{k{v)) is the field of definition of the G'o(-B(/c(f )))- 
conjugacy class of /ioo- Thus qq divides q. But Gq splits over WiYpiq^)^ cf. Subsection 
3.4.4 and the fact that the existence of //q implies (see [Sel, Cor. 2 of p. 182]) that Gqq 
can not be of ^D/^ Lie type. Therefore we have q G {qo, 2(/o}- If 9 = 2go, then there exists 
a positive integer m such that G'"^ is a PGL2m_|_2 group (cf. [Pi, Table 4.2]). 

7.3.3. Proposition. We assume that the Gc-module W (8>q C is simple. Then the 
ahelian varieties obtained by pulling back Ao through geometric points ofO, have non-zero 
p-ranks: if q = qQ (resp. if q = '^qo), then these p-ranks are (resp. are 2q^{-§^^^^Y )■ 
Therefore these p-ranks are 1 if and only if G^ is a simple Qp-group and G^ is a PGL2 
group. 

Proof: The G^YF)"^odule Mq ^w(k{v)) B{F) is the tensor product of n simple G^^f)" 
modules Vi,...,Vn such that: (i) dimB(F){Vi) does not depend on z G 5(1, n), and (ii) 
each representation G^^f) ~^ ^^Vi is symplectic and at the level of Lie algebras is defined 
by an irreducible representation of a simple factor fi of Lie{Gj^^p^) . Thus we can identify 
MQ(^w{k(v))B{F) with Vi(g)B{F) V2®b{f) ■ ■ ■®b(f) Vn- As G^ acts through /io on Mq non- 
trivially and via the trivial and the inverse of the identical character of G^,, there exists a 
unique number «o G S{l,n) such that the cocharacter ^o,b(f) acts on Mq B(F) = 

Vi (8)b(f) V2 (8)b(f) • • • ®B(F) via the single factor T^^; thus we can identify //o,b(f) with 
a cocharacter of GLy.^. Two distinct elements ^1,^2 ^ Gal{B{k{v))/Q,p) can take under 
conjugation lJ.o,B{k{v)) to cocharacters of GB{k{v)) whose extensions to -B(F) factor through 
the same factor Vi of Mq ®w{k{v)) B{¥) — Vi ®b(f) ^2 ®b(f) ■ ■ • ®_b(f) if and only if 
q = 2qQ and 6162^ is the non-identity element 6*0 of Gal{B{k{v))/ B{Fpqo)) = Z/2Z; this 
is so as Goo is an absolutely simple, adjoint group scheme over W{Fpqo) that splits over 
W{Fp2qo). Let Jo := {i e S{l,n)\U C Lie(Go,B(F))}; thus io G Iq. 

We first consider the case go = Q- For i G S{l,n) let Vi = ® T^^ be the direct 
sum decomposition normalized by all elements (cr^(„-)(/Uo))_B(F)(^)'s, where V^ (resp. F/) 
is the maximal i?(F)-vector subspace of Vi on which each element (o"^j-^-j(/Uo))b(f) (^) acts 
trivially (resp. on which at least one of these elements (o"fc(„)(A*o))B(F)(^)'s does not act 
trivially). If z ^ Iq, then V^^ = 0. If i G Iq, then dim5(F)(V^i°) = dimB(F)(^/)- We have 

W{0){Mq ®wik{v)) B{F), (fQ ® (7f) = (8)s(F) ®b{f) ■ ■ ■ ®b(f) 

and thus dimB(fc(.))(W^(0)(Mo,vPo)) = ^ dimB(F) (^1)" = '"'"'"^'^g^'^"'^'^ = If this 

dimension is 1, then 2r = 2^ and therefore we must have q = n and dimB(F)(^) = 2 for 
all numbers i G S{l,n). Thus G^^ is a simple Q^-group and G^ is a PGL2 group. 

We now consider the case q = 2qQ. The representations G^^f) ~^ GLy. are associated 
to the minuscule weight 'UJfn+i of the ^2m+i Lie type (of the simply connected semisimple 
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group cover of the simple factor of G^^-p^ whose Lie algebra is fi). Thus the representations 
G^Yf) ~^ ^^Vi are self-dual and have dimension {^^^i) (for instance, see [Pi, Table 4.2]; 

see [Bou2, plate I] for weights). We get a direct sum decomposition Vi = © V^'^ © V^^, 

1 

with V-^ as above and, in case i & Iq, with V^^ and normalized by all above mentioned 

elements and such that © V^^ is the perpendicular of in Vi with respect to any non- 
zero alternating form on Vi that is centralized by fjA-Im(fi — > EndB(F)(V^)). But /io,B(F) 
(resp. {Oo{no^B(k{v)))) B{F)) is associated to the first (resp. to the last) node of the Dynkin 
diagram of the A2m+i Lie type, cf. [Pi, Table 4.2]. Thus we have a natural identification 
Vi^ = A"'^^(5(F)2"^+2) such that for the standard basis {ei, 62^+2} for S(F)2^+2 
we have: 

(a) the cocharacter //o,b(f) acts trivially on all vectors of that are of the form 
Cj^ A A • • • A ej^_^^ with 1 < ii < i2 < ■ ■ ■ < im+i and via the inverse of the identical 
character of on the 5(A;)-span of each vector of the form ei A A • • • A ej^.^^ with 
1 < ■12 < • • • < im+i; 

(b) the cocharacter {0o{po,B{k(v))))B{F) acts trivially on all vectors of Vi^ that are 
of the form e^^ A e^^ A ■ ■ ■ A e^^ A e2m+2 with ii < 12 < ■ ■ • < im < 2m + 2 and via 
the inverse of the identical character of Gm on the -B(/c)-span of each vector of the form 

A A • • • A Ci^^, with ii < 12 < ■ ■ ■ < im+i < 2m + 2. 

Thus {ci^ A A ■ ■ ■ A Cj^ A e2m+2|l < ii < ■ ■ ■ < im < 2m + 2} is a i?(F)-basis for 
Therefore for each element z e Iq we have dimB(F)(y-°) = dimB(F) (1^^°) = (^^). For 

i i /o, we have V^^ = F> = and dmiB{F){V,^) = ('r+')- Thus 

n 

^miB{F){W{Q){MQ®w{k{v)) S(F),v?o®fTF)) ^\{^miB{F)iy^) = 



m+l 

2my° /2m + 2^ 



i=l 



ml V + 1 



is at least 2- > 1. But 2r = (-+^)" and therefore ra"(t+^)^-" = 2^(S^)'^. 

Thus regardless of what q e {go)2go} is, the Proposition follows from the statement 
1.6.1 (6). □ 

7.3.4. Remark. liq = qo, then as we have dimB(F)(V'/) = dim.B(F){Vi^) for all i e /q, the 

multiplicity of the Newton polygon slope ^ for 9To is 2?=t! ^^^^ i € S'(0, qf). If = 2go, then 
we can express the multiplicity of the same Newton polygon slope as a sum of products of 
combinatorial numbers. 

7.4. On the Sh-ordinary locus O 

Let Af^ be the open subscheme of that contains N'e{Gq,x) and whose special fibre 
is C. In this Section we prove the following result. 

7.4.1. Theorem. Ifp > 3, then Af"^ is a locally closed subscheme of M-o^^)- 

Proof: The morphism H •^O(^) is a formal immersion at all geometric points of Hk{v) 
(cf. proof of Proposition 6.2.7 (a)) and defines a closed embedding morphism jV^ji^o^ x) ^ 
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M.e{Gq,x)- Thus we only have to show that jV^ — > •^O(^) is injective on F-valued points. 
Let zi, Z2 E J\f^{W{F)) be two Sh-canonical lifts whose special fibres yi, ?/2 G C(F) map 
to the same point y e A4o(„)(F). To end the proof it is enough to show that zi and Z2 
coincide. 

Forie {1,2} let {Ai, Xa,) :^z*{A,Aa)- We identify A^Jf with {A2,Xa2)f- We 
check that Ai and A2 are the same lift of Ai^p — ^2,f- Let Z e N be such that (A^, A^J is 
the pull back to W{F) of a principally polarized abelian variety (^o.i, ^Ao,i) over W{Fpi), 
we have (Aq^i, Xao^j^)f^i = iAo^2, Xao,2)f^i , and moreover all Hodge cycles on ^^^^(f) are 
pull backs of Hodge cycles on ^o,i,B(F ;) (cf- Subsection 6.5.2). Let (Mq, <^o) be the 
Dieudonne module of ^0,1, f^; = Ao^2,F^i ■ Let be the Hodge filtration of Mq defined by 
Ao^i. The generic fibre of the inverse jli of the canonical split cocharacter of (Mq, F/, 0o) 
factors through the center of the identity component of the centralizer of (<^o)^ in ^'^M^m^ 

cf. property 6.5.3 (a). Therefore the generic fibres of jli and /i2 commute. Thus jli and 
/i2 commute. As fli and /i2 are commuting Hodge cocharacters of (Mq, (^o? GL^^J, they 

coincide (cf. Lemma 3.1.1). Thus we have — F2. As p > 3, from Grothendieck-Messing 
and Serre-Tate deformation theories we get that Aq^i — Ao,2- Thus Ai = A2 and therefore 
we also have Xa^ = A^a- As J^e{Gq,x) is a closed subscheme of M.e{Gq,x)i the generic 
fibres of zi and Z2 coincide. This implies that zi = Z2. □ 

7.5. Example for U-ordinariness 

We consider the case when / : {Gq,X) > (GSp(VF, •0), 5) is a standard embedding 
of a Hilbert-Blumenthal variety of dimension 3. Thus the group Gq is simple over Q, 
the group G^"" is isomorphic to SL2, and we have r = 3. We also assume that our prime 
p is such that is the ResvK(F 3)/Zp of an SL2 group scheme. Thus G^^^p 3) is a 

product Gi y.w{F 3) G2 Xw(F 3) ^3 of three copies of SL2 group schemes. Moreover Gz^ 
is generated by Z'(GLmo) and C^^. We have F(Gq,X) = Q and thus k{v) = Fp and 
g = 1. As k{v) = Fp, we have Mq = L*; thus for the sake of uniformity of notations, in 
this section we will use L* instead of Mq. 

Let To and Bq be as in Subsection 1.5.2. For i e S'(l,3) let Ui G Gi{W{Fp3)) be 
an element that normalizes Tq ^^^^p 3) n Gj and such that it takes -Bo,iy(F 3) n G, to its 
opposite with respect to To^iy(F^3) n Gj. Let 

U e {{ui,U)2, lL;®ZpW(F^3))> ("^l^ lL;®ZpW(F^3)>^3), (lL;®Zp W(F^3 ) > ^2, C^s)} Q Gzp{W{Fp3)). 

We have Lq {^^{'^o ® ctf 3)) = 2o,vk(f 3) (to be compared with Subsection 4.3.5). 
Thus, as To normalizes Fq, the quadruple 

Cu> := (L; (8)z, W(Fps),F^ W(Fps),u;{ipo ® aF^,),GwiF^s)) 
is a U-canonical lift. It is not an Sh-canonical lift as Pq {(jj{(po<^aF 3 )) is not contained 

^^^^ p3 ) P 

in the normalizer Bq^w(f^^) of Fq <SiZp W{Fp3) in Gw{f^3)- 
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7.5.1. Proposition. There exist W{F)-valued points z e J\f{W{F)) whose attached 
Shimura filtered F- crystals are isomorphic to C^j <^F. Thus each such z is a U- canonical 

lift that is not an Sh-canonical lift. 

Proof: Let := {x e L* (g)Zp M^(F)|a;(li,* (Tf){x) = x}. It is a Zp structure of 
L* ®z VF(F) constructed as in Section 2.4; we have G T(L^[i]) for all a E J. We 
denote also by ip* the perfect form on defined by ip*. We check that there exist 
isomorphisms h : {Lp,ip* ,{va)aej)-^{L'^,ip* ,{va)aej)- Such isomorphisms exist over 
W{k). Thus the existence of h is parameterized by a torsor of G^^^ which (to be compared 
with the second paragraph of Section 4.2) is trivial. Therefore such isomorphisms h exist. 

As Lie(To^vK(F)) is normalized by ® a-p), there exists a subtorus Tq of GL/,^ 

whose extension to VF(F) is To^vi^(f) (cf. Lemma 2.4.1). Let T^ be a maximal torus of Gz^^^ 
such that the R-rank of is 1 and the isomorphism h : (L^ , '0*, {va)ceej)~^{Lp, V'*; {'^a)aej) 
takes to T^^, cf. [Ha, Lem. 5.5.3]. We fix an embedding cb^f) ■ W{F) ^ C. Let 

be the cocharacter that corresponds to the cocharacter //o,w(f) of T^iYi^p-j via h and 

^B{F)'i we have /i^; := /icA*o,c^c^- '^^^ composite G^, — Gc of fi^j with the natural 
monomorphism Tq Gc is Gc(C) -conjugate to the cocharacters fi^ : Gm Gc of 
Subsection 1.5.1. Thus the subtorus C{uj) of generated by Z{GLw)c and Im(n^^) is 
isomorphic to (Resc/RG^)c- From this and our assumption on the R-rank of T^, we get 
that C{ui) is the extension to C of a subtorus of T^ that is isomorphic to Resc/RGr„. In 
other words, fx^^ is the Hodge cocharacter of a homomorphism : Resc/RGm — > T^. 

Let be the G'Q(R)-conjugacy class of the composite of with the monomorphism 
^R ^ ^R- ^R is ^ group and due to the mentioned G'Q(C)-conjugacy property, 

the pair {Gq,X^) is a Shimura pair. Even more, we can identify naturally X and X'^ 
with open closed subspaces of X^'^. But the connected components of X'"^"^ are permuted 
transitively by G^J^^ (Z(p)), cf. [Va3, Cor. 3.3.3]. Thus by replacing T'^ with a Gf^^^ (Z(p))- 
conjugate of it, we can assume that X = X^. We get an injective map of Shimura pairs 

r :(T^,{/i-})^(GSp(iy,^),5) 

that factors through / : (Gq,X) {GSp{W, ifj) , S) . Let v'^ be the prime of the reflex 
fleld E{Tq, {h'^}) of (Tq, {h^}) such that the localization 0(^,t^) of the ring of integers of 
E{Tq, {h'^}) with respect to it is under eB{F) a subring of W{F). The smallest number 
s e N such that {uj{(^q crp))* fixes under conjugation /xo,vk(f) '• ^^L*i^ZpW{F) = 

GL£^02pM^(F) is s = 3. Thus we have k{v^) = F^s. 

The torus T^ is a maximal torus of GSp(L(p), V')- Thus T^ is the intersection of 
GSp(L(p) , ijj) with the double centralizer of T"^ in GLi,^^^ . Therefore the triple (/'^, L, v"^) 
is a standard moduli PEL situation. Let be the unique hyperspecial subgroup of 
T^(Qp). Let A/""^ be the normaUzation of the Zariski closure of Sh{T^, {h^})/ H!^ in 
A^O(„w)- As {f'^,L,v'^) is a standard Hodge situation (cf. Remark 1.5.5 (b)), there exist 
H^(F)-valued points 

z e Im(A^'^(W^(F)) ^ A^(I^(F))). 
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Let J'^ := J\J Lie(T'^). We can assume that for each element a e J r\ Lie(T'^) we have 
Va = ex. Accordingly for a G \ i7 we define := a. Let T be the maximal torus 
of G such that (M, F^(/?,T) is the Shimura filtered F-crystal of 2 G A/''^(W^(F)). For 
OL G J'^ let toi G T(M[^]) correspond to via Fontaine comparison theory for A. The 
extension to F of the standard Shimura F-crystal of (Z"^, L, z;'^), up to conjugation with 
h-^ e G'z^(W^(F)), is identified with (L; W^(F)), a;((^o «) (^f), To,vf(f))- As T is a 
maximal torus of GSp(M, Am), it is well known that there exist isomorphisms (this is also 
a particular case of Theorem 8.1.5 below) 

p : (M, {t^)^^j^,\M)^{Ll I^(F), K)ae^", V'*)- 

Thus, if we take the isomorphism p of Subsection 6.1.5 to be defined by p, then we have 
P'^p~^ — gyCo{(fo^<^F), where Qy G To(Vl^(F)). But there exists hy G To{W{F)) that defines 
an inner isomorphism between (L* ^w{k{v)) W{F),uj{(fo ® <7f), Tq^h'CF)) and (L* 0w{k{v)) 
W{F),gyUj{(fo (g) cTp), To^vK(F)): cf. the equivalence 1.4.1 (a) 44> 1.4.4 (a). Therefore each 
W^(F)-valued point z G 'lm(A^'^(M^(F)) ^ A^(W^(F))) has the property that its attached 
Shimura filtered F-crystal is isomorphic to (L* <S>w{k{v)) W{F),gyU!{(fo ® ctf), Gvk(f)) and 
therefore also to Co; (8) F. □ 

7.5.2. Remark. Proposition 7.5.1 and its proof apply also to the case when the role of 
SL2 is replaced by the one of SL^ with m > 4 (to be compared with Subsection 4.3.5). 
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8 Two special applications 



In this Chapter we include two special applications of Section 1.6. In Section 8.1 we 
include complements on a motivic conjecture of Milne. In Section 8.2 we apply the Zariski 
density part of Theorem 1.6.1 to prove the existence of integral canonical models of certain 
Shimura varieties in unramified mixed characteristic (0, p) with p > 3. All notations will 
be as in the first paragraph of Chapter 7. We recall that a reductive group over Qp is 
called unramified if it is quasi-split and splits over an unramified finite field extension of 

Qp 

8.1. Applications to a conjecture of Milne 

In this Section we will assume that k = k. Let := Zp). Let Aj^i : 

®Zp Zp be the perfect form on that is the Zp-etale realization of z*(Aj). Let 

ta (resp. Wa G T(if^[i])) be the de Rham (resp. the p-component of the etale) component 
of the Hodge cycle -^^(Gq ) ^B(fe)- The following conjecture is only a refinement 

of [Va3, Conj. 5.6.6]. 

8.1.1. Conjecture. There exists an isomorphism 

3W{k) ■ {M,\M:{ta)ocej)^{H^ ®Z^W{k),\Hi,{Woc)a&j)- 

We refer to this Conjecture as Milne conjecture., cf. [Mi2, §4, pp. 511-512], [Va3, 
Conj. 5.6.6], and an unpublished manuscript of Milne available at www.arXiv.org. 

We say that Conjecture 8.1.1 holds for (/, L,v) if it holds for every such field k — k 

and for every z G M{W{k)). 

8.1.2. Simple properties, (a) To prove Conjecture 8.1.1 it is enough to show that there 
exists a faithfully flat, commutative VF(/c)-algebra C and an isomorphism jc '■ {M ®vK(fc) 
C, Am, {ta)aej)—^{H^ ®Zp C\ A^/i, {wa)aej)- One argues this in a way similar to the last 
two paragraphs of the proof of Proposition 6.2.8. 

(b) The triple (ii/"^, Aj^i, iwa)aej) can be identified with {Lp^ip*, {va)a£j) (cf. Sub- 
section 6.1.5) and therefore it docs not depend on z. If wc have an isomorphism 
(M, (t,),e^)^(ifi Wik), {w^)c,ej) = {L; ®z, Wik), K)ae:7), then under it Am 
is mapped to a Gm{W{k)) -multiple of ifj*; but as we have a short exact sequence 
1 ^ <^Z(p)(^(^)) ^ Gz^^^{W{k)) Gm{W{k)) 1 (cf. Subsection 6.1.5), we can 
assume this multiple is ip* itself. Thus jw(k) exists if and only if there exists an isomor- 
phism (M, {ta)aej)MH^ W{k), {Wa)a€j) = {L^ W{k), {v^)a&j). 
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(c) If Conjecture 8.1.1 holds for {f,L,v), then (as k = k) the four statements 1.6.1 
(a) to (d) are also equivalent to the following one: 

(*) there exists an isomorphism (M, {ta)aej)~^iMo <S>w(k{v)) ^i^), {va)aej) that 
induces an isomorphism (M, (p, G)^Co <^ k = (Mq <S>w{k(v)) ^i^), <fio ® cr/o ^^^(fc))- 

To check this, we first remark that an isomorphism jV(fc) ^ in Conjecture 8.1.1 allows 

us to assume that the isomorphism p : (M[^], {ta)aej)~*iMo ®w{k(v)) B{k), {va)aej) of 
Subsection 6.1.5 is such that p{M) = Mq ®w(k{v)) W{k). Similar to Subsection 6.1.6 
we argue that we can assume that pnp~^ = A*o,VK(fc) ^ind thus that the element Qy of 
Subsection 6.1.5 belongs to Gw(^k){W{k)). Thus the equivalence 1.6.1 (a) <S=> (*) follows 
from the equivalence 1.4.1 (a) 1.4.4 (a) (see Theorem 1.4.4). 

(d) We assume that Conjecture 8.1.1 holds for (/, L, v), that for every element a E J 
we have Va e T(L*pP, and that Gz^ is the subgroup scheme of GSp(L*p^, t/;*) that fixes Va 
for all a E J. For each a E J we have Wa E T{H^) (cf. (b) and the relation Va E T{L*p-^)) 
and thus we also have t^ E T{M) (as Conjecture 8.1.1 holds for [f,L,v)). We use the 
notations of Section 7.2; thus n G N. Then Tn{y) and Tn(yi) are inner isomorphic if and 
only if there exists an isomorphism (M/p^-M, ip, Xm)—^{Mi/p'^Mi, (pi, Ami) defined 
by an isomorphism M /p^M^Mi/p^Mi that takes ta modulo to ti^^ modulo p"' for all 
aE J. 

(e) The pair (M, {ta)aej) depends only on the G'Q(Aj''*)-orbit of the connected com- 
ponent of Mk{v) through which y factors, cf. property 6.2.8 (ii) and Fact 6.3.4. Thus from 
the Zariski density part of Theorem 1.6.1 and from (b), we get that to check Conjecture 

8.1.1 for (/, L, v) we can assume that = F and that z is an Sh-canonical lift. Moreover, if 
the connected components of Nk{v) ^"^^ permuted transitively by Gq{A^^^), then to check 
Conjecture 8.1.1 for (/, L, v), it suffices to show that jw(F) exists for a unique (arbitrarily 
chosen) W^(F)-valued point z E J\f{W{F)). 

8.1.3. Fact. If p > 3 and q = l, then Conjecture 8.1.1 holds for {f,L,v). 

Proof: We can assume that z E 7\/'(W^(A;)) is an Sh-canonical lift of y e J^{k), cf. property 

8.1.2 (e). Thus Ak is an ordinary abelian variety and A is the canonical lift of Ak, cf. 
Proposition 7.1.1. Let be the direct supplement of in M such that we have fiF^) = 
F^. Let tA and Pq be as in Section 6.1. As /U : Gm ^ G is the inverse of the canonical 
split cocharacter of (M, F^,ip), it fixes F^. We have (see either the constructions in [Fa2, 
§6] or [BM, Cor. 2.2.4] where the modulo p'^ version of this is proved) 

^A(F° ®w(k) B+{W{k)) e ^F' ®wik) B+{W{k))) = B+{W{k)). 

As FO ®^(,) B+{W{k)) © ®w(k) B+{W{k)) = ^i{(3o){M ^^ik) S+(W(/c))), we get 

the existence of jB+{w{k))- Thus the Fact follows from the property 8.1.2 (a). □ 

8.1.4. A relative context. We consider now the following situation. We assume that 
/ : {Gq, X) ^ (GSp(VF, i/j), S) factors through an injective map of Shimura pairs 

/i:(G'i,Q,Xi)-^(GSp(W-,V),^) 
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and that the Zariski closure Gi,Z(p) of ^i,Q GLi,^^^ is a reductive group scheme over 
Z(p). As we have an injective map of Shimura pairs (Gq, X) ^ (G^i,q, ^i), the reflex field 
E{Gi,Q, Xi) of (G'i,Q, ^i) is a subfield of E{Gq, X). Let vi be the prime of E{Gi^q, Xi) 
that divides v. We list two statements: 

(i) The triple (/i, L, vi) is a standard Hodge situation and Conjecture 8.1.1 holds for 

it; 

(ii) One of the following two conditions holds: 

(ii.a) we have Z^{Gz^p^) = Z^iGi^Zf^p^) and there exists a product decomposition Gf^^^-p^ = 
nr=i ^1*^ such that for all numbers i G S{l^n) there exists a closed embedding 
monomorphism Gi^ ^ Ilje/ GLat. ^, where Ii is a finite set and where each Nij 
is a free VF(F)-module of finite rank, with the property that the Gp?''-module (and 
thus also the G^*p-module) Nij/pNij is simple for all j G Ii] 

(ii.b) the group scheme Gzj^) is the centralizer in Gi,Z(p) of a torus Ti^z^^) of Ci^Zj^) and 
either p > 3 or p = 2 and the Newton polygon (of Co) has no integral Newton 
polygon slopes. 

8.1.5. Theorem. If conditions 8.1. 4 (i) and (ii) hold, then Conjecture 8.1.1 holds for 
{f,L,v). 

Proof: We choose the family of tensors {va)aeJ of T{W*) such that there exists a subset 
Ji of J with the property that Gi,q is the subgroup of Ghw that fixes Va for all a G Ji. 
Let be the localization of the ring of integers of E{Gi^q, Xi) with respect to vi. Let 

A/i be the normalization of the Zariski closure of Sh(Gi^Q, Xi)/Gi^Z(p) (Zp) in Aio(^^^y Let 
zi G N'i{W{k)) be the composite of z with the natural morphism J\f — > A/i. Let F be a 
finite, discrete valuation ring extension of W{k) such that there exists an isomorphism 
(32a) 

cf. condition 8.1.4 (i) and property 8.1.2 (b) (it is significantly more convenient here to 
work with a flexible jv and not with a rigid jw{k))- Let K := V[^]. For each element 
q; G J" let G T{L* ®Zp K) be the tensor such that jv takes ta to t'^. Thus for 
each a G J7i we have t'^ — E T{L* K). From the existence of an isomorphism p : 

(M[-], {tQ,)aej)~^iMo0w(k{v)) B{k), {va)ctej) (see Subsection 6.1.5), we get the existence 
of an element g G G\y{K) such that we have g{t'^ = Va for all a G J" (equivalently for 
all a G JT" \ Ji)] more precisely, under the canonical identification Mq ®w{k{v)) W{k) = 
Lp ®Zp W{k), we can take g = {p® Ik) ° jv^ £ Giy{K). If we have 

(326) g G Gv{K)Gi,v{V), 

then by composing jv with a ^-linear automorphism of L* V defined by an el- 
ement of Giy{V) that corresponds to (32b), we get an isomorphism jv ■ {M 0w{k) 

a&j) — (L* <S>Zp V, {va)aej)- ^s in the property 8.1.2 (b) 
we argue that we can assume that jv takes Am to Aj^i = ip*. Thus based on the property 
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8.1.2 (a), to end the proof of the Theorem we only have to show that g e Gv{K)Giyiy) 
and therefore from now on we will ignore the alternating forms. 

Case A. We first consider the case when the condition 8.1.4 (ii.a) holds. Let Tii := GviV)- 
As g3vGjy^g~^ is a reductive group scheme that extends Gki the subgroup 

n2 := {h e GviK)\higiL; V)) = g{L; V)} = gHig'' ^ Gv{K) 

is hyperspecial. The hyperspecial subgroups Tii and 7-^2 of Gv{K) are G^(K)-conjugate, 
cf. [Ti2, end of Subsect. 2.5]. Thus by replacing V with a finite, discrete valuation ring 
extension of it, we can assume that there exists an element gi e Gv{K) such that we have 
gi{J~L2)gi^ = TYi. By replacing g with gig we can assume that TYi = 7^2 = g'Hig~^. 

In this and the next paragraph, we show that g normalizes TC^i^ := G^*{^(F) for all 
i e S{l,n). Let 7^2* 9T^i^9~^- Let G^^^^^ be the maximal direct factor of the simply 
connected semisimple group scheme cover G'-^^-p^ of G^^^p^ such that the natural homomor- 
phism G^^pj''*^ ^i*B(F) ^ finite kernel. Let G^'^^ be the semisimple group scheme over 
M^(F) that is the quotient of G^^^p^ through the Zariski closure of Ker(G'^YF) ~^ ^i*b(f)) 
in G^^^p^ . We can redefine G*^*-* as the quotient of G'^^^^^'^ through a finite, fiat subgroup 
scheme of Z (G'^'^^'^'^) and thus the existence of G'-*-* is implied by [DG, Vol. Ill, Exp. 
XXII, Cor. 4.3.2]. Let H^'^ := G^'\V). It is the only hyperspecial subgroup of G^'\K) to 
which Hi maps, cf. Lemma 2.3.10. As Hi = gUig-^, we get H^'^ = gH^'^g'^. Thus H^^^ 
and 7^2*^ are hyperspecial subgroups of G^^\k) that contain 7Y*^*^. 

For j G li and s G {1, 2} let Lij^s be a ^-lattice of TVjj ^w{k) K such that we have 
ni'^ ^ Ujeii GLl,,^. cf. [Ja, Part I, 10.4]. As H^'^ normalizes QjehLij^s, from [Va3, 
Prop. 3.1.2.1 a)] we get that (BjehLij^s is a Gy^''-module. The G^*''-module Nij ®w(f) k 
is irreducible (cf. condition 8.1.4 (ii.a)) and thus the G[,*'*-module -^ij.s ®v k is isomorphic 
to Nij 0w{F) k and therefore it is irreducible (cf. [Ja, Part I, 10.9]). Thus we have 
Li,j,i = TTy''^ Lij2, where rriij G Z and where ttv is a fixed uniformizer of V. Therefore 
the product group rijg/j GLj,. ^. ^(F) does not depend on s. Thus we have = 
and therefore g normalizes 

Thus the image g^"^ of g in G\^y{K) normalizes the unique hyperspecial subgroup 
Gly{V) of Gl'lyiK) that contains lm{nf Gl^y{K)) for all i G 5(1, n) (for the unique- 
ness part, cf. Lemma 2.3.10 applied to the epimorphism G^^y -» G\\). From [Va3, Prop. 
3.1.2.1 a)] we get that g^'^ defines via inner conjugation an automorphism of G\\. Thus 
we have g^^ G G^yiV). By replacing V with a finite, discrete valuation ring extension 

of it, we can assume that there exists an element g2^ G GiyiV) such that its image in 
G\^{y) is g'^'^. By replacing g with gg2 we can assume that ^r^'^ is the identity element i.e., 
g G Z{Giy){K). By replacing V with a finite, discrete valuation ring extension of it we 
can write = gzg^, where gz G Z°{Giy){K) = Z^{Gv){K) and where g^ G Z(Gf^)(F). 
Thus g G Gv{K)G^y{V). 
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Case B. We consider the case when the condition 8.1.4 (ii.b) holds. To show that Con- 
jecture 8.1.1 holds for {f,L,v) we can assume that z is an Sh-canonical lift, cf. property 
8.1.2 (e). We choose the set J' such that we have ^ J^i U Lie(Ti^Z(p)) and Vot = a 
for all a G Lie(Ti^Z(p) )• There exists a maximal torus T of G such that {M,<f,T) is a 

Shimura F-crystal, cf. Subsection 4.3.2. Let J' be the union of J' and of the set of all 
elements of Lie(T) fixed by (p. For a e Lie(T), we define ta = a. We can assume that 
for q; e J" n Lie(T), the two definitions of ta define the same tensor of T(M [|]). For 

a E J \ J, let Va ^ End{H^) be the endomorphism that corresponds to ta via Fontaine 
comparison theory (see Subsection 6.1.7) and let t'^ e '^{L* K) be the tensor such 

that jv takes to t^. Thus we have g{t'^) = Va, for all ot E J . Moreover, the Zariski 
closure in GL^^i^^^^ = Glj^^^^^^^y of the subgroup of GL^i^z^k = ^'^l^^^^k that 

fixes Vol (rcsp. t^) for all a G J", is a maximal torus Tf* (resp. T'^^^^ of Gy and therefore 
also of G\y. More precisely, Tf* is the extension to V of the torus Tet of Lemma 6.1.8 
and T^^^ := jvfjy^. Thus Lie(Tf ) (resp. Ue{T"^^)) is F-generated by the v^'s (resp. 
the t'^'s) with a e (J \ Ji) U Ue{Ti^z^^^). But Tf* and are G'^^(y)-conjugate, cf. 

Subsection 2.3.8 (d). Thus by replacing g with ggi, where gi G Gy{V) ^ Gi,y{V), we can 
assume that Tf* = T^^^^. Due to the V-generation property of Lie(Tf*) and Lie(T"^''), 
we get that g normalizes Tf* = T^^^^. Thus g — (72(73, where (72 G Ti^{K) ^ Gy{K) 
and where g^ is a F- valued point of the normalizer of Tf* in Gi y. Therefore we have 

g G Gy{K)G^,y{V). ' □ 

8.1.6. Remarks, (a) There exists a variant of the Case B of the proof of Theorem 8.1.5 
which uses the fact that every two tori T(l) and T(2) of Gi^y with the properties that we 
have T{i) = Z^{C{i)) {i G {1, 2}), where C{i) is the centralizer of T{i) in Giy, and that 
their generic fibres are Gi^v(i^)-conjugate, are Gi^v(F)-conjugate. This can be checked 
by reduction to the case of classical semisimple group schemes over V. Both this new 
approach and the proof of Theorem 8.1.5 under the condition 8.1.4 (ii.b), work even for 
p = 2 provided the connected components ofJ\fk(v) are permuted transitively by Gq(Aj''*). 
This is so as (cf. property 8.1.2 (e)) we can assume that z G J\f{W{k)) is such that the 
variant 6.1.9 (b) applies to it. 

(b) Let Y be an abelian variety over a number field E. We fix an embedding E ^ C 
and we identify E with Q. Let (sa)aejy be the family of all Hodge cycles on Y that 
involve no Tate twist. To ease notations, we will assume that {sa)aeJY equal to the 
family of all Hodge cycles on A-^ that involve no Tate twist. Let Ly '■— Hi{Y{C), Z). Let 
Wy ■= Ly ®z Q = Hi{Y{C), Q). For each clement a G Jy let be the Betti realization 
of 6'q,; thus 6'^ is a tensor of the tensor algebra of Wy ®Wy. Let be the ring of integers 
of E. Let my G N be such that Y extends to an abelian scheme y over Spec(0_E[^]). 
Let Dy := H^niy / O e[:^]) ■ There exists a finite field extension Ei of E such that there 
exists an £'i-linear isomorphism Ie-^ : Wy (E)q Ei^Dy ®Q^^_i^^^ Ei that takes to the 

de Rham component s^^ of for all a G Jy. This is a standard consequence of the fact 
that under the de Rham C-linear isomorphism Wy ®q C^Dy <S>n,^\^^] C, is mapped 

to s^^ for all a G Jy (cf. [De5, §1 and §2]). Let ny G myN be such that we have 
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lEiiLy <8)z OeA:^]) = Dy <8)ob[^] O^J^]; here Oe^ is the ring of integers of Ei. 

We now fix / and L but we allow p to vary. The connected components of Mc are 
permuted transitively by Gq{A^J'^), cf. [Va3, Lem. 3.3.2]. It is well known that this 
implies that for p >> the connected components of Afk{v) are also permuted transitively 

by GQiAf^) (cf. [Va3, Rm. 3.4.6 and Cor. 3.4.7] and [Grl, Thm. (9.7.7)]). Thus the 
Conjecture 8.1.1 holds for (/, L, v) if p >> and if Conjecture 8.1.1 holds for one W{F)- 
valued point z e A/'(VF(F)), cf. property 8.1.2 (e). Thus from the previous paragraph we 
get that Conjecture 8.1.1 holds for (/, L, v) provided p » 0. 

8.1.7. On applying 8.1.5. The usefulness of Conjecture 8.1.1 stems from its motivic 
aspect that will be used in future work by Milne and us in connection to the Langlands- 
Rapoport conjecture and by us to achieve the project 1.9 (b). We include a practical form 
of Subsection 8.1.4 that suffices for applications to this last conjecture. We assume that 
the following three conditions hold: 

(i) the centralizer Cz(p) of Gz(p) in GJjl^p^ is a reductive group scheme;-*^ 

(ii) we have Z^(Gq) = Z'^(Gi,q), where Gi,q is the identity component of the cen- 
tralizer D{iI;)q of Cq in GSp(W^, V); 

(iii) if p = 2, then we have Gi^q = D(V')q. 

Let Xi be the Gi^Q(R)-conjugacy class of monomorphisms Resc/RG^ ^ Gi,r that 
contains X (i.e., contains the composite of any monomorphism Resc/RGr„ ^ Gr that 
is an element of X with the monomorphism Gji ^ G^i,r)- We get an injective map 
fi '■ (Gi,Q,Xi) ^ (GSp(VF, V'), 5') of Shimura pairs through which / : (Gq,X) ^ 
(GSp(M^,V),'5) factors, cf. [Va3, Rm. 4.3.12]. Let the prime vi of £;(Gi,q, Xi) be as 
in Subsection 8.1.4. The group scheme Cz^p^ is the group scheme of invertible elements 
of the semisimple Z(p)-subalgebra Bi of Endz^^j (iv(p)) whose elements are the elements of 
Lie(Cz(p)). As Bi is normalized by the involution ' of Subsection 1.5.1, the Zariski closure 
Gi,Z(p) of ^i,Q i^^ GLi,^^^ is a reductive group scheme. To check this can assume that Bi[^] 
is simple and for this well known case we refer to [Ko2]. Thus the quadruple (/i, L, vi, Bi) 
is a standard PEL situation which is as well a standard Hodge situation, cf. Remark 1.5.5 
(b). Thus the condition 8.1.4 (i) holds if and only if Conjecture 8.1.1 holds for (/i,L,t'i). 

The fact that Conjecture 8.1.1 holds for {fi,L,vi) is well known. For instance, due 
to existence of the isomorphism p of Subsection 6.1.5, the arguments of the proof of [Ko2, 
Lem. 7.2] apply but with Qp being replaced by B{k). We now include a new self-contained 
and short argument for this. Let V, K, and ttv be as in the proof of Theorem 8.1.5. 
Let Loy := L^^-j ®w{k) V = Mq ^w{k{v)) V. We will work with an isomorphism p : 
(M[^],(t«) aej^)^(Mo®w^(A;(„)) -B(/c), {va)aej) that takes Am to?/'* (see Subsection 6.1.5). 
Let Ly := p{M) ®w{k) V. Thus Ly is a F-lattice of Mq <^w{k{v)) K that is normalized by 
Bi ®Z(p) V, that has the property that the Zariski closure of Gk in GIiLv is a reductive 
group scheme {pGp~^)v, and that is such that we have a perfect alternating form •0* : 



1 Due to Lemma 2.3.11, this always holds but we will not stop to detail this here. 
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Lv <^v Lv — ^ V . We will show these three properties of Ly imply the existence of an 
element g e G{K) such that we have g~^{Lv) = Lq,v- 

We can replace V by any finite, discrete valuation ring extension of it (to be compared 
with the property 8.1.2 (a)). Thus, as in the first paragraph of the Case A of the proof 
of Theorem 8.1.5, we argue that we can assume that {Ly is such that) Gy is the Zariski 
closure of Gk in GL^^. Let Ly — ®jex{To v)^v ^o,v = ®jex{To v)^o v ^® direct 
sum decompositions such that the maximal torus Toy of Gy acts on Ly and Lq y via the 
character j of Toy. The Bi ®Z(p) F-modules Ly and y are simple. Thus there exists 
rrij e Z such that we have Ly = tt^^Lq y. Let g e GLlv{^) be the semisimple element 
such that it acts on as the multiplication with TTy^^ ; we have g~^{Ly) — Loy. The 
element g centralizes Bi <8)Z(p) V- Moreover, as ip* induces perfect forms on Ly and Loy, 
g fixes tp*. As iVy' is never a root of unity different from 1, the Zariski closure of the set 
{g'^\m e Z} in GL^^ji] is a torus of Gk (and not only a group of multiplicative type). 

Thus we have g G G{K). Therefore jy := g~^ o (p (g) 1^^) is an isomorphism as in (32a). 
Thus Conjecture 8.1.1 holds for (/i,L, i^i), cf. property 8.1.2 (a). 

We conclude that the condition 8.1.4 (i) is implied by conditions (i) to (iii). We now 
check that the condition 8.1.4 (ii.a) also holds. The group scheme Gf^^^p-^ is a product 
of semisimple group schemes that are SL^ (with n > 2), Sp2^ (with n > 1), or S02n 
(with n > 2) group schemes. For each such factor G^*-* of Gf^^^-py the G^*^-module 

Mq ®w{k{v)) W(F) is a direct sum of trivial G^*''-modules and of standard simple Gi^- 
modules whose ranks are n for the case of SL„ and are 2n for the case of either Sp2„ or 
S02n- Let Ni be a direct summand of Mq <S>w{k{v)) W{F) that is a simple G^^^-module. 
The resulting representation pi : G^^^p^ — > GLjVj is irreducible (over -B(F) this is implied 
by the condition (ii)). Thus Pi,B{F) is a tensor product of irreducible representations 
associated to minuscule weights, cf. property 1.5.6 (ii); the number of the simple factors 
of the adjoint group of Im(G^YF) ~^ ^'^Nii^) is equal to the number of factors of the 
mentioned tensor product. From this and [Ja, Part I, 10.9], we get that the representation 
Pi^F has a composite series whose factors are isomorphic with the factors of a composition 
series of the representation over F which is a tensor product of representations of the 
form /9ro,F7 where p^ is as in Lemma 2.3.11, and therefore which is a tensor product of 
irreducible representations (cf. Lemma 2.3.11). Thus the representation pj f is irreducible. 
Therefore the condition 8.1.4 (ii.a) is also implied by conditions (i) to (iii). From Theorem 
8.1.5 we get: 

8.1.8. Theorem. If conditions 8.1.7 (i) to (iii) hold, then Conjecture 8.1.1 holds for 
if,L,v). 

8.1.9. Example. Let (Gq^X'^'^) be a simple, adjoint Shimura pair of -Bn, Cm -D^, 
or Shimura type; see Subsection 1.5.6. Let v^'^ be a prime oi E{G'^,X-'"^) that divides 
a prime p > 5. We assume that the group Gq^ is unramified. The constructions of [Va3, 
Subsects. 6.5 and 6.6.5] show that there exists a standard Hodge situation (/, L, v) such 
that the notations match (i.e., {Gq, X^'^) is the adjoint Shimura pair of (Gq, X), etc.) and 
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the representation Gvk(f) ~^ ^•''-'L(p)®Z( yW{F) is a direct sum of irreducible representations 
whose restrictions to G^(f) are associated to minuscule weights of some direct factor of 
the simply connected semisimple group scheme cover of G^^^ps that has an absolutely 
simple, adjoint. Thus L(p) (S>Z(p) F is a semisimple GF-niodulc, cf. Lemma 2.3.8. Thus Cf 
is reductive. Moreover Cf and Cb{f) have equal dimensions. Thus Cw{f) is a reductive 
group scheme and therefore the condition 8.1.7 (i) holds. By replacing Gq with the larger 
group that is the subgroup of Gi,q generated by Z'^{Gi^q) and by Gq"" we can also assume 
that the condition 8.1.7 (ii) also holds: under this replacement, the Zariski closure Czj^, 
of Gq in GL^,^^^ is isomorphic to the quotient of -Z^°(Gi^Z(p)) x G^^^ by a central finite, 
fiat subgroup scheme isomorphic to Z°(Gi,Z(p)) H G'^^^^, and thus Gz(p) continues to be a 
reductive group scheme over Z(p) (cf. [DG, Vol. Ill, Exp. XXII, Cor. 4.3.2]). As p > 5, 
the condition 8.1.7 (iii) is vacuous. Thus Conjecture 8.1.1 holds for {f,L,v), cf. Theorem 
8.1.8. 

8.1.10. Remark. Subsections 8.1.2 to 8.1.9 are far from a complete proof of Conjecture 
8.1.1. But they form the simplest approach to Conjecture 8.1.1, suffice for most applica- 
tions (even for p = 2), and are close in spirit to [Ko2, Lem. 7.2]. We refer to [Va7] (resp. 
to [Va8]) for a complete proof of Conjecture 8.1.1 for p > 3 (resp. for all primes p > 2), 
that uses much heavier crystalline cohomology theories. 

8.2. Applications to integral canonical models 

We consider a standard Hodge situation (/, L, together with a map (Gi^q,Xi) — > 
{Gq,X) of Shimura pairs such that the following three conditions hold: 

(i) we have E(Gi,q,Xi) = £^(Gq,X); 

(ii) the group Gi^q^ is unramified; 

(iii) the homomorphism Gi,q — > Gq is an epimorphism whose kernel is a torus Ti 
with the property that the group H^{E^T\^e) is trivial for every field E of characteristic 
0. 

Due to the condition (i) we identify v with a prime of i?(Gi,Q,Xi). Let Gi^Zp be 
a reductive group scheme over Zp that extends Gi^q^, cf. [Ti2, Subsubsects. 1.10.2 
and 3.8.1]. The normalization of Gz^ Xz^ G'f^^ in Gi^q^^ is a reductive group scheme 
over Zp that extends Gi^q^. Not to introduce extra notations, we will assume that this 
normalization is Gi,z itself; thus wc have an epimorphism Gi,z Gz . Let H\ p := 
Gi,Zp(Zp). The Zariski closure of Ti^q^ in Z^iGi^z^,) (equivalently in Gi,Zp) is a torus over 
Zp (cf. Fact 2.3.12). The quotient group scheme Gi,Zp/7'i,Zp is reductive (cf. [DC, Vol. 
Ill, Exp. XXII, Cor. 4.3.2]) and has Gq^^ as its generic fibre. The natural homomorphism 
Gi^Zp/T'i.Zp — ^ Gzp is an isomorphism, cf. Lemma 2.3.9. Thus we have a short exact 
sequence 1 Ti^Zp(Zp) — > Gi,Zp(Zp) Gz^iT^p) 1 and therefore Hi^p maps onto 
Hp. The holomorphic map Xi X induced by the epimorphism Gi^q -» Gq is a 
bijection (cf. [Mil, Lem. 4.12]) and thus an isomorphism. We have a functorial morphism 
Sh(Gi,Q,Xi)/ifi,p ^ Sh(GQ,X)/ifi = MEiGc,,x) of E(GQ,X)-schemes (cf. [De2, Cor. 
5.4]) that is pro-finite (as X^Xi). Therefore we can speak about the normalization Mi 
oi M in (the ring of fractions of) Sh(Gi,Q, Xi)/iyi^p. 
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8.2.1. Lemma. Let S2 '■ (T2,{/i2}) — (^SjI^s}) be a map between two dimensional 

Shimura pairs. We assume that T2 surjects onto T3 and that Ker(s2) is Ti. Let T2^p 
be a compact, open subgroup of T2(Qp) that contains the unique hyperspecial subgroup 
Ti^p of Ti(Qp). Let T^^p be the image of T2,p in Ts{Qp). The functorial morphism 
Sh(T2, {/i2}) Sh(T3, {/la}) (see [De2, Cor. 5.4]) gives birth naturally to a morphism 
S2,p : Sh(T2, {/i2})/72,p Sh{T3,{h3})E{T2,{h2})/T3,p of E{T2,{h2})-schemes. Then the 
map S2,p{B{F)) : Sh(T2, {/i2})/T2,p(S(F)) ^ Sh{Ts, {hs})EiT,,{h,})/T3AB{F)) is onto. 

Proof: The groups T2(Q), T2{Qp), and T2,p surject onto TsiQ), niQp), and Ta,^ (re- 
spectively). As we have Ti(Qp) = Ti(Q)Ti^p (cf. [Mi2, Lem. 4.10]), the homomorphism 
S2(Qp) gives birth to an identification 

(33) T2{Qp)/T2,pT2{Q) = Ts{Qp)/Ts,pTs{Q). 

Each S(F)-valued point of Sh(T3, {hs}) E{T2,{h2}) /'^3,p factors through an F-valued point of 
Sh(T3, {hs})E{T2,{h2})/'^3,p with F as a subfield of Q. Moreover, from the reciprocity map 
(see [Mil, §1, pp. 163-164]) and the class field theory (see [Lan, Ch. XI, §4, Thm. 4]) we get 
that each F-valued point of Sh(T3, {/i3})_e(T2,{/i2})/^3,p ^^^^ t° a point of Sh(T2, {/i2})/72,p 
with values in an abelian extension of F which (due to (33)) is unramified above all primes 
of F that divide p. As -B(F) has no unramified finite field extensions, we conclude that 
the map S2,p{B{F)) is onto. □ 

8.2.2. Proposition. The image Im(A/i(VF(F)) ^ Af{F)) is Zariski dense inMk{v)- 

Proof: It suffices to show that every Sh-canonical lift z G M{W{F)) belongs to the im- 
age lm{Mi{W{¥)) N'{W{¥))), cf. the Zariski density part of Theorem 1.6.1. We 
fix an 0(„)-embedding eB{Y) '■ B{F) ^ C. Let T3 be the Mumford-Tate group of 
z*{A)c- As z*{A)c has complex multiplication (cf. Theorem 1.6.3 (a)), the group T3 
is a torus. Let hs : Resc/RG^ T^ ji be the homomorphism that defines the Hodge 
Q-structure on the Betti homology and cohomology of z*{A)c- We identify naturally 
the Shimura pair (T3, {/is}) with a special pair of the Shimura pair {Gq,X). Let T2 
be the inverse image of T3 in Gi,q. As XA-Xi, there exists a unique element /i2 £ Xi 
that maps to e X; thus the homomorphism h2 : Resc/RG^ — > Gi,r factors through 

T2,R. We have Sh{GQ, X) / Hp(C) = Gz(^) (Z(p))\(X x G'q(A^^^)) (see Subsection 1.5.1). 

As Gi,q(Aj'-') surjects onto Gq(Aj'^), up to G'Q(A^^'')-translations we can assume that 
ze(Gq,x) is a i?(F)-valued point of Sh{Ts, {hs}) /Ts^p. As Fi^q^ is unramified, Fi^q ex- 
tends to a torus Fi^Z(p) over Z(p) (cf. [Va3, Lem. 3.1.3]). But Fi^Z(p) splits over a Ga- 
lois cover of Spec(Z(p)). Thus the refiex field F(Fi, {hi}) i.e., the field of definition of 
hi, is unramified above p. But F(T2, {/i2}) is the composite field of E{Ti,{hi}) and 
E{T2, {h^}) and therefore it is unramified above all primes of E{T3, {h^}) that divide p. 
Thus we can view Ze(Gq,x) a-s a i?(F)-valued point of Sh(F3, {hs}) e(T2 ,{h2}) /'^3,p- 
have a natural composite morphism Sh(F2, {/i2})/72,p ^^{T^, {hs})E(T2,{h2})/'^3,p 
Sh{Gi^Q, Xi)E(T2,{h2})/H2,p of F(F2, {/i2})-schemes, the point ze(Gq,x) lifts to a B{F)- 
valued point of Sh(T3, {/i3})£;(x'2,{/i.2})/^3,p (cf- Lemma 8.2.1) and therefore also of A/i. 
This implies that z e Im{Afi{W{F)) Af{W{F))). □ 
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8.2.3. Corollary. We recall that (/, L, v) is a standard Hodge situation. Let a be the 

order of the center Z{Gq) of the simply connected semisimple group cover Gq of Gq^ . We 
assume that p > 3 and that o is a power of 2. Then the 0(^yy scheme Mi together with the 

natural right action o/Gi^q(A^^'') on it is an integral canonical model o/(Gi,q, Xi, i^i.p, v) 
in the sense of [VaS, Defs. 3.2.3 6) and 3.2.6]. 

Proof: From [Va3, Rm. 6.2.3.1] and the assumption on o, we get that each connected 
component of A/i,c = Sh(Gi q, Xi)c/-ffi,p is a pro-finite Galois cover of a connected 
component of A/c = Sh(GQ, X)q/Hp, the Galois group being a 2'^-torsion pro-finite group 
(for some fixed m e N). Moreover, A/i,c surjects onto Ac (see [Mil, Lem. 4.13]). The 
connected components of A/i,c are permuted transitively by Gi^ci{A.^J^) (see [Va3, Lem. 
3.3.2]) and A/i,b(f) has i?(F)-valued points (cf. Proposition 8.2.2). We conclude that 
each connected component of A/i,b(f) is geometrically connected and therefore a pro-finite 
Galois cover of a connected component of N'b{f)-, the Galois group being as above. In the 
proof of [Va3, Lem. 6.8.1] we checked that there exists no finite VF(F)-monomorphism 
M^(F)[[a;i, . . . ,Xd]] ^ Ei which by inverting p becomes an etale cover of degree 2, where 
El is a commutative, integral VF(F)-algebra equipped with a section Ei -» VF(F). From 
the last two sentences we get that the morphism Mi — > A/" is a pro-etale cover above every 
W(F)-valued point in lva{Mi{W{F)) M{W{¥))). Thus, based on the classical purity 
theorem of [Gr2, Exp. X, Thm. 3.4 (i)] and on Proposition 8.2.2, we conclude that Mi is 
a pro-etale cover of M . But A/" is a regular, formally smooth 0(^,)-scheme (cf. Definition 
1.5.3) and therefore Mi is as well a regular, formally smooth 0(^,)-scheme. 

Let H^'P^ be a compact, open subgroup of Gq{A^J'^) such that A" is a pro-etale cover 

of M/H^P^ and the 0(„)-scheme M/H(p^ is of finite type, cf. [Va3, proof of Prop. 3.4.1]. 

Let h[^^ be a compact, open subgroup of Gi,q(A^^^) that maps to H^p\ It is easy to 

see that the quotient Mi/H'f^ of Ai by H^^ exists: it is the normalization of M/H^^'' 
in the ring of fractions of Mi^e{Gq,x)- From the last two sentences and the fact that 

Ml is a pro-etale cover of M, we get that A'l is a pro-etale cover of Mi/H^^ and that 

Mi/H{'' is an etale cover of M/H^P\ Therefore Mi/H^' is a smooth 0(^)-scheme of 

finite type. Moreover, if H'^^^ is a compact open subgroup of then the natural 

epimorphism A"i/if(^^^ -^Mi/h[p'^ is an etale cover. Thus Mi is a smooth integral model 
of Sh(Gi,Q,Xi)/i/i,p over 0(„) in the sense of either [Mil, Def. 2.2] or [Va3, Def. 3.2.3 
2)]. The 0(^;)-scheme Ai also has the extension property of [Va3, Def. 3.2.3 3)], cf. [Va3, 
Rm. 3.2.3.1 5)]. Thus Ai is an integral canonical model of {Gi^q, Xi, Hi^p,v). □ 

8.2.4. Applications to [Va3]. We continue to assume that p >3 and that the order a of 
Corollary 8.2.3 is a power of 2. This assumption on o holds if all simple factors of {Gq, X^) 
are of A2»-i, -Bn, Cn, -D^, or type. We consider now a map (G2,Q, ^2) — ^ (Gq, X) of 
Shimura pairs such that the homomorphism Gf'g Gq'^ is an isogeny, the group G2,Qp 
is unramified over Qp, and there exists a hyperspecial subgroup of G'2,Qp(Qp) that 
maps to Hp. Let f 2 be a prime of the reflex fleld E{G2,q, X2) of (G2,q, X2) that divides v. 
Let be the localization of the ring of integers of E{G2,q, X2) with respect to V2. We 
now choose the map of Shimura pairs (Gi,q, Xi) {Gq,X) such that (besides conditions 
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8.2 (i) to (iii)) we also have Gf^ = G^^^, cf. [Va3, Rm. 3.2.7 10)]. 

We check the foUowing claim that the normalization oiHo^^^) in Sh(G2,Q5 -^2)/-^^2p is: 
(i) a pro-etale cover of an open closed subscheme of A/qj^^) (ii) integral canonical 
model of (G2,Q, ^2, -^2, V2)- As Mi is a pro-etale cover of N and as we have E{G2,q, X2) ^ 
£(Gi,Q, Xi) = E(Gq, X) and Gf^ = Gf^, the claim follows from the proof of either [VaS, 
Lem. 6.2.3] or [Va6, Prop. 2.4.3], applied to quadruples of the form (G2,q, X2, -^2^, '^'2) 
instead of to triples of the form (G2,q,-^2, H2p). 

This claim proves [Va3, Thm. 6.1.2*] in the cases when all simple factors of {Gq,X^'^) 
are of A^r^-i, B^, Cm -D^, or type. In particular, this completes the (last step of the) 
proof (see [Va3]) of the existence of integral canonical models of those Shimura varieties 
whose adjoints have all simple factors of some type (n > 4) with respect to primes of 
characteristic at least 5, cf. [Va3, Subsects. 1.4, 6.1.2.1, 6.4.2, and 6.8.0]. 

8.2.5. Remark. Any attempt of handling [Va3, Thm. 6.1.2*] only at the level of discrete 
valuation rings is pointless (see [Va3, Subsect. 6.2.7]); thus the proof of [Mo, Prop. 3.22] 
is wrong. This explains why the proof of [Va3, Thm. 6.1.2*] was carried out in [Va3, 
Subsect. 6.8] only up to [Va3, Subsubsect. 6.8.6]. Also the descent arguments of [Mo, 
Prop. 3.10] are incorrect: the counterexample of [BLR, Ch. 6, Sect. 6.7] makes sense in 
mixed characteristic. These two errors of [Mo] can not be "patched" . Moreover, they also 
invalidate [Mo, Prop. 3.18 and Cor. 3.23] i.e., essentially all of [Mo, §3] that did not follow 
[Va3] and its preliminary versions. Thus the claim of [Mo, Rm. 3.24] of a "very different" 
presentation from the earlier versions of [Va3], is meaningless. 
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9 Generalization of the properties 1.1 (f) to (h) 
to the context of standard Hodge situations 



In this Chapter we generahze properties 1.1 (f) to (h) to the geometric context of a 
standard Hodge situation (/, L, v). In Sections 9.1 and 9.2 we generahze properties 1.1 (f) 
and (g) to the context of (/, L,v). In Sections 9.4 to 9.8 we generahze the property 1.1 
(h) to the context of (/, L,v). Theorem 9.4 considers the case when the nilpotent class Jo 
of Section 1.6 is at most 1. In Section 9.8 we consider the case when Jq > 2. Different 
notations and definitions needed to state and prove the results of Sections 9.4 to 9.8 are 
gathered in Section 9.3. In Sections 9.5 to 9.7 we include several complements to Section 
9.2 and Theorem 9.4 that pertain to the case p = 2, to ramified valued points, to functorial 
aspects, etc. 

We often identify a formal Lie group JF over Spf{W{k)) with a quadruple of the 
form (Spf(^),e^,/^,M^), where : Spf(W(A;)) ^ Spf(^), : Spf (^)^Spf (^), and 

: Spf (i?) Xspf(vK(fc))Spf (-R) — > Spf (-R) are morphisms of formal schemes over Spf{W{k)) 
that satisfy the standard axioms of a group. 

We will use all notations of the first paragraph of Chapter 7. Until the end we will 
assume that k = k, that y e Af{k) is an Sh-ordinary point, and that z e N'{W{k)) is 
an Sh-canonical lift of y. Until the end let fi : Gm — > G be the canonical cocharacter 
of {M,ip,G) (see Subsection 4.1.4), let M = © F° be the direct sum decomposition 
normalized by /x, let the group schemes P^{(p), U^{ip), L^((p), P^{ip), and U^{ip) be as 
in Section 2.6, and let 

u+ :=Ue(U±{(p)) and u' :=Ue{U^{(p)). 

Let 7i < 72 < . . . < 7c be the Newton polygon slopes of Dlo listed increasingly. Let 
70 e Q n (— oo,7i). We have a direct sum decomposition 

into F-crystals over k that have only one Newton polygon slope, cf. statements 1.4.3 (d) 
and 1.6.1 (b). Let 

(34) = W^,{M, <p) C W^,{M, ifi) C W^,{M, ^) C . . . C W^^{M, ip) = M 

be the ascending Newton polygon slope filtration of (M, (p) (see Section 2.1 for notations). 
For s e S{l,c) we identify naturally W{'ys)iM,(f) with W^^{M,(f)/W^^_^{M,(f). 
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We denote also by <^ the cr-linear endomorphism of M/W^^ (M, (p) induced by (p. 
Let </?(—) be the cr-linear endomorphism of Eiid\Y{k){M) that takes x e Endw{k){M) to 

Until the end, the following notations (i G N U {0}, R = W{k)[[xij . . . , Xd]], 
Ro = W{k)[[wi,...,Wd\], X = {xi,...,Xd) C i?, mR : Spec(i?) ^ AT, iVi, iVo, Q, 
To = (wi,...,i(;d) C i?o, €0 = (M(g)xy(fc) i?o,i^^ <^w{k) Ro, 9Ro{v^ ® ^Ro),'^oAm), 
dRo € Nq{Rq), and Co : Spec(i?)^Spec(i?o) will be as in Subsections 6.2, 6.2.1, and 
6.2.6. We get a morphism mF> o Cj^^ : Spec(i?o) — A/" of -schemes. Until the end let 
Spf(i?^^), Spf(i?^^), and : Spec(i?^^) ^ Spec(i?^^) be as in Subsection 6.4.2. We 
identify naturally 1m with a Spf (VF(/c))-valued point of either Spf(-Ro) or Spf(i?^''^). The 
morphism ^0 defines naturally a morphism of formal schemes 

:Spf(i2^^)^Spf(i?r)- 

If p > 3, then is an isomorphism of W {k)-schemes (cf. end of Subsection 6.4.2) and 
therefore also is a formal isomorphism over Spi{W{k)). We consider the -linear 
endomorphism 

$ := (p{-) (8) $flo : Eiidw{k){M) ^w{k) Ro ^ Eiidw{k){M) ^w{k) Ro- 
Let {D, Aj)) be the principally quasi-polarized p-divisible group over J\f of {A, Aj). 

9.1. Generalization of the property 1.1 (f) 

We have P^{<p) ^ Q, cf. Proposition 4.3.1 (a); thus P^{<p) normalizes F°. At the level 
of unipotent radicals we have A^o < U^{(p), cf. Proposition 2.3.3 applied over B{k). But 
U^{(p) is also a closed subgroup scheme of the unipotent radical U^j^^{(p) of -F'gLm^'^)" 
Thus No ^ ?7gLm(^)- (^f- Example 2.6.4) 

(35) Lie(f/GL^((^)) = ©,, 

, S2€S{l,c), Sl<S2 

We conclude that A^o normalizes the ascending filtration (34) and moreover it acts trivially 
on its factors. In particular, we have a filtration 

W^, (M, p>) ®w{k) Ro Q W^^{M, if) ®w{k) i?o C . . . C W^^(M, if) ®w{k) Ro = M ®w{k) Ro 

left invariant by gR^ip <Si ^Rq)- We consider the p-divisible group over Spec(i?o) 

D{z) := (mfloeo')*(S)). 

Let D{z)\Y(^k) be the pull back of D{z) to W{k) via the VF(/c)-epimorphism Rq 
Rq/Xq = W{k)-^ it is a p-divisible group over W{k) that is canonically identified with 
and therefore whose filtered Dieudonne module is (M, F^, p). For s e 5(1, c-\-l) let D{z)^^^ 
be the p-di visible subgroup of the special fibre D{z)k of D{z)w{k) whose Dieudonne module 
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is {M/W^^_^{M,(p),(p) (cf. classical Dieudonne theory; see [Fol, Ch. Ill, Prop. 6.1 iii)]). 
If s e <S'(2,c+ 1), then D{z)'"^^ is a p-divisible subgroup of D{z)^^~^^ (cf. loc. cit.). 

9.1.1. Lemma. For s E 5'(l,c+l) there exists a unique p- divisible subgroup D{z)^^i^-j of 
D{z)\y(^k^ whose special fibre is D{z)^i^\ 

Proof: The uniqueness part is implied by Grothendieck-Messing deformation theory (we 
recall that the maximal ideal of W2{k) has a canonical nilpotent divided power structure). 
As the cocharacter /j, : Gm — G factors through LQ{(f) (see Subsection 4.1.4) and therefore 
also through -PqLm ^^^"^ Example 2.6.4 we get that the direct summand W-y^_^ (M, (p) 
of M is normalized by fj, and therefore the triple {M/Wj^_^ (M, ip), F'^/F'^r)W^^_-^ (M, cp), cp) 
is a filtered Dieudonne module. Therefore, if D{z)^^^j^-^ exists, then its Hodge filtration 
is F'^/F^ n W^^_^{M,p). Thus, if p > 3 or if p = 2 and 71 > 0, then the existence of 
^i'^)w{k) ^^^^ known (cf. properties 1.2.1 (b) and (c)). We now consider the case when 
p = 2 and 71 = 0. Let D^^^^^-^ := D{z)w{k)- As -D^-'j^^^ we take the kernel of a natural 
epimorphism D{z)\Y^)f) -» (Q^/Zp)"^!, where mi is the rank of W^^{M,p). By induction 
on s e S{3,c+ 1), we construct D{z)^^f^-^ as a p-divisible subgroup of D{z)^~^^^: as 

F>{z)^i^ is connected, the property 1.2.1 (c) implies the existence of a unique p-divisible 
subgroup D{z)^^^^^ of Diz)^^-^^ that lifts Diz)i'\ □ 

9.1.2. Proposition. There exists a decreasing Newton polygon slope filtration 
(36) = D{z)^''+^^ ^ Diz)^"^ ^...^ D{z)^^^ ^ D{z)^^^ = D{z) 

of p- divisible groups over Spec(i?o) such that for every number s e 5(1, c) the factor 

F{z)^'^ ■.= D{z)^'^/D{z)^'+^^ 

is the pull back of a p- divisible group F{z)^^f^^ over W{k) which is cyclic and whose fibre 
over k has all Newton polygon slopes equal to 7s . 

Proof: From [Fa2, Thm. 10] and [dJ, Lem. 2.4.4] we get that there exists a p-divisible 

group D{z)^^^ over Spec(-Ro) that lifts D{z)^^i^^ and whose filtered F-crystal over Rq/pRq 
is 

{{M/W^^_^{M, p)) ^w{k) Ro, {F'/F^ n W^,_,(M, p>)) ^w{k) Ro,9Ro{^ ® *flo), vf,'^). 

Here Vq'*'* is the unique connection on (M/W^^_^ (M, (/?)) ®w{k) R-o with respect to 
which gR^ip ® $i?o) is horizontal, cf. [Fa2, Thm. 10]. But the Dieudonne F-crystal 
D(D(2)^^^^p^^) is uniquely determined by this filtered F-crystal, cf. [BM, Prop. 1.3.3]. 

Thus F>{z)^^^^^pj^^ is uniquely determined, cf. [BM, Thm. 4.1.1] and the fact that 
{wi, . . . , Wd} is a finite p-basis of Rq/pRq. As the ideal plo has a natural nilpotent divided 
power structure Sy modulo each ideal pIq (with v e N) and as Rq = pToj.lim.y^jsfRo/p^^ j 
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from Grothendieck-Messing deformation theory we get that D(z)^^'' itself is uniquely de- 
termined. 

We consider the W{k)-lmeaT automorphism 

aS^^ M © M/W^^_^ (M, if)^M © M/W^^_^ (M, if) 

that takes {x,y) e M © M/W^^_^(M, (p) to {x,x^^^ + y), where x^^^ is the image of x in 
M/W^^_^iM,if). As Vo©vi'^ is the unique connection on (M©M/VF^^_j (M, </'))®V7(fc)-Ro 
with respect to which QR^^ip ® ^i?,,) ® dRoiv ® ^Ra) is horizontal (cf. Fact 2.8.5) and 
as ® Iflo is fixed by Qr^.^'P ® $i?o) © OrA'P ® ^Ro)^ the connection Vo © on 
(M © M/W^^_j (M, (/?)) ©VK(A;) -Ro is fixed by a"^ ® Ir^^ This means that Vq induces 

naturally a connection on W^^_^ (M, Lp) ®w{k) Rq and that Vo*"* is obtained from Vq via a 
natural passage to quotients. Thus we have an epimorphism of F-crystals over Rq/pRq 

e£) : (M®^(fc)i?o,^flo(¥'®^flo)> Vo) ^ {{M/W^^_^(M, ip))®w{k)Ro, 9Roiv®^Ro)Mo^)- 

From the fully faithfulness part of [BM, Thm. 4.1.1], we get the existence of a 
unique homomorphism e^^^^^^^ : D{z)^^^^^^^j^^^ D{z)ji^^/pR^^ of p-divisible groups over 

Ro/pRo such that D(e^^yp^^^) is defined naturally (cf. [BM, Prop. 1.3.3]) by e^^-*. 
Due to the existence of the nilpotent divided power structures 5„'s, from Grothendieck- 
Messing deformation theory and [dJ, Lem. 2.4.4] we get that e^^^^^^^ and the embedding 

^i^)w(k) ^ D(z)w(k) lift uniquely to a homomorphism e*^*-* : D{z)^^'^ D(z). From 
Nakayama lemma we get that e*^*-' is a closed embedding. If s G 15(2, c + 1), then fac- 
tors through and this implies that D(e^^^^p^^ ) factors through D(e^^^p^^^). From 
this and the fully faithfulness part of [BM, Thm. 4.1.1], we get that e^^^^^^ factors through 
Ro/pRo' -^^^^ this and Grothendieck-Messing deformation theory applied as above, we 
get that e*^*^ itself factors through e^^~^\ Thus the Newton polygon slope filtration (36) 
exists. 

All Newton polygon slopes of F{z)^i^^ = D{z)^j^^ / D{z)\^~^^'^ are equal to 7^, cf. 
constructions. Let F{z)^^^f^-^ be the unique p-divisible group over W{k) whose fil- 
tered Dieudonne module is (M^(7s)(M, </?), n W{js){M,(p),(p), cf. properties 1.2.1 
(b) and (c). From the cyclic part of Theorem 1.4.3 and Fact 2.8.1 (b) we get that 
^i^)w{k) i^ cyclic. The filtered F-crystal of F{z)^^^ is naturally defined by the triple 
{W{^s){M,(p) <^w{k) Ro,iF^ n W{^s)iM,(p)) <»w{k) Ro,<fi^ *flo) and therefore, in the 
same way we argued the existence and the uniqueness of e^^\ we get that F(z)^^^ is the 
pull back to Ro of F{z)'^^^y □ 

The pull back of the descending Newton polygon slope filtration (36) via the isomor- 
phism Co : Spec(i?)A-Spec(i?o) of VF(A;)-schemes, is a descending Newton polygon slope 
filtration of m^(S])) whose factors are the pull backs to R of F{z)^^f,-^^s (with s e 5(1, c)); 
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this represents the geometric generahzation of the property 1.1 (f) to the context of the 
standard Hodge situation (/, L,v). 

9.1.3. Corollary. The connection Vq on M <S>w(k) Ro of the form V^°^ + Qq, where 
©0 £ ^~ '^w{k) {®i=iRodwi) and where V^?^ is as in Subsection 2.8.4- 

Proof: Let Gq := Vq - G Eiidw{k){M) ®vK(fc) {®f=iRodwi). As we have Vo(ta) = 
for all Q! e J" (cf. Proposition 6.2.2 (a)), we have ©o £ Lie(G) <Siw{k) {®f=iRodwi). But 
for s e 5'(l,c), the connection Vq induces a connection on W-y^_j^{M,(p) <Siw{k) Ro (cf. 

proof of Proposition 9.1.2). As F{z)^^^ is the pull back to Rq of F{z)^^j^^ (cf. Proposition 
9.1.2), the connections on {Wry^{M,(p)/Wj^_j^{M,(p)) <Siw{k) Ro induced by Vq and V^?^, 
are equal. The last two sentences imply that ©o e Lie{U^j^^{(p)) <Siw(k) {®f=iRodwi), cf. 
(35). But u~ = Lie(G) r\Lie{U^j^^{(p)) and thus we have ©o G u~ <^w(k) {®i=iRodwi).n 

9.1.4. Proposition. The direct sum F{z)^^^j^-^ := (Bs^iF{z)\^^j^-^ is isomorphic to the 

unique cyclic p-divisible group Fq^^(^i^^ over W{k) whose filtered Dieudonne module is 
(Mo ®w{k{v)) W{k),F^ ®w{k{v)) W{k),ipo®ak). 

Proof: Let /q be the standard generator of Lie(GTn)- The filtered Dieudonne modules of 
^(^)w(fc) a'^d are (M, F\ v?) and (Mq <^w{k{v)) W{k),F^ ®vK(fc(«)) W{k),^o ® au) 

(respectively) and therefore (to be compared with Subsection 4.1.1) they depend only on 
the iterates of rf//(/o) and dno{lo) (respectively) under the actions of (p and (po (respectively). 
Thus from Corollary 6.3.3 we get that these two filtered Dieudonne modules are isomorphic. 
Therefore the Proposition follows from Fact 2.8.1 (b) applied to the direct summands of 
^(^)w{k) ^o'wik) whose special fibres have only one Newton polygon slope. □ 

9.1.5. Two Witt rings. Let RP be the p-adic completion of the commutative W{k)- 

1 

algebra obtained from R by adding the variables a;?"" , i E S{l,d) and n G N, that obey the 

following rules: they commute and we have {xf^)^ = x/'" . Thus RP/pRP = {R/pRY^^^ 
and RP is (VF(A;)-isomorphic to) the ring W{RP/pRP) of Witt vectors with coefficients in 
the perfect ring RP/pRP. Let ^rp be the canonical Frobenius lift of RP; it is compatible 

with a and takes each a;f" to a^f"" . Similarly we define RqP and its canonical Frobenius 
lift ^RqP starting from Rq and tUj's (instead of R and a^^'s). 

9.1.6. Proposition. The principally quasi-polarized p-divisible group 

is constant i.e., it is isomorphic to the pull back to RP/pRP of the principally quasi- 
polarized p-divisible group (m^(S]), Aj)))^ of (^, XA)k- 

Proof: We first show that the pull back (Cqp, ^€op) to RqP/pRqP of the principally quasi- 
polarized F-crystal over Rq/pRq defined by €.q is constant i.e., it is the pull back of a 
principally quasi-polarized F-crystal over k. As RqP is the ring of Witt vectors with 
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coefficients in the perfect ring RqP/pRqP^ we can speak about the action of {'4>®^Rop)^^ 
on End;4/(fc)(M) ®w{k) RoP[\] ^nd therefore also on the abstract group GLm(-Ro-P[|])- 
For each positive integer i let 

9i,RoP := {v®^RoP)~\9Ro) e U^{^){RoP). 

The belongness part is due to the facts that (p~^{\x~) C u~ and that qr^^ G Nq{Rq) < 
U^{(p){Ro) modulo Iq is 1m- As all Newton polygon slopes of (u~,<^~^) are positive, the 
element 

9oo,RoP (H aiXp^' ^ U^{^){RoP) 
is well defined and it fixes Am • We have an equality 

goo,RoP9Ro{V ® ^ R^p){9oo,RoP)~^ =V®^RoP 

(to be compared with (19)). Thus the fact that (CCqp, A(j^^^) is constant follows once we 
remark that the p-adic completion ^^Qp/vi/(fc) °^ ^RoP/w{k) is the trivial -Ro-P-module. 

By pull back via the isomorphism Spec{RP/pRP)^Spec{RoP/pRoP) defined by cq : 
Spec(i?)A^Spec(i?o), we get that the principally quasi-polarized F-crystal over RP/pRP 
of {m*jf^{D,Ar£)))jip/pjip is constant. Thus D((m^(2), A2)))jjp/ppp) is as well constant 
i.e., it is isomorphic to the pull back to RP/pRP of D((m|^(!D, Aj)))^). The A;-algebra 
RP/pRP is normal, integral, and perfect. Thus from [BM, Thm. 4.1.1] we get that 
(m|j(D, A2)))pp/ppp is isomorphic to the pull back to RP/pRP of (m|j,(S, A^)))^. □ 

9.1.7. On In this Subsection we make explicit the construction of the morphism 
^0 : S])ec{R^^) — * Spec(i?^^) of M^(/c) -schemes introduced in Subsection 6.4.2. Let 
Cq^ : Spec(i?^^)^Spec(i?^^) be the isomorphism of VF(A;)-schemes defined naturally 
by the isomorphism cq : Spec(i?)A-Spec(i?o) of VF(A;)-schemes (see Subsection 6.2.6 and 
Proposition 6.2.7 (a)). We now compute the endomorphism 

^0 := do o (e^^)-i : Spec«^) ^ Spec«^) 

of VF( A;) -schemes. 

Due to the property 6.2.6 (b), €o is defined naturally by the unique isomorphism 

(37) 

, Am, {ta)a€j) 

that lifts 1m, where qr^ G No{Ro) ^ No{Rq^) (see Subsection 6.2.1) and where we denote 
also by Vo its natural extension to a connection on M ®w{k) Rq^- As (u~,(/p(— )) is a 
Dieudonne module and as gn^ G Nq{Rq) < U^{(p){Ro), the following element 

n (¥'®$<-r(^7flo))"'et/r(^)«^) 

ieNu{0} 
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is well defined and we have an equality 

Thus the element Uj^pd defines the isomorphism (37). It also defines naturally a morphism 

Vj,Pn : Spec«^) ^ t/r(^)/pbig ^ 

of l^(fc)-schemes, where P^'^ is the normalizer of in GLm- By identifying Spec(i2o) 

with the spectrum of the local ring of the completion of (the open subscheme A'^o of) 
?7r((^)/pbig n U^((^) along the Vr(fc)-section defined by Ia/ G U~((^)(W(k)) and by re- 
marking (as in Subsection 6.4.2) that Vj^pd factors through this spectrum and therefore 
also through Spec(f?^^), we get that t'T^pu factors naturally through an endomorphism 
Spec(i?^'^) — > Spec(i?^^) of VF(/c) -schemes which is precisely €9. 

9.2. Generalization of the property 1.1 (g) 

Let F be a finite, discrete valuation ring extension of W{k). Let K := V[^]. Let 

z e Af{V) 

be a lift of y e 0{k). To generalize the property 1.1 (g) to the context of z, we can 
assume that k has a countable transcendental degree. Thus we can speak about a fixed 
0(i,)-monomorphism ex '■ K ^ C. Let K = B{k) be the algebraic closure oi K = exiK) 
in C. Let Ga\{K) := Gal(K/K). As in the property 1.1 (g), the T*'s wiU denote duals of 
Tate modules. 

Based on Subsection 6.1.5 we wiU identify: (i) Hl^{z*{A)j^,Zp) = T*{z*{JJ)-^) with 
Lp, (ii) GL2-.(-2*(3:))_) with GL^*, and (iii) the maximal integral, closed subgroup scheme 
of GLy^(-5*(2)-)_-) that fixes the p-component of the etale component of z^(^q^ x)i'^a) 
all q; e J" with Gzj,- We consider the p-adic Galois representation 

Ps : Gal(K) GLr*(^*(S))_)(Zp) = GLL*(Zp). 

Due to the identification of (iii), we have Im.{pz) ^ Gzp(Zp). 

The filtered Dieudonne module of F(2;)|^^^^^ = D{z)\^f^f^^/D{z)\p^^^ is cyclic (cf. 
Proposition 9.1.4) and it is (Vr(7s)(M, </?), n W{-fs)iM, Lp), Lp). Thus there exists a 
maximal torus of GL^(^_,)(a^ that normalizes fl VF(7s)(M, (/?) and whose Lie al- 
gebra is normalized by Lp, cf. Lemma 2.8.2. Thus the p-adic Galois representation 
Ps : Gal(_B(A;)) —>■ GLrp^^p^^ys)^ of P(-2)^(^) factors through the group of Zp-valued points 

of a maximal torus j'^'^^'i^^ of GL„^,_, .m^. This holds even for p = 2 due to the fact 

that F{z)^i^^ has only one Newton polygon slope 7^ (to be compared with Lemma 6.1.7.1). 
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The Zariski closure of Im(ps) in j'^^^''^^) has a connected fibre over Qp (cf. [Wi, Prop. 
4.2.3]) and therefore it is a subtorus T^°'*^ of T^p^'^ (cf. Fact 2.3.12). 

The Zariski closure Sg of Im(p^) in Gz^ normalizes T*{z*{el{D{z)^^'^ / D{zY-''')))j^) for 
all numbers s e S{1, c). The image of 5'^(Zp) in 

^^T; J> ) = ^^T; {z* (e* {D{z)W ))-)/T; (2* (e* {D{z)W /D(z)M))-) 

is the torus T^^^\ Thus the group scheme is solvable. 

Let be the maximal, flat, closed subgroup scheme of Gz that normalizes the 
filtration {T;{z\el{D{z)^^y D{z)^^^))^)),^Sii,c) of T;(r(S))^) = We have S, ^ Pr . 
The Lie subalgebra Lie(P^(<^)) of Eiidw{k){M) is normalized by <^(— ) and fi. Thus 

(Lie(Pr((^)) {Ue{P^{ifi)) n F\Eiidwik){M)))^e{-i,o,i} i?o, ^i?o$, Vo) 

is a filtered F-subcrystal of 

End(e:o)(l) := (Endvy(fe)(M) i?o, (FXEnd^(fe)(M)) Ro)ie{-i,o,i}, 9Ro'^,^o)- 

Here (F'(Endvi/(fc)(M)))j£{_i 0,1} is the intersection of the filtration of T{M) defined by 
with End^^(^k){M) = M ^w{k) M*. Thus, as cq is an isomorphism of VF(/c)-schemes, 
P^Qp corresponds via Fontaine comparison theory for the abelian variety ^B(fc) to the 
parabolic subgroup P^{^p)B{k) of GB{k) and therefore it is a parabolic subgroup of Gq^. 
As P^ is the Zariski closure of P^q in Gz^ , it is a parabolic subgroup scheme of Gzp (cf . 
property 2.3.8 (a)). 

The next Proposition is the geometric generalization of the property 1.1 (g) to the 
context of the standard Hodge situation (/, L, f). 

9.2.1. Proposition. There exists a connected, solvable, smooth, closed subgroup scheme 
Wz of Gzp such that the image of pz '■ Gal^K) — GL^* is a subgroup of Wz{Zp). 

Proof: Let be the unipotent radical of P^ . Let be the flat, closed subgroup scheme 
of Pg~ generated by and . We have a short exact sequence 

(38) l^U^^Ws^ T^°^ ^ 1, 

where T^^ is the closed, flat subgroup scheme of nse5(i c) ^z^'*^ ^^^^ i^ Zariski closure 
of nseS(i c) Ps- But Tqj is connected (cf. [Wi, Prop. 4.2.3]) and thus T^^ is a torus (cf. 
Fact 2.3.12). Thus Wz is a connected, solvable, smooth, closed subgroup scheme of Pz and 
thus also of Gzp- But lm{pz) ^ S's(Zp) and therefore we have lm{pz) ^ WziT^p)- □ 

9.2.2. Lemma. We recall that z is a Sh-canonical lift. We have: 
(a) The group Sg^Q^ is a torus. 
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(b) If p > 3 or if p = 2 and (M, (p) has no integral Newton polygon slopes, then Sg 
itself is a torus. 

Proof: From [Wi, Prop. 4.2.3] we get that S^^q^ is connected. Let T be a maximal torus 
of G such that (M, F^,(fi,T) is an Sh-canonical hft, cf. Subsection 4.3.2. Let T4t,Qp be 
the torus of GLj^i^(^^___ that corresponds to T^^k) via Fontaine comparison theory for 

^B(fc)) cf. variant 6.1.9 (a). As Sz,Qp ^ T^t, we get that Sz,Qp is a torus. Thus (a) holds. 

We check (b). The Zariski closure T^t of Tst,Qp in Gz^ is a torus, cf. Lemma 6.1.7.1. 
As is the Zariski closure of the torus Sz^q^ in Gz^, and thus in T^t, it is also a torus (cf. 
Fact 2.3.12). ' p p ^ 

9.3. Basic notations and definitions 

We now include few notations, definitions, and simple properties to be used in the 
next three Sections. The upper right index ^ will refer to the p-adic completion. As in 
Section 5.3, let be the category of abstract groups. Let 6p be the natural divided power 
structure of the ideal pW{k) of W{k). We consider the small crystalline site 

Crzs(Spec(A;) /Spec{W{k))) 

of Spec(fc) with respect to {Spec{W (k)) , pW (k) , Sp); we recall that it is the full subcategory 
of Ci?/5'(Spec(/c)/Spec(W^(/c))) whose objects are pairs (Spec(/c) ^ Z^Sz), where Z = 
Spec{Rz) is a local -scheme whose residue field is k and which is annihilated by some 
positive, integral power of p and where dz is a divided power structure on the maximal 
ideal of Rz which is compatible with 6p. We emphasize that Z has only one point (as the 
maximal ideal of Rz is the nilradical of Rz)- 

9.3.1. Definition. By a formal group on Cris{Spec{k) /Spec{W (k))) we mean a con- 
travariant functor 

Cris{Spec{k)/Spec{W{k))) 

that is representable by a quadruple (Spf (^^^ ), e^p^, I^pd, M^po), where R^^ is as 
in Subsection 2.8.6 and the three morphisms e^pn '■ Spf{W{k)) Spf(7?^^), I^pd '■ 
Spf(^^^)^Spf(^^^), and Mp^pn : Spf((^^^ 0w{k) R^^)^) ^ Spf{R^^) of W{k)- 
schemes define the identity section, the inverse, and the multiplication of the group law 
(respectively). 

We will often identify such a functor with the quadruple (Spf (i?^^), e^pc , /^pd, M^pc). 

9.3.2. Example. We recall that we identify Spec(-Ro) with the spectrum of the local ring 
of the completion of A^o along its identity section, cf. Subsection 6.2.1. Thus Spf(i?^^) 
extends uniquely to a quadruple 

:= {Spi{RQ^),lM,lB,PD,Mj^PD) 

that defines a commutative formal group on Cris(Spec(/c)/Spec(Vr(/c))) whose evaluation 
at the pair (Spec(A;) ^ Z, 5z) is the subgroup 

Spec«^)(Z) = Spec(i?o)(^) = Ker(Aro(Z) ^ N^ik)) 
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oiNoiZ). 



9.3.3. Extra notations. Let 

Vy := Spi{R) 

be the formal scheme defined by the completion R of the local ring of y in J\fw{k)- For a lift 
Zi e J\f{W{k)) of J/ e J^{k) = J^w(k){k), with i as an index, we denote also by Zi the formal 
closed embeddings Spi{W{k)) ^ Vy and Spi{W{k)) ^ Spi{R^^) defined naturally by Zi. 

Let G^'^ = Yii^i^i be the product decomposition into absolutely simple, adjoint 
group schemes over W{k). Let S~ be the solvable, smooth, closed subgroup scheme of G^'^ 
such that (Lie(S'~), </'(~)) is the Dieudonne module of the standard non-positive p-divisible 
group of (Lie(G^'^),(^,G^^) (see Definitions 5.1.1). Let s' := Lie(5-). Let 

be the unique maximal torus of S~ whose Lie algebra is VF(l)(s~, </?(—)) = VF(0)(s~, v?) 
(i.e., whose Lie algebra is normalized by </?). If the torus of Gzp is as in the proof 

of Proposition 9.2.1, then the torus T'^^^ corresponds naturally to lm(T^^ G^) via 
Fontaine comparison theory with Zp coefficients for the abelian scheme A. 

Let r(i) G N U {0} be the rank of t^^) := Lie(T(i)). We have U^,{^) < S' and S' 
is the semidirect product of T^^'> and U^{(f). Thus we can identify T(i) with S-/U~{>^). 
Therefore we have a direct sum decomposition 

5- = u" ® t^^) 

of t^i) -modules. Let F*^ := F'^(Lie(G^'^)) be the Lie algebra of the centralizer of n in G^^. 

Let and -D^^^^ be the positive and the negative (respectively) p-divisible groups 

over W{k) of (M, </?, G) or equivalently of (Lie(G^'^), (/p, G^'^) (see Definitions 5.1.1). From 
Proposition 6.3.1 we get that -D^^^^ can be identified with the positive p-divisible group 

^ow{k) ^^^^ W{k) of Co <E) k. Thus the first formal Lie group J^i oiCo<Sik (see Sections 5.3 
and 5.4) is isomorphic to the formal Lie group of D^^j^y Therefore our notations match 
with the ones of Section 1.7. 

9.3.4. On Let Zi e J\f{W{k)). Let Ui e Ker{No{W{k)) No{k)) be the unique 
element such that the Shimura filtered F-crystal attached to Zi is {M,ni{F^),(p,G), cf. 
Fact 6.4.1. We refer to rii as the canonical unipotent element of Zi. 

From the very definition of the morphism "So '■ Spec{R^^) Spec{RQ^) of Subsection 
6.4.2 of W^( A;) -schemes, we get that the map 

dUmWik))) : Spf(i?^^)(Spf(Vl^(/c))) ^ Spf«^)(Spf(M^(fc))) 

takes Zi e Spf(i?^^)(Spf(W^(A;))) to the element of Spf (i2^^)(Spf(W^(A;))) defined by n^. 
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9.4. Theorem (the existence of canonical formal Lie group structures for CJq < 1) 

We recall that k = k and that z e Af{W{k)) is an Sh-canonical lift. If 3o < 1, then: 

(a) There exists a unique formal Lie group Tz — ij^y, ^, Iri M^) whose pull hack J^z^ 
via the morphism Spf (i?-^^) V>y is such that the morphism : Spf{R^^) SpI{Rq^) 
defines a homomorphism 

'tPD _^ 'tPD 

of formal groups on Crzs(Spec(A;)/Spec(VF(A;))). 

(b) The formal Lie group Tz is isomorphic to the first formal Lie group ofCo <S> k. 

Proof: The case D^o = is trivial as we have T>y = Spf(VF(/c)). Thus we can assume that 
O^o = 1- We prove (a). The uniqueness of Mji and In follows from Corollary 6.4.3. For 
instance, the uniqueness of In is implied by the following two facts: 

(i) for each positive integer the isomorphism I^ ^ : Spec{R^^ /I^^^ [^])^Spec(i?^^/X[^] 

ill 1 
defined by I^ is equal to ^ o I^^^ ^ o {^^ ;) ~^ , where i is as in Corollary 6.4.3 and where 

l\^ i : Spec(i?^^/xi^l[i])^Spec(i?^^/xi'^[i]) is the isomorphism defined by I^pd of Ex- 
ample 9.3.2; 

(ii) Iji is uniquely determined by (/^j);gN (being a restriction of the automorphism 

of Spec{B{k)[[xi, . . . , Xd]]) defined naturally by the inductive limit of the I^ ^'s). 

We start the checking of the existence of Mn and Ir. We consider an isomorphism 
ly : (Lie(G^'^), <^)^(Lie(G^(-^p, ipo®a) of adjoint Shimura Lie F-crystals as in Proposition 

6.3.1. We have lyiw^) = Lie(C/Q'~^^^^). The nilpotent class of U^y^^^j^^ is 3o = 1, cf. the 
very definition of Jo in Section 1.6. This implies that U^y^^j^^ is commutative. Thus u"*" 
is commutative. Due to the oppositions of Section 2.7, u~ is also commutative (cf. the 
property 3.6.1 (c)). 

We have a short exact sequence of filtered F-crystals over Rq/pRq 

(39) ^ (u- Ro, (u- n F°) ® i?o, Vo) ^ (5" ® i?o, (s' n F°) (g) i?o, ^^o^, Vo) ^ 

^ (t^^) ® Ro, t^^) ® Ro, $, Vo) ^ 0. 

In (39) the tensorizations are over W{k) and the connections Vo are the ones induced 
naturally (cf. Corollary 9.1.3) by the connection Vo on M ®w{k) Ro that defines the 
filtered F-crystal Co over Ro/pRo- As the Lie algebra u~ is commutative, for the first and 
third factor we do not have to insert gn^ e {(p){Ro). As in Lemma 9.1.1 and Proposition 
9.1.2 we argue that to (39) corresponds a short exact sequence 

(40) ^ nil' - - 

of p-di visible groups over Spec(i?o) that is uniquely determined by the property that mod- 
ulo 2o it splits (this last condition holds automatically if either p > 3 or p = 2 and 
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(u ,¥'(—)) does not have Newton polygon slope 0). The push forward of (40) via an 
epimorphism e(l) : fXpiJ fipoo is of the form 

(41) ^ /Xpoo ^ L>ext ^ D-^ ^ 0. 
The Cartier dual of (41) is 

(42) ^ (D^J* ^ Dl, Qp/Zp ^ 0. 

Such an epimorphism e(l) : Hp is defined by an element 

t(l) e t(i) 

that is fixed by (p (equivalently we have (p{—){t{l)) = pt{l)) and such that the W{k)- 
module 

tW(l) := W{k)t{l) 

is a direct summand of t*-^-*. We say e(l) is a good epimorphism if for all elements i E I 
the component of t{l) in Lie((ji) generates a direct summand of Lie(Gj) (i.e., the image 
Im(t(i)(l) ^ Lie(G'i)) is a direct summand of Ue{G^)). As t(i)(l) is a direct summand 
of t^^\ -Dextfc is a minimal non-positive p-divisible group of {M,(p,G) in the sense of 
Definitions 5.1.1. From now on we will take e(l) to be a good epimorphism. This implies 
that the action of t(l) on u~ is a VF(/c)-linear automorphism, cf. property 5.2.2 (b). 

We recall that A^o <1 U^{(p) (see Section 9.1) and that n : Gm — ^ G normalizes both 

Lie(Ao) and u~. Thus we have a direct sum decomposition u~ = Lie(Ao) © (u~ DF^). Let 
U^~{(f) (resp. Nq) be the unipotent radical of the maximal parabolic subgroup scheme 
of GLy-^4(i)(i) (resp. of GLLie(Aro)©t(i)(i)) that normalizes Lie(Ao). Thus U^~{(p) (resp. 
Nq) acts trivially on Lie(Ao) and on u~ © t(i)(l)/Lie(iVo) (resp. and on (Lie(iVo) © 
t^-'^)(l))/Lie(Ao)). We have a natural closed embedding monomorphism Nq ^ U^~{(p). 

As Nq acts on both u~ © t^"'^''(l) Lie(Ao) © t*^''^^(l) via inner conjugation, we have a 
natural homomorphism 

ho : No^Nq-. 

It is well known that dho : Lie(Ao) Lie(AQ~) is such that for x G Lie(Ao) and y e 
Lie(Ao) © t*^^''(l) we have dho{x){y) = [x,y]. Taking y = t{l) and using the fact that 
the action of t{l) on u~ (and therefore also on Lie(Ao)) is a W{k)-lmeax automorphism, 
we get that the image of dho is a direct summand of the Lie algebra of GLLie(Aro)et(i)(i) 
and therefore also of Lie(A^). But both No and Nq have relative dimensions d. Thus 
dho is an isomorphism. This implies that the fibres of Hq are finite and therefore Hq is a 
quasi-finite morphism. But No^B{k) has no non-trivial finite subgroup. Thus ho^B{k) is a 
closed embedding and therefore (by reasons of dimensions) an isomorphism. Thus Hq is 
also birational. From Zariski main theorem (see [Grl, Thm. (8.12.6)]) we get that ho is 
an open embedding. As Nq has connected fibres we get that ho is an isomorphism. 

As e Nq{Ro) is a universal element (see Section 6.2) and as ho : Nq ^ Nq is an 
isomorphism, the Kodaira-Spencer map of (41) is injective modulo 2o (the argument for 
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this is the same as for /Co in the proof of Proposition 6.2.2 (c)). Thus the image of the 
Kodaira-Spencer map of (41) is a direct summand (of the corresponding codomain) that 
has rank equal to d = r'k\y(^k^{Lie{No)) = rk^y(fc)(u~/(u~ fl and therefore equal to the 
dimension of {D'^y. From this and the dimension part of Lemma 5.3.3, we get that (42) 
is the universal extension of Qp/Zp by {D^^^^^y. Thus (41) (i.e., the Cartier dual of (42)) 

is the universal extension of -D^^^^ by fipoo and therefore Spf(i?o) has a natural structure 
of a formal Lie group (Spf(i?o), 1m, Ir^ M^^^^) over Spf(M^(A;)). 

We check that this formal Lie group structure on Spf(i?o) does not depend on the 
choice of a good epimorphism e(l) : fi^ We consider another good epimorphism 

e(2) : fip^l^ fipco that is defined by an element t{2) e t^-*^^ which satisfies the same 
conditions as t{l) does. Let t^-'^)(2) := W{k)t{2). We get a VF(A;)-linear isomorphism 

1^,2 :u-et(i)(l)^u- 01(1^2) 
via the rules: t{l) is mapped to t{2) and [t(l),a;] is mapped to [t(2),a;] for all x e u~. 
Thus, as i]~2 ® Iflo commutes with Qr^^^ it induces an isomorphism between the short 
exact sequence of filtered F-crystals over Rq/pRq that defines (40) and the analogous short 
exact sequence of filtered F-crystals over Ro/pRo we get by working with t{2) instead of 
t{l). This implies that the isomorphism class of the short exact sequence — > D(D^^) — > 
D(-Dext) — ^ D(/ipoo) — > defined naturally by (40) does not depend on the choice of e(l) 
(cf. also [BM, Prop. 1.3.3]). From this, [BM, Thm. 4.1.1], and Grothendieck-Messing 
deformation theory, we get that the isomorphism class of (40) itself does not depend on 

e(l). Thus the formal Lie group structure {Spi{RQ),lM,lRg, M^^) on Spf(i?o) does not 
depend on the choice of a good epimorphism e(l). 

We know that {D^^j^-^Y is naturally identified with D^^j^y cf. Subsection 5.2.4 and 
Section 5.4. Let (X'y, z, Ir, Mr) be the formal Lie group structure on Vy that is the trans- 
port of structure of {Spf (Rq), 1m, I r^, M^r^) via the isomorphism Cq : Spf (-R)^Spf (-Rq) 
associated naturally to eo : Spec(J?)A'Spec(i?o)- As (42) is the universal extension of 
Qp/Zp by (£'^(fe))*, the formal Lie group (Spf (i?o), 1m, I^, M^^^) over Spf{W{k)) is nat- 
urally identified (cf. Lemma 5.3.3) with the formal Lie group of (D^^-^^* and therefore 
also of D^^i^y Thus the formal Lie group {T>y, z, Ir, Mr) is isomorphic to J^i i.e., (b) 
holds. 

To end the proof of (a) we only have to check that the pull back J^g^ of {Vy, z, Ir, Mr) 
via Spf(i?''^'^) — > Vy is such that the morphism defines a morphism J^f^ 
that is a homomorphism of formal groups on Crzs(Spec(A;)/Spec(VF(/c))). Let ^i, Z2 G 
Vy{^pi{W{k))). Let 23 := zi + Z2 e Vy{Spf{W{k))) be the sum with respect to Mr. 
Let Z4 := —zi e T>y{Spi{W{k))) be the inverse of zi with respect to Ir. Let s~(l) := 
u~ ® t^-'^)(l). We consider the short exact sequence 

(43) ^ (U-, u- n F°, v{-)) {s-,Fl, v{-)) (t(^), tW, v{-)) ^ 

of filtered Dieudonne modules that is obtained by pulling back (39) via CQOZi : Spec{W{k)) — 
Spec(i?o) (the resulting connections being trivial, are ignored). Let 

(44) ^ (u-,u- nFO,<^(-)) ^ {s-{l),Fl{l),v{-)) (tW(l),tW(l),<^(-)) ^ 
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be the short exact sequence obtained from (43) via a natural pull back through the 
monomorphism {t^^\l), ip{—)) ^ {t^^\ t^^\ ip{—)) of filtered Dieudonne modules. 

Here is a direct summand of s~ and := fl s~(l). 

For each number i G S'(l,4) let G Ker{No{W{k)) — * No{k)) be the canonical 
unipotent element of Zi, cf. Subsection 9.3.4. As both (39) and (43) are obtained naturally 
from Co via passages to Lie subalgebras of Endw{k){M) and to quotients, we get that 
is the inner conjugate of s~ fl F° through rii (equivalently, it is ho{W{k)){ni){Fl), where 
ho{W{k)) : No{W{k))^No{W{k)) is the isomorphism defined by ho). Let Si G pLie(iVo) 
be such that we have an equality = 1m + Si. Let Iq G t*^^^ be the image of the standard 
generator of Lie(Gm^) through d/j,. We denote by *(/o) ^ s~ the inner conjugate of /q via 
an element * G No{W{k)); we have *(lo) = ho{W{k)){*){lo) = /q + [* - 1m, Thus Fl 
is the eigenspace of the action of ni{lo) on s~ (here we have and not 1 as (p{—) is p 
times (f). Let li := ni{lo) — Iq = [si, Iq] G u~ Q s~ . 

But (44) for z = 3 is obtained by performing the following three operations in the 
order listed (cf. Yoneda addition law for short exact sequences): 

(D) take the direct sum of (44) for i G {1, 2}, take a pull hack via the diagonal map 
t(^)(l) >• t*^'''-*(l) © t*^-'-^(l), and take a push forward via the addition map u~ © u~ — > u~. 

These three operations preserve the natural action of A'^o on s~ and therefore they are 
defined by VF(/c)-linear maps that preserve the Lie brackets. Thus ^^3(1) is the eigenspace 
of the action on s~(l) of 

^0 + ^1 + ^2 = ^0 + [si, ^o] + [s2, ^o] = (1m + Si + S2){lo) = nin2{lo). 
Thus -^3^(1) = ns{s~{l) n F°) is nin2(s~(l) n F°). As ho is an isomorphism, we get that 

(45) nS = 77,177,2. 

By replacing the triple (773,771,772) with the triple {lM,ni,n4), we get that 1m = nin^, 
thus we have 714 = Ui^. Therefore defines a morphism J^^^ — > J^q^ that induces 
a homomorphism of groups J^^^{Spi{W{k))) T^^^iSpiiWik))). As the W^(A;)-valued 
points of Spec(i?"'^-^) are Zariski dense, we conclude that '^^ defines a morphism J-^^ 

that is a homomorphism of formal groups on Cris(Spec(/c)/Spec(VF(/c))). Therefore 
(a) also holds. □ 

9.5. Complements 

In this Section we include different complements to Section 9.2 and to Theorem 9.4. 
We first consider a product decomposition D~^f^^^ = Hje j -^/vK(fc) p-divisible groups 
over W{k) such that for each element j ^ J the special fibre D^j^ of -D^^^^^ has only 
one Newton polygon slope 7^ G (0,1] (see the property 5.2.2 (c) and Section 5.4). Let 
J-'i = rijej-^ij be the corresponding product decomposition into formal Lie groups over 
Spf{W{k)) (see Subsection 5.3.1 and 5.4). If Jo < 1, we consider the product decomposition 
= Yijej^zj that corresponds to the isomorphism of Theorem 9.4 (b) and the product 
decomposition J^i = Yljej -^ij- 
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9.5.1. Proposition. Let mo(l) be the multiplicity of the Newton polygon slope 1 of 

(Lie(G^j-^(.^^P, </?o) (equivalently of {Lie{UQ)j ipo)). We assume that p = 2 and Jq < 1. 
Then the Sh-canonical lifts of y (when viewed as Spf{W{k)) -valued points ofVy) are the 
Spi{W{k)) -valued torsion points of and they are all of order 1 or 2. Moreover, the 
number Uy of Theorem 1.6.2 is 2'^o(^). 

Proof: The subgroup 

% := Ker(^f ^(Spf(W^(A;))) ^ T^"" {^pf{W{k)))) ^ ^(Spf = ^,(Spf 

is finite (cf. Proposition 6.4.6) and the torsion subgroup of J^(f ^(Spf is trivial. 
Thus T is the torsion subgroup of J'f ^(Spf The Spf (M^(/c))-valued points of 

that correspond to Sh-canonical lifts of y, are precisely the elements of T (cf. Subsection 
9.3.4). Thus Uy = We check that T is isomorphic to (Z/2Z)"^o(i). 

Let %j be the torsion subgroup of J-'z,j{Spi{W{k))). We have T = Yljej'^j- 
Zj G 1j be a non-identity element. To Zj corresponds a non-split short exact sequence — > 

-^/vK(fe) ~^ ^tw{k) ~^ Qp/Zp — >^ of p-divisible groups over W{k) (cf. Lemma 5.3.3) with 
the property that its corresponding short exact sequence of filtered Dieudonne modules 
splits. Thus the Newton polygon slope is 1, cf. property 1.2.1 (c). As 7^" = 1, Z)^^^^^ 
is of multiplicative type and therefore J^i_j is a formal torus. A one dimensional formal 
torus over Spi{W{k)) has precisely two Spf (VF(A;))-valued torsion points. As J-^z,j—>-J-^i,j, 
we get that zj is of order 2. 

But mo(l) is the multiplicity of the Newton polygon slope 1 of (Lie((j^'^), </?) (cf. 
Proposition 6.3.1) and thus it is the number of fipoo copies of the decomposition (cf. Lemma 
5.1.3 ) of D^^i^-^ into circular indecomposable p-divisible groups. Thus YljeJ ^+=1-^^,3 

a mo(l) dimensional formal torus over Spf(W^(A;)). Therefore X^(Z/2Z)"^o(i) ^^ms 
Uy = \%\ = 2^0(1). □ 

9.5.2. Simple facts and remarks, (a) The following five statements are equivalent: 

(i) we have Nq = U^{ip); 

(ii) all Newton polygon slopes of (Lie(G^'^), ip) (equivalently of (Lie(G), </?)) are inte- 
gral; 

(iii) all Newton polygon slopes of (Lie(G^(^^^^p, (po) (equivalently of {Ue(Gw(k{v))),^o)) 
are integral; 

(iv) the residue field k{v^'^) of the prime v^"^ of E{G^,X^'^) divided by v, is F^,; 

(v) the p-divisible group D^^^^^ (equivalently the p-divisible group -D^^^^^ over W{k) 
of Co (E) k, cf. Proposition 6.3.1) is of multiplicative type. 

The equivalence (ii)<^^(iii) follows from Proposition 6.3.1. The equivalence (iii)<^^(iv) 
is obtained as in the beginning of Section 7.1. The equivalences (iv)<^^(v) and (v)4=>(i) are 
trivial. Thus, if k{v^^) = Fp, then (D^, z, In, Mji) is a formal torus over Spf (M^(A;)). 

(b) We include an example. We consider the case when 

G'^d^SO(2£ + l)ii Xr S0(2, 21 - 1)1 



169 



and is the Weil restriction of a split, absolutely simple, adjoint group scheme over 
W(Fp4){of Bi Lie type). Thus d = dimc(X) = 2{2i - 1) (see [He, Ch. X, §6, Table 
V]) and Jo = 1 (see Subsections 3.4.7 and Corollary 3.6.3). The group scheme G^^^^ has 

four simple factors permuted by the automorphism of G^^^-j defined naturally by a and 
denoted also by a. If the two simple factors of G^j-^-j in which Ho^w(k) has a non-trivial 
image, are not (resp. are) such that a takes one directly to the other one, then from 
Example 5.2.7 applied with n = 4 and d = 2 (resp. and d = 1), we get that -D^^^^-j is the 
direct sum of 2(2£ — 1) (resp. of 2£ — 1) copies of the circular indecomposable p-di visible 
group Di (resp. -D2,4) over W{k) introduced at the end of Example 5.2.7. Thus D^^^^^ is 

self-dual and therefore isomorphic to D^^^^. 

(c) We can define directly the short exact sequence (42) as follows. Let E^^"* be a 
direct supplement of t^-*^^ in Lie(L^^j(<^)) normalized by (p and by a maximal torus of G^'^ 

that contains T^^). Let E~^'^^ := u~ -E*^^^. It is easy to check that Nq normalizes E~'^'^^ 
(the argument for this is similar to the one used in Subsection 1.2.5 to get an isomorphism 
qi : Ui^Ui^ and to the one used to check properties (15) and (16)). We have a short 
exact sequence compatible with ip of A^o-modules 

(46) ^ Lie(Pr^^((^))/£;-(i) ^ Ue{G^^)/E-^^^ ^ u+ ^ 0. 



By extending (46) to Rq, by allowing gii^^{Lp<^^ji^) to act on this extension, and by inserting 
the connections Vq and the natural filtrations, we get the analogue of (39) that defines the 
Cartier dual of (40) modulo the identification of D^^j^^ with (D^^^^^y. 

(d) We assume that Jq = 1. If p = 2 and Zi G Vy{Spf{W{k))) defines an Sh-canonical 
lift of y different from z, then zi is of order 2 (cf. Proposition 9.5.1) and therefore from 
the uniqueness part of Theorem 9.4 (a) we get that J^zi is obtained naturally from J^g via 
a translation through zi. 

(e) Let p = 2. As (M, F^, (p) is cyclic (cf. end of Theorem 1.4.3), there exists a unique 
cyclic p-divisible group -D^^^^^ over W{k) whose filtered Dieudonne module is {M,F^, (p) 

(cf. Fact 2.8.1 (a)). We decompose D^^'^'j = D^'^y^^'^ © ^J^Tfef'' ^^ere 

is etale, £)^^'^'>'^y^^^^ has no integral Newton polygon slopes, and D^^^^^'^ is of 
multiplicative type. Due to this decomposition and the property 1.2.1 (c). Am is the 
crystalline realization of a unique principal quasi-polarization of D^^^^y Each automor- 
phism om of {M,(p,G) normalizes F^ (see Subsection 4.1.5); thus the property 1.2.1 (c) 
also implies that gm is the crystalline realization of an automorphism of D^^^^y If the 

p-divisible group of z*{A) is isomorphic to D'^^^^y then z is the unique Sh-canonical 
lift of y with this property (cf. Theorem 1.6.3 (d)). If we have a standard moduli PEL 
situation {f\L,v,B), then A/" is a moduli space of principally-polarized abelian varieties 
endowed with endomorphisms (see [Zil], [RZ], and [Ko2]) and therefore from Serre-Tate 
deformation theory we get that z exists. One can use [Va7, Thm. 1.2] to show that in 
fact such a z always exists. If Jo = 1 and if such a 2; is assumed to exist, then as in the 
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classical context of Section 1.1 one works only with Tz (i.e., if > 1 one disregards the 
.F^i's, where zx is as in (d)). 

(f) For i G {0, 1} let 2t+ be the i-th group of automorphisms of the positive p-divisible 
group D^^^^^ over of Co (8) A: with respect to Co ® /c, cf. Subsection 5.1.4. The group 

21^ := K\x\,{D^ ^ f^^-^ acts on T\. If Jq = 1, then the isomorphism Tz-^T\ of Theorem 
9.4 (b) is canonical up to a composite with an automorphism of T\ defined by an element 
of cf. Remark 5.2.3 and the proofs of Proposition 6.3.1 and Theorem 9.4; thus for 
z e {0, 1, 2} we can speak about the canonical subgroup %z,i of automorphisms of Tz that 
corresponds to 21^. 

(g) We have natural homomorphisms 

(47) End(i?+^(^)) ^ End(J-i) and End(i?+J ^ End(J-i Xspf(w'(fc) Spf(/c)) 

that are unique up to conjugation through 2tJ. There exist endomorphisms e 
End(L>(j"^) that are defined by endomorphisms of (Lie([/Q''^^|-^^), (/^o ® c) whose im- 
ages are equal to ((/Jq ® a")(Lie([/Q'"^^^-j)). This is so as the fact that -D,^^^^^ is cyclic 
(see Lemma 5.1.3 and 5.4) implies that there exists a VF(/c)-basis for YA.^iJJ'^^^^^-^ with 
respect to which the matrix representation oi Lp^ ® o has entries in Zp (in fact we can 
choose Bq such that all these entries are either or p); thus we can choose Cq^ such that it 
acts on elements of Bq in the same way as (/jq cr does. Each endomorphism Cq^ is unique 
up to a (left) composite with an element of Aut(Z)^^). 

If Jq = 1 and 'k{v^^) ^ Fp, then we do not know if we can use the images of (47) to 
define good Frobenius lifts of Vy. 

(h) Sections 9.1 and 9.2 and Theorem 9.4 do not extend to the case when ^ is a U- 
canonical lift of a U-ordinary point y G N'kiv) (k) that is not a Sh-ordinary point (the most 
one can do is to identify suitable formal subschemes of Vy that have canonical formal Lie 
group structures; to be compared with Subsection 9.8.2 below). However, in future work 
we will also generalize the property 1.1 (i) to the context of U-canonical lifts. Moreover, 
one can define canonical unipotent elements of Vr(A;)-valued lifts of y as in Subsection 
9.3.4. 

(i) We have natural variants of Theorem 9.4 for k ^ k but the resulting formal Lie 
groups J-'z will depend on y G 0{k) (to be compared with Subsection 1.2.5). 

(j) The descending Newton polygon slope filtration (36) depends on the injective map 
/ : {Gq,X) ^ (GSp(W, V'), '5) and therefore it is not intrinsically associated to the Sh- 
ordinary point y G N'{k). Thus from many points of view it is more appropriate to work 
not with (36) but with the analogous ascending Newton polygon slope filtration of the 
filtered F-crystal over Rq/pRq defined naturally by 

(48) (s- ®w{k) Ro, (s" n fO) ®w(k) Ro,9Ro^)- 

In future work we will show that this new ascending Newton polygon slope filtration of 
F-crystals attached to (48) is intrinsically associated to y and this will allow us to achieve 
the project 1.9 (c). 
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(k) One proves formula (1) by foUowing the last part of the proof of Theorem 9.4. 

(1) If the group Gq is non-trivial and if all simple factors of {Gq, X^^) are of B^, 
Cg, or type, then we always have Jq = 1 (cf. the structure of the number of elements \£\ 
of the set £ of Subsection 3.4.8). We add here that each simple factor (Gq, X) of {Gq, X^^) 
that is of type, gives birth to simple factors of (Lie(G^|-p^), v^o ® ctf, G^v7(A:)) ^^^^ 
either trivial (i.e., are as in Subsection 3.2.2) or are such that their type is of the form 
{Di, 1, ?7i, . . . , r]n) with ryi, . . . , ?7n G {0, 1}. For £ > 5 this is so, as for any element x E X 
the image of d/ix 

in a simple factor f of Lie(Gc) has a centralizer in f whose derived Lie 
algebra is of D^-i Lie type (cf. the very definition of the type in Subsection 1.5.6). 
For £ — 4 we will only add here that one defines the type (sec [De3, Table 2.3.8]) so 
that the mentioned property holds (for all potential standard Hodge situations). 

9.6. Ramified valued points 

Let V and K be as in Section 9.2. Let ey, Rey, lev-, Spf(i?ev), ^Re^i ^ind dy '■ 
Spf(y) "-^ Spf(i?ev) be as in Subsection 2.8.7. Let zi, Z2 : Spf(y) Vy. If ^ 1? 
let ^3 := zi + Z2 be the addition with respect to JF^ (of Theorem 9.4 (a)). There exist 
formal morphisms fj : Spf(-Rev^) — > Vy such that we have Vi o dy — Zi, cf. Subsection 
2.8.7. If Jo < I5 we can assume that ^3 = ^1+ V2 is the addition with respect to J^z (this 
makes sense as for each positive integer s, Rey/p'^Rey is an inductive limit of artinian, 
local /c-algebras) . We denote also by Zi (resp. by Vi) the V- valued (rcsp. the i^ey-valued) 
point of J\f defined by Zi (resp. by Vi), where i G {1,2,3} if Jq < 1 and i G {1,2} 
if Jo > 2. Let {M^,Rev^FlRev^^i^R<iv^'^i,Rev^^Mi,R,^A'ti,a)aej) be the puU back of 
the pair {t^)aej) introduced in Section 6.2 via Vi (to be compared with Subsection 
6.5.5). We emphasize that the direct summand F^j^^^ of Mi^R^v depends on Vi while 

,Rev 1 ^i,Rev i ^Mi^R,^, iti,a)aej) and F^j^^^ ®Rev y depend only on zi. There 
exists a unique isomorphism (to be compared with Subsection 6.5.5) 

1 1 

Ji ■■ {Mi^Rev[-l^i,Rev."^i,Rev)^{M ®w{k) Rey[-], ^ ® ^ Rey .Vf^,^ ) 

of F-isocrystals over Rey/pRey whose pull back to an isomorphism of F-isocrystals over 
k is defined by 1^(1] • There exists no element of T{M) ®w{k) I^v[^] fixed by p^tf®^Rev 
{s e (0, 1}). Thus the isomorphism Jj takes Am^ to Am and ti^^ to for all a E J. 

9.6.1. Proposition. There exists a unique element rii G NQ{Rey[^]) such that we have 
Jii^lRev\.p\) ^ ®w{k) R^v[^])- If '^0 < 1; then we moreover have 

(49) ns = nin2. 

Proof: We can redefine {Mi^Rey,Flji^^,^i^Re^,Vi,Rev,XM,,R^^AU,a)aej) as the puU 
back of the pair (CCqi (^a)aej') introduced in Subsection 6.2.1 via the morphism : 
Spec(i?ev) Spec(i?o) of VF(/c) -schemes defined by Vi and by the isomorphism cq : 
Spec(i?)^Spec(i?o), cf. property 6.2.6 (b). Thus we have a natural isomorphism 

J- : {M®w{k)Rev,F^®w{k)Rev,gi,Rev{V'^^Rev)^'^lRev)^i^hR<iv^Fi,Rev^^i 
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that takes ti^a to for all o; e ^7 and Am^ where is the connectfon on 

M (S)w{k) R^v that is the natural extension of Vq and where the element Qi^Rev ^ G{Rev) 
is computed as follows. We write gi^R^v = 9t%y9o,Rev^ where go^Re^ e No{Rev) is 
the composite of Vi^o with the element gR^ G A^o(-Ro) of Subsection 6.2.1 and where the 
correction factor g'^'^^^^ G (^(i^ey) is computed as follows. There exists an i?ev^-linear 
automorphism /i^^g^ of (M + ^F^) ®vK(fe) aR^v such that for each element a; e M we 
have 

ii,i2,.--,i<iGNU{0} /=1 /=1 

where si :— ^Rev{''^i,i) ~ '^^i ^ pRev (cf. [De4, Formula (1.1.3.4)] or [Fa2, §7]); here the 
element Wi^i e Rey is the image of wi e Rq via the morphism of -schemes. Let 
9o Rev • p-^^) aR^v—^M <Siw{k) R^v be the i?ei/-linear isomorphism defined 

by go, Rev ® ^Rev)- Then (cf. the standard way of pulling back filtered F-crystals; see 
the last two references, etc.) we have: 

9i%lv9o,Rev = 9o,Revhr:^lv ^ + ^^') aRey^M Rev. 

From the shape of the connection Vq (see Corollary 9.1.3) and from the fact that A^o ^ 
U^{(p), we easily get that g^°^l^ e U^{(p){Rev). Thus gi^R^^ e U^{(p){Rev). 

Let P := G (1 P^^^; it is the normalizer of in G. As in Subsection 9.1.7, we define 

Ui,Rev ■■={ n ('^ ® *flev)'(^i,iiev))"^ ^ (V') (^ey [-] ); 

sGNu{0} ^ 

the i?ev[^]-linear automorphism Jj o [J^ (g) l^^evi-]) ^ '^w{k) R^v[-^] is precisely 
the element Ui^Rev Thus Ji(i^^flev [p]) = Ui,Re^{F^ ®vK(fc) ^eyf^]). As U^{^) is 
the semidirect product of U^{(p) n P and A^O; we can write Ui^Rev = '^i'^^R^vi where 
Ui e NQ{Rev[^]) and where tt^^^ev ^ U^{(p){Rev[^]) normalizes F^ ®w{k) Rev[^]- Thus 
•^il-^/itev [p]) ~ ®w{k) R^v[^]) i-S-, the element exists. The uniqueness of rii 

follows from the fact that the product morphism Nq Xw{k) -P — > G is an open embedding 
(see proof of Lemma 3.1.2). 

We now assume that 3q < 1. To check formula (49), we consider a commutative 
diagram (see Subsection 2.8.7) 

Spec(i?ei/) ^'^^ Spec(i?ei/) 

Viipev) 

Spec(i?^-D) ^ Spec(i?). 

Due to this diagram and the uniqueness properties of Jj and of the isomorphism Jy of 
Subsection 6.4.2, we get that Jj (g^g^jij [pev]-^6v[|] is the pull back of Jy via Vi{pev)B{k)- 
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Thus (49) holds after pull backs through 5(A;)-valued points of Spec(i?e^[^]) that are 

defined by VF(A;)-valucd points of Spec(i?ey) which factor through [pey] '• Spec{Rev) 
Spec(i?ev), cf. formula (45). As these i?(A;)-valued points are Zariski dense in Spec(i?ey), 
formula (49) holds. □ 

9.6.2. Definition. We refer to [Fo3] for filtered modules over K. Let cy : Spec(y) 
Spec(i?ey) be as in Subsection 2.8.7. As {M^^Re^,^i,Rev^'^i,Rev^ ^M,,R,^,{ti^c,)aej) and 
^iRev ®-Rev ^ depend only on Zi, the element Ui^K '■= c|^(^i) ^ No{K) also depends only 
on Zi- We call the quintuple (M[i], ni^i^(F^ ®VF(fc) K),Xmj {ta)aej) as the polarized 
filtered module with tensors of z*j^(w4, A_4, {w^)o(ej) oi' of ^ -^(^)- Moreover, we call 
''^i,K £ Nq{K) as the canonical unipotent element of zi e HiV). 

9.6.3. A formula. We assume that 'Jq <1. The following formula implied by (49) 
(50) n3,K = ni^Kn2,K 

is the rational form of (45) for Spf (y)-valued points of JF^. It is independent on J-'g (i.e., 
for p = 2 it does not depend on the choice of an Sh-canonical lift z of y). 

If Z2 — —z\ (i.e., if ^3 is the identity element), then from formula (50) we get that 
'nz,K is the identity element and thus that n-i^K = '^'Ck- 

We have the following Corollary to Theorem 1.6.3 and Proposition 9.6.1. 

9.6.4. Corollary. We assume that k = F. We use the notations and the assumptions 
of the first paragraph of Theorem 1.6.3 (c) for our present Sh-ordinary point y G 0{k) = 
C(F) C J\f{F) and for a lift zq e A/'(F) of it. Then Aq = Zq{A) has complex multiplication. 

Proof: Let uq G No{K) be the canonical unipotent element of zq G J\f{V). Its existence 
implies that the element wq of Subsection 6.5.5 is the identity element. Thus from Example 
6.5.6 (a) we get that the condition W holds for zq. Therefore the Corollary follows from 
Theorem 1.6.3 (c). □ 

We also have the following Corollary to Section 9.2 and Proposition 9.6.1. 

9.6.5. Corollary. We use the notations of Section 9.2, with z G MiV) replaced by either 
zi G J^iV) or z & J\f{W{k)). Let tii^k be the canonical unipotent element of zi. If 3o < 1 
(resp. if Jo > 2J, then the following three statements are equivalent: 

(a) the solvable group Sz-^^q^ is a torus; 

(b) the Spf{V)-valued point z\ G jF2(Spf(y)) is torsion (resp. there exists a positive 
integer m such that we have n'^j^ = lM®w(k)K)j 

(c) we have ui^k = ^Mtgiwi^kyK- 

Proof: As No{K) has only one torsion element, the implication (b)=^(c) follows from for- 
mula (50) if 3o < 1 (resp. is obvious if 3o > 2). The quintuple (M[^],ip, Am, (*a)aej') 
is the polarized filtered module with tensors of z* {A, A^, {w^)aej)- If (c) holds, 
then {M[^],(p,ni^K{F^ ®w{k) K), Xm, {ta)a€j) is the extension to K of the quintuple 



174 



(M[i], F^[^],Xm, {ta)aej) and therefore the p-adic Galois representations over Qp de- 
fined by and by the restriction of to Gal(i^), can be identified. Thus Sz^.q^ is 
isomorphic to 'S'^^q^ and therefore (cf. Lemma 9.2.2 (a)) it is a torus. Thus (c)=^(a). 

We are left to check that (a) implies (b). It suffices to show that (a) implies (c) and 
that (c) implies (b). We check that (a) implies (c). Both z and zi factor through the same 
connected component of A/V(fc)- Thus we have a canonical identification 

Due to the descending Newton polygon slope filtration of Proposition 9.1.2, under this 
identification the parabolic subgroup schemes and P~ of Gzp and the quotient torus 

T^^ of Wz, and Wz (see (38)) are also identified. Therefore also Wz-^^Qp and Wz^q^ are 
naturally identified. Under the identification VF^^^q =Wz,q , the maximal tori S'^^^q and 
Sz,Qp of Wz,Qp are l^^,Qp(Qp)-conjugate (cf. [Bo,''ch. V, Thm. 19.2]). Thus the p-adic 
Galois representations over Qp defined by pz^ and by the restriction of pz to Gal(i^), are 
(Qp)-conjugate. Therefore we have an isomorphism from {M[^],(p,ni^K{F^ ^^(fe) 
K),XM,ita)a&j) to the extension to K of {M[^],(p, F^[^], Xm, (taia&j), cf. Fontaine 
comparison theory. The isomorphism is defined by an element of G{B{k)) fixed by ip and 
thus (cf. Subsection 4.1.5 and Lemma 4.1.6) by an element of G{B{k)) that also normalizes 
Therefore we have ni,K(P^ ®w{k) K) = ®w{k) K and thus Ui^k = ^M!^w^k)K■ 
Therefore (c) holds (i.e., (a) implies (c)). 

We check that (c) implies (b). Obviously this implication holds if 3o > 2. Thus we 
can assume Jo < 1 and therefore we can appeal to Theorem 9.4 and to the decomposition 
•^2 = YljeJ-^^d- The subset of J^z{Spf{V)) formed by those Spf (V)-valued points Z2 
for which we have n2,K = '^M^wik)^^ is a subgroup %v of J-'z{Spf{V)) (cf. Subsection 
9.6.3). We check that is a finite group and therefore a torsion group. For j E J 
let %jy be the image of %v in •^z,i(Spf (V)) via the natural projection jFg ^z,j- We 
recall J^zj is the formal Lie group of D^,^^^^ and therefore of extensions of Qp/Zp by 

^tw{k)^ cf. Lemma 5.3.3. Thus each element x e ^j,v defines uniquely a Zp-lattice 
of Tp(L>+g(^P[i] ©rp(Qp/Zp)[i] that is normalized by Gal(K), that has Tp(D+^^^p as a 
direct summand, and that maps onto Tp(Qp/Zp). Thus, if xq is a generator of Tp(Qp/Zp), 
then Lj; is determined uniquely by each element xi e L^; that maps onto xq. We write 

xi = xq+p'^^Xq, where Xq e Tp(i:)+^^^p \pTp{D^^^f^^.^) and where rrix e Z. 

As is Gal(i^)-invariant and has Tp{D^g^j^^) as a direct summand, if rrix < then x'q 
modulo is fixed by Gal(i^). As the Newton polygon slope 7^ belongs to the interval 

(0, 1], the p-divisible group over k is connected and thus the number of such pairs 
{nix, Xq) with rrix < is finite. If m^; > 0, then — Tp{D'^^^j^^) © Tp(Qp/Zp). Thus the 
set of such Zp-lattices is finite and therefore %jy is a finite group. This implies that 
%v is a finite group. As (c) holds, the element zi e %v has finite order i.e., (b) holds. □ 

9.6.6. Remarks, (a) Both Corollary 9.6.5 (c) and the part of the proof of Corollary 
9.6.5 that involves p-adic Galois representations over Qp, are equivalent to the existence 
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of a Q-isogeny between Aj)))y and z^D^A'^) under which (the p-component of 

the etale component of) the Hodge cycles ^^(^Jq x)('^a) e{Gq x)(^a ) S^^ identified 

for all OL ^ J . Thus, as the special fibres of (A, A^)y and z\{A^tC) coincide, Corollary 
9.6.5 (c) is equivalent to the existence of a Z[i]-isogeny between (A, Aa)\/ and z\{A,t\) 

under which z*^{Gct x)^^ol) •^'^^^^^Po^ds to ^(Gq ) ^ a E J. Therefore, if 

k = ¥, then the three statements of Corollary 9.6.5 are also equivalent to the statement 
that Zi{A) has complex multiplication (cf. Theorem 1.6.3 (a) applied to A). 

(b) If p = 2 and O^o < 1, then the torsion subgroup of J^zi^V^iV)) is intrinsically 
associated to Vy (i.e., it does not depend on choice of the Sh-canonical lift z of y, cf. 
Corollary 9.6.5 (c)). 

9.7. A functorial property 

One can list many functorial properties of the formal Lie groups of Theorem 9.4. They 
are all rooted in Subsection 5.4.1, Theorem 9.4 (a), and properties (49) and (50). To be 
short, we include here only one simple but useful property. 

We assume that / : (Gq,X) ^ (GSp(VF, V-'), "S") factors through an injective map 
/' : (Gq,X') (GSp(VF, V-'), "S") and that the triple {f',L,v') is also a standard Hodge 
situation, where v' is the prime of E{Gq,X') divided by v. We use an upper right prime 
index to denote the analogues of different notations we used for (/, L, v) but obtained 
working with {f',L,v'). Let C'q be the abstract Shimura F-crystal of (/',L,v'), let A/"' 
be the normalization of the Zariski closure of Sh.{GQ, X') / Hp in Aio^^/^j where := 
Gq(Qp) n Kp, etc. We also assume that D^o is equal to the Newton polygon Dig of C'q. 
Let z' e J\f'{W{k)) and y' E J\f'{k) be the composites of z G J\f{W{k)) and y G J\f{k) 
(respectively) with the natural morphism J\f — > J\f' . As DTq — ^'o, v' is an Sh-ordinary 
point. Let G' be the reductive closed subgroup scheme of GLm such that (M, (p, G') is 
the Shimura F-crystal attached to y' . We have G ^ G' and thus is a lift of (M, G'). 
From the uniqueness part of the statement 1.4.3 (d) we get that [M, F^,(f,G') is an Sh- 
canonical lift. Thus z' is an Sh-canonical lift. The composite of fi : Gm G with the 
closed embedding monomorphism G ^ G' , is the canonical cocharacter of (M, (p, G') (cf. 
Subsection 4.3.2). This implies that we have a natural closed embedding monomorphism 
hQ^y -.Nq^N'q. 

The natural morphism H — > H' gives birth to a morphism Sy : Vy — > Vy' between 
the formal schemes over Spf(VF(/c)) associated to the completions of the local rings of y 
and y' in Afw{k) cind A^^^^^-j (respectively). We have: 

9.7.1. Proposition. We assume that the Newton polygons c-nd DIq are equal. Then the 
formal morphism hy : Vy ^ Vyi is a formally closed embedding. If moreover O^o = = 1, 
then hy defines a monomorphism Tz ^ 3~z' of formal Lie groups over Spf (VF(A;)). 

Proof: The first part follows from the fact that the morphism ii : Spec(-R) — > Spec(-Ri) of 
14^(A;)-schemes (see Section 6.2) is a closed embedding (see Proposition 6.2.7 (c)) and from 
the analogue of this but applied in the context of y' G N'{k). As A^o is a closed subgroup 
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scheme of Nq, from Subsection 9.3.4 we easily get that we have a commutative diagram 



h 



PD 



Spf{RPD) ^ Spf(i?'^^) 



■If 



Spf«^) ^ Spf«^); 

here and h^^ are defined by hy and /io,j/ (respectively). 

We now assume that D^o = ~ 1- know that g'g and define homo- 

morphisms of formal groups on Crzs(Spec(A;)/Spec(VF(A;))) (of. Theorem 9.4 (a)) and 
that is a monomorphism of formal groups on Crzs(Spec(A;)/Spec(VF(/c))). From 

this and Corollary 6.4.3 we easily get that defines a homomorphism of formal 

groups on Crzs(Spec(A;)/Spec(l^(A;))) (even if p > 2); for p > 3 we actually have 

= (5'[/)~"^ o o S'o- Thus hy defines a monomorphism J^z ^ J^z' • D 

We do not stop to check here that the monomorphism Tz J^z' is defined (up to 
natural identifications) by the monomorphism : -D^^^^ ^ ^w(k) constructed as in 
Subsection 5.4.1. 

9.8. Four operations for the case 3o >2 

In this Section we describe the four main operations in the study of Vy in the case 
when Ofo > 2. We refer to future work for the formalism that uses these operations to define 
natural formal Lie group structures on T>y even if > 2. Let ^upd be the Frobenius lift 

of Rq^ defined by (see the conventions of Subsection 2.8.6). Until the end we will 
assume that Dfo > 2. 

9.8.1. The set J. Let T be a maximal torus of G such that {M, F^,(p,T) is an Sh- 
canonical lift, cf. Subsection 4.3.2. Thus n : G^, — ^ G factors through T (cf. Subsection 
4.3.2) and (p normalizes Lie(T). Let T^^'^ := Im(T G'^'^). Let J be the finite set whose 
elements j parameterize all smooth, unipotent, closed subgroup schemes U~ of U^{(p) that 
have the following three properties: 

(a) the group scheme U~ is normalized by T; 

(b) the Lie algebra u~ := Lie{U~) is left invariant by </?(—); 

(c) Nqj := NqH U~ is a product of Go group schemes. 

Let no,j := Lie(A''o,j). One can check that (a) implies (c) but this is irrelevant for 
what follows. Due to Proposition 6.3.1, the number \J\ is independent of the Sh-ordinary 
point y G Af{k). 

9.8.2. Operation I: canonical formal subschemes of Vy. We can assume that for 
each element j & J the Frobenius lift of Rq leaves invariant the ideal defining the 
closed subscheme Spec(-Ro,j) of Spec(-Ro) that is the spectrum of the local ring of the 
completion of Nqj along its identity section. Thus we can speak about the Frobenius lift 
^Ro,j of Ro,j that is defined naturally by via a passage to quotients. Let Xqj be the 
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ideal of Rqj that is the image of Xq in Ro,jj have Rqj/Tqj = W{k). The pull back of 
^0 via the closed embedding Spec(i?o,j) ^ Spec(i?o) is of the form 

€oj := (M®^(fc) Ro,j,F^ ®W{k) Ro,j,9Roj{'f^^Ro,j)^^0,j,>^M), 

where Qrq j '■ Spec(i?o,j) ^ ^o,j ^ is the universal morphism of Nqj. Let ^oj^ be 
the formal group on Crzs(Spec(/c)/Spec(l^(A;))) obtained as in Example 9.3.2 but working 
with Nq j instead of A^o- Let 

Vyj = Spf (i?,) 

be the formal closed subscheme of Vy that is the pull back of Spf (i?o,j) via the isomorphism 

Cq : Spf (-R)^Spf (-Ro) over Spf(VF(/c)) defined naturally by eo : Spec(i?)^Spec(i?o)- The 
formal morphism z : Spf(M^(/c)) — > Vy factors through each Vyj = Spf(i?j) and the 
resulting morphism z : Spf{W{k)) Vyj will be denoted as well by z. 

Let be the opposite of u~ with respect to T. We identify naturally and 
uj with Lie subalgebras of Lie(G^'^). Let F^(Lie(G*'^)) be the maximal Lie subalge- 
bra of Lie((5®'*^) on which fj, acts via the inverse of the identical character of G^. Let 
^j~w{k) connected p-divisible group over W{k) whose filtered Dieudonne module is 

(u+, F\Ue{G^'^)) n u+, (fi). Let the ;>divisible group over W{k) whose filtered 

Dieudonne module is (u~,F° nu~,<^(— )) (see Subsection 9.3.3 for 

9.8.2.1. Lemma. There exist natural isomorphisms (D^^^^p*-^!)"^^^^ . 

Proof: We consider a direct sum decomposition (u^, = ©j/££)(j)(u^, such that 

for each element j' G -D(j), the T^^j.''^-j-submodules of u^[^] that are of rank 1, are 
permuted transitively by (p (cf. property 5.2.1 (v) and Section 5.4). We emphasize 
that the set D{j) is not always a subset of J, cf. the exceptional cases of the prop- 
erty 5.2.1 (i). Let (u~, </?(—)) = ®j'eD{j){'>^Jn'P{~)) be the decomposition that corre- 
sponds to (Uj',(p) = ®j'eD{j)i'>^fi^) via the opposition with respect to the torus T^^\ 
To these decompositions of (ui",</7) and (u~,<^(— )) correspond product decompositions 
Dt,w{k) = Uj'eDU)D^',w{k) and D'wik) = Uj'eDU) Dj^^^ik) (respectively). But there 
exist isomorphisms {D^' \Y(^k)y~^^J' w{k)^ Subsection 5.2.4. From this the Lemma 
follows. □ 

9.8.2.2. Standard formal closed embeddings. Let 

J2:={(ji,i2)eP|C/-^C/r}. 

Let (^1,^2) e J2- As U~ ^ U~, we also have A^oji ^ No,j2- L)ue to the property 9.8.1 
(a), the VF(/s)-submodule u~ of u~ is a direct summand and therefore also xiqj^ is a 
direct summand of no^.^. Thus to the closed embedding monomorphism A^o,ji ^ ^o,j2 
corresponds naturally a formal closed embedding ^Jl,j2 • '^y,ji ^ ^v,32- 

9.8.2.3. Theorem. Let j & J he an element for which the following condition holds: 
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(i) the group scheme Uj is commutative and there exists an element t{l)j E Lie{T^^^) 
that is fixed by (f and such that the action oft{l)j on uj is a W{k)-linear automorphism. 

We recall that k = k and that z e Af{W{k)) is an Sh-canonical lift. We have: 

(a) There exists a unique formal Lie group J-'^j = {Vyj, z, Ij^., Mji.) whose pull 
back ^f^f via the morphism Spf(-Rj'^) Vyj has the property that the morphism : 
Spf{R^^) Spf{RQ^) induces naturally a homomorphism J-ff — > ^of of formal groups 
onCris{^pec{k)/^pec{W{k))). 

(b) The formal Lie group Tz,j is isomorphic to the formal Lie group Tij of D'^^^j^y 

Proof: The proof of this Theorem is the same as the proof of Theorem 9.4, the roles of u~ 
and t{l) being replaced by the ones of u~ and t{l)j. □ 

9.8.3. Operation II: quotient formal subschemes. Let {31,32) £ <^2- As Uoji is 
a direct summand of Uo,j2) the quotient vector group scheme Nqj^j-^ := Nqj^/Nqj-^ is 
also a product of Ga group schemes. Let Spec(i?o,j2,ji) be the spectrum of the local ring 
of the completion of Nqj^j-^^ along its identity section. Pulling back the natural W{k)- 
epimorphism Spec(-Roj2) ~^ Spec(-Roj2,ji) via eo : Spec(i?)-^Spec(-Ro), we get a natural 
VF(/s)-epimorphism Spec(i2j2) -» Spec^Rj^jJ. To it corresponds a formal epimorphism 
Qj2 ji ■ '^y 32 ^ '^y 32 31 ■ Its composite with z : Spi{W{k)) — > T>y will be denoted as well 
hyz:Spf{W{k))^Vyj,j,. 

9.8.3.1. Partial sections. Let G J be such that u~ © u ~ is a direct summand of u~ . 
Thus also rioji © ^oj^ is a direct summand of xiqj^. Therefore we have a natural closed 
embedding monomorphism A^o,ji >^w{k) ^Qja ^ ^0,32 of vector group schemes such that 
the quotient group scheme Nqj^/WoJi Xw{k) -^0,^3] is also a product of Ga group schemes. 
Thus we can view Nqj^ as a closed subgroup scheme of Nqj^j^. This implies that 

^31,32,33 ?J2,J1 °^'j3,j2 • ^y,j3 ^ '^y,32,ji 

is a formal closed embedding (and thus a partial section of Q'jaji)- 

9.8.3.2. Theorem. Let (ji,j2) ^ <^2- We assume that the quotient group scheme 
U~/U~ is commutative and that there exists an element t(l)j2,ji G Lie(T*^-'^)) that is 
fixed by 99 and such that the action of t(l)j2,ji '^'^ ^^2/^/1 ^ W{k)-linear automor- 
phism. Let 5^oj2 ji ■ ^P^(-^h^ji) ~^ ^-^0^2, 31) morphism induced naturally by 
do-Spf{R^^) '^Spf{Rl^^).'we have: 

(a) There exists a unique formal Lie group J^z,j2,3i = (^^s/,i2,ii: -^flja.n ' ^-^^2.^1 ) 
whose pull back ^z,ji,3i morphism Spf(i?j^ ^y, 32,31 such that the morphism 

^0,32,31 ■ ^Pf(^ilji) ~^ ^Pf(-^o^i^,ii) defines naturally a homomorphism ^z,f2,3i ~^ ^ofiji 
of formal groups on Cris{Spec{k)/Spec{W{k))). 

(b) .4s (uf ,F^(Lie(G^'^))riuf ,(p) is a direct summand of (uf , F^(Lie(G^'^))riuf , (p), 
there exists a unique p-divisible group ^.^ w{k) ^'^^^ W{k) such that w{k) isomor- 
phic to w{k) ® -^^2 31 w{k)' -^^^ formal Lie group ^z,j2,3i i^ isomorphic to the formal 
Lie group of D+^.^^^^^^ = D+^wik)/Dtw(kr 
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Proof: The proof of this Theorem is the same as the proof of Theorem 9.4, the roles of u 
and t{l) being replaced by the ones of u^/uj^ and i(l)j2,ji- ^ 

9.8.4. Operation III: actions by formal Lie groups. For j e J, let Z{Uj) be the 
maximal flat, closed subscheme of Uj that commutes with Uj. Let 

ZW ■.= {{ji,j2)eJ2\U7^Z{Ur)}. 

Let (ii,i2) £ Z{J2) be such that the condition 9.8.2.3 (i) holds for ji. Let Spf (J2o,jixj2) ■= 
Spf(i?o,ji) Xspiiw(k)) Spf(i?oj2)- Let ^Roj^^j^ be the Frobenius lift of -Rojixja that is 
naturally induced by ^Rqj^ and $fjg^^. Let lo^j^xn be the ideal of -Ro,iixj2 generated 
naturally by Toj^ and 2oj2; we have Ro,jixj2/^o,jixj2 = W{k). We have two natural 
projections 

si,jixj2 : Spec(i?ojixj2) ^ Spec(i?oji) and S2,j,xh ■ Spec(i?ojixj2) ^ Spec(i?o,i2)- 
Let ^iio,nx,-2 (^'^o,,! °«i,jixi2)(i/flo.,2 °^^dixh) e No{Roj^y,j^) and 

'^0,jiXj2 RojiXh^F'^ '^W{k) -Rojixja^fl'flo.iixja'^^® *'RQ.ilXi2)''^0,ilXJ2 5-^M)• 

The connection Vo,jixj2 ^w{k) -Ro,jixj2 uniquely determined by the requirement 

that fi'i?o,jixj2(^®^-Ro,iixj2) horizontal with respect to Vojixja^ cf. [Fa2, Thm. 10]. As 
in Proposition 6.2.2 (a) we argue that Vo,jixj2 annihilates ta for all ct G JT". Thus from 
Theorem 6.2.4 applied to (-Ro,jixi2 > ^flo jixj2 ' -^O-^'ixia) we get the existence of a unique 
morphism i'ojixj2 • Spec(i?o,ji xi2) ~^ Spec(i?o) such that: (i) at the level of rings maps 
Jo to Xojixis' and (ii) we have an isomorphism v^ j^^j^{<lo, {ta)aej)^{^o,jixj2i {ta)aej) 
that lifts the identity automorphism of (M, F^, ip, Xm, {ta)aej)- 

Pulling back fo,jixj2 '■ Spec(i?)^Spec(i?o), we get a morphism Vj^y^j^ : 

Spec(-Rjjxj2) — Spec(i?jJ XvK(fc) Spec(i?j2) ~^ Spec(-R). Let 1j^xj2 be the ideal of Rj^xj2 
that corresponds naturally to 2ro,iixj2 "^^^ ^o! we have Rj^xj2/^jixj2 — To fjixj2 

corresponds a formal morphism 

^hx-h '■ Spf(-Rjixj2) = T^y,h XSpf(VK(fe)) ^^2/,i2 -^T^y = Spf(i?) 
over Spf {W{k)) and a morphism fj^^jj : Spec(i?j^-^^-2) ^ Spec(i?^-^) of VF(A;)-schemes. 

9.8.4.1. Theorem. We assume that (ii,i2) £ ■^(•^2) and that the condition 9.8.2.3 (i) 
holds for ji. Then tjixj2 ■ ^j/Ji Xspf{W{k)) '^y,j2 ~^ ^y factors through Vyj^ and the 
resulting morphism 

tjixj2 • ^ z,ji XSp{(W{k)) T^y,j2 ~^ ^y,j2 
defines an action of the formal Lie group Tz,j'^ on the formal scheme T^yj^. 
Proof: The unique isomorphism 

{M 0w{k) Ro,?,xj2^9Ro,j,xj2 ® *<?ix.-2''' '^0'JiX^2' (^a)ae^)^ 

180 



V / 5J± O.j-j^ xj2 

that lifts 1m 5 is defined by the element (to be compared with Subsection 9.1.7) 

iGNU{0} 

As Uj_^ ^ Z (Uj^), the element Uj^pn is the product of (HieNuio} 

*C?ixi2 ^i^h (IlieNuio}!'/' ® ^ijf f^) (fflo.ij)"^ ° ^Ifixh^ where the morphisms 

^.'^x,. : Spec«j^,,J - Spec«j;) and s^f^,,^ : Spec«^,,J - Spec«^J 

of -schemes are defined naturaUy by Si,jixi2 ^2,jixj2 (respectively). This im- 
plies that the morphism o f j^^j^ factors through Spec(i?Q^j^). From this and Corollary 

6.4.3 we get that for every positive integer I, the morphism Spec{Rj[^j^/Ij'j^j^[^]) 
Spec(R^^ /X^''^[^]) defined naturally by ij^xj2 factors through the closed subscheme 
Spec(i?f^^/jW[i]). Thus fjixj2 factors through Vyj^. 

To check that tjixj2 defines an action of the formal Lie group J-'zj^ on the formal 
scheme Vyj^, we will use Spf(VF(/c))- valued points. Let zi, Z2 G P^j^ (Spf (VF(A;))) 
and zs e 'Vyj^{Spf{W{k))). Let ni, n2 G Ker{Noj^{W{k)) Noj^{k)) and ns e 
Ker{No,j2{W{k)) No,j,{k)) be such that for i e 5(1,3) the lift of (M , v?, G) de- 
fined by Zi is nj(F^) (cf. Subsection 9.3.4). The lift of {M,ip,G) defined by Z2Zs := 
^jixi2(Spf(^(^)))(^25 -^3) G ^y,j2('Spf(^(^))) is n2ns{F^), cf. the mentioned product 
property of tt r-pd 

0,Ji X J2 

Thus the lifts of {M,(p,G) defined by {ziZ2)zs and z\{z2Z-^ are both equal to 
'n\'n2n?,{F^) . If p > 3 or if p = 2 and (M, (^) has no integral Newton polygon slopes, 
then from Proposition 6.4.5 we get 

(51) {ZXZ2)Z^ = Ziiz2Z3) G Vyj^iSpfiWik))). 

Using Corollary 6.4.3 one checks (as usual) that formula (51) holds even if p = 2 and 
(M, (fi) has integral Newton polygon slopes. Thus tj-^ xj2 is an action of the formal Lie 
group J-'z,ji on the formal scheme T^yj^. □ 

9.8.5. Remark. One can get a slightly more general form of Theorem 9.8.4.1 by combin- 
ing Theorems 9.8.3.2 and 9.8.4.1. 

9.8.6. Operation IV: bilinear commutating formal morphisms. Let 

^3 := {(ii,i2,i3) e ^^|o 7^ [u-,u7J c ujj. 

Let (ii, ^2,^3) G J3 be such that: (i) the condition 9.8.2.3 (i) holds for ji, j2, and J3, and 
(ii) the group schemes U~, and U~ are commutative. Similar to (24) and (25), based 
on Theorem 9.8.2.3 (b) we get that we have a natural bilinear commutating morphism 
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9.8.7. Example. Let n e N. We assume that (Gq^X^^) is a simple, adjoint Shimura 
pair of DY type {£ > 4) and that ^^e Resw{Fpn)/Zp of an absolutely simple, split, 

adjoint group scheme G'^^-p ^-^ over l^(Fp«). Let G := GvK(fc)- If = Yliei^i 
product decomposition into absolutely simple, adjoint groups, then / has n elements, the 
Lie type X of each Gi is Dg, and there exists a permutation F of / such that for each 
element i e / we have {(fo ® ak)(Lie{Gi)[^]) = Lie(Gr(i))[^]- In order to use the notations 
of Section 3.4, we will take / = 5(1, n), F = (1 ■ ■ - n), and g :— Lie(G^'^). As G'^^-p is 

split, the order e of Subsection 3.4.4 is 1. Let ly : (Lie(G'^'^), (/?)^(Lie(G'^'^), (/Po ® <7fe) be 
the isomorphism of Proposition 6.3.1. 

We emphasize that we choose the torus T of G such that /y(Lie(T(i))) = Lie(T), 
where T := Im(To,vK(A:) G^'^); thus we will also use the notations of Subsection 3.4.3 
(which are with respect to T). The set S of Subsection 3.4.8 has at least two elements (cf. 
Corollary 3.6.3 and the fact that 3q > 2) and is a subset of 1, i} (as X — Di). From 

[Sel, p. 186 and Cor. 2 of p. 182] applied to Gq^, we get that for £ > 5 the set £ can not 
contain either {1, £ — 1} or {1, and that for £ = 4 the set £ can not be {1, 3, 4}. Moreover, 
for £ = 4 we can choose the numberings in Subsection 3.4.5 such that we have 8 — {3, 4}. 
Thus as £ has at least two elements and as A' = I^^, we conclude that £ = {£ — !,£}. Thus 
3o — 2, cf. Corollary 3.6.3. Next we apply Subsections 9.8.1 to 9.8.6. 

(a) Let S~{i — 1, i) be the set of roots in $~ that have in their expressions —ag-i{i) — 
ai{i). Let S~{£—1) (resp. S~{£—1)) be the set of roots in $^ that have in their expressions 
—ae-i{i) (resp. —ai{i)). Let ji, j2, js G J be such that 

^yi'^ji) = ®aeSr (£-!,£) 0i(Q;), 

-^S/ll^ia) ^ ®i=l ®aeS7{£-l)\S7 {£-!,£) and lyiUj^) = ©^=1 ^aeS' {£)\S7 {£-!,£) 9i{<^)- 

Let j4, jd, je e J he such that we have u~ = u~ © u~ , u~ = u~ © u~ , and u~ = u~. 

(b) We take t{l)j^ = ^(l)^^ = t{l)j^ (resp. t{l)j^ = t{l)j^J such that Iy{t{l)jJ 
(resp. Iy{t{l)j^)) commutes with each Qi{a) with a G Ai \ {£ — 1} (resp. with a G 
Aj \ {£}) and for every element x G Qi{a£-i{i)) (resp. for every element x G Qi{ct£{i))) 
we have [/y(t(l)jj, a;] = x (resp. [Iy{t{l)j^),x] = x). For each i G S'(l,5), using the 
mentioned expression for t{l)j^ = (f){t{l)j^), we get that the condition 9.8.2.3 (i) holds for 
{ji} (to be compared with the property 5.2.1 (iv)). For each i G 5(1,5) the Lie algebra 
u~ is commutative (cf. the property 3.6.1 (a) applied over B{k)) and therefore U~ is 
commutative. Thus for each i G 5(1,5) there exists naturally a formal closed subscheme 
T>y j^ of Vy that has a canonical structure J^z,ji of a formal Lie group whose identity section 
is z and which is isomorphic to the formal Lie group of L>+^^(^^, cf. Theorem 9.8.2.3. As 

u" = u" © u~ and u" = u" © u" , we have natural decompositions 

(c) From the property 3.6.1 (a) we get that [ii^jU"] Q u"- This implies that t/~ ^ 
Z{U-); thus (ji,j6) G J2. Let t(l)j6,ji := *(l)j2 + *(l)j3- The action of t{l) 
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® ^is^^^je/^ji ^ VF(A;)-linear automorphism. Thus T^yj^j^^ has a formal Lie group 
structure J-'zjedi isomorphic to the formal Lie group of w(k) ® w(k)^ Theorem 
9.8.3.2. 

(d) As U~ ^ Z{U-) = Z{U~{^)) and as the condition 9.8.2.3 (i) holds for ji, from 
Theorem 9.8.4.1 wc get that wc have a natural action of J-'zj^ on Vy. 

(e) We have (j2,j3,Ji) G J3 as 7^ t^j^'^^^] — "7r From Subsection 9.8.6 we get the 
existence of a natural bilinear commutating niorphism Cj^j^j^ : ^z,j2 ^Spf {W{k)) ^zjs 

(f) Each choice of coordinates for Vy^j^, ^y,j2 7 ^■^^d Vy^j^ can be used for p > 2 (resp. 
for p > 3) to define a natural formal Lie group structure on isomorphic to the first 
(resp. to the second) formal Lie group of Co ® k. We refer to future work for the study of: 

(f.i) good coordinates for T^yj^, T^yj^, and T^yj^, and 

(f.ii) the variations of these formal Lie group structures on T>y (in terms of the choice 
of coordinates and in terms of the choice of the torus T in the beginning of this Subsub- 
section). 
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